
POSITIVITY OF KNOT POLYNOMIALS ON POSITIVE LINKS 1PETER R. CROMWELL and HUGH R. MORTONDepartment of Mathematial Sienes, University of Liverpool,Liverpool, L69 3BX, Englandmorton�liv.a.ukABSTRACTWe answer a question of Jones onerning the positivity of the two-variable(Homy) knot polynomial PL when L is a positive link. We show that, in thisase, PL(v; z) is a positive polynomial in z when v 2 (0; 1).In the past �ve years there has been an explosion of ativity in knot theory.It was sparked o� by Jones' disovery [3℄ of a new polynomial invariant for linksand the subsequent development of a two-variable generalisation. The two-variablepolynomial link invariant was disovered simultaneously by several groups of math-ematiians [2, 6℄ working independently, and for an oriented link L it is denotedPL(v; z).Jones remarked to the seond author that the funtions PL(sn; s�1� s) for vari-ous n derived from PL are always positive for s 2 (0; 1) when L an be presented asthe losure of a positive braid. He asked whether this positivity result still holds forthe wider lass of positive links, that is, for the set of oriented links whih possessa diagram in whih every rossing is of the type labelled D+ in �gure 1.
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0Figure 1The funtion PL(sn; s�1 � s) was originally seen to be positive for s 2 (0; 1) onthe lass of positive losed braids by regarding it in the more physially signi�antontext as a link invariant derived from the fundamental representation of the quan-tum group SU(n)q with s2 = q. The result for positive braids is also an immediateonsequene of the alulation of PL as formulated in [5℄.The referee has informed us of a related but unpublished result of van Buskirk,who has shown that PL(iv; z), multiplied by a suitable power of i, has positiveoeÆients when L is a losed positive braid. This result does not extend to positivelinks in general. Jones' question, however, does have an aÆrmative answer.The ase n = 0 gives the familiar Alexander polynomial �L, in the formPL(1; s�1� s) = �L(s2);whih, in turn, is losely related to the Conway polynomial rL, wherePL(1; z) = rL(z):In [1℄ the �rst author showed that rL(z) is positive when L is a positive non-splitlink and z > 0: The same tehnique also shows the following:1Appears in J. Knot Theory Ramif. 1 (1992), 203-206



Theorem 1 For any positive link L the polynomial PL(v; z) in z has positive oef-�ients when v 2 (0; 1).Remark. An aÆrmative answer to Jones' question is an easy orollary, for whens 2 (0; 1) then sn 2 (0; 1) and s�1 � s > 0:If L is a non-split link then the theorem holds on the interval (0,1℄ sine, whenv = 1, PL(v; z) is the Conway polynomial whih is positive in this ase, [1℄ orol-lary 3.2.Proof : The polynomial PL an be de�ned reursively by a relation between threeoriented link diagrams D+, D� and D0 whih are idential exept within a smallneighbourhood where they di�er as shown in �gure 1. The reurrene relationv�1P (D+) � vP (D�) = zP (D0)together with the normalising relationP (unknot) = 1:an be used to alulate the polynomial of any oriented link sine any diagraman be onverted into a diagram of a trivial link by swithing ross-overs. Thisombinatorial approah to the onstrution of P is detailed in [4℄ where it is shownthat the resulting polynomial depends only on the link and not on the order inwhih the rossings are analysed.A partiular alulation of PL for a link L an be reorded by a rooted binary treein whih the verties are labelled by link diagrams and the edges with monomialsin v and z suh that(1) the root vertex is labelled with a diagram of L,(2) eah terminal vertex is labelled with a trivial link,(3) eah triple (parent, lefthild, righthild) is of the form(D+; D�; D0) or (D�; D+; D0);(4) eah edge is labelled as in �gure 2.
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v   z_ -1Figure 2A path in the tree from the root to a terminal vertex represents a sequene ofrossing swithes and eliminations that onverts L to a trivial link. It was shownin [1℄ theorem 2 that on eah suh path no rossing needs to be altered more thanone.



Let �i denote the produt of the edge labels for the edges on the (unique)path between a terminal vertex Ti and the root, and let �i denote the number ofomponents in the trivial link that labels Ti. ThenPL(v; z) = Xi �i Æ(�i�1)where Æ = v�1 � vz .Suppose that the diagram of L is positive so that all its rossings are of type D+.Then it follows from [1℄ theorem 2 that every triple (parent, lefthild, righthild)in the tree has the form (D+; D�; D0). Hene eah appliation of the reurrenerelation is of the form P (D+) = v2P (D�) + vzP (D0):Thus all the �i's are produts of positive monomials, and hene are positive. There-fore, PL is a sum of positive terms. 2Example. Let K denote the knot 63. Then rK(z) = z4 + z2 + 1: However,PK( 12 ; 1) = � 32 and hene K is not a positive knot. In fat, 63 is the �rst non-positive knot whih has a positive Conway polynomial. (The knot 63 an alsoshown to be non-positive by the methods in [1℄.)AknowledgementsThe �rst author wishes to thank SERC for funding a postdotoral fellowship at theUniversity College of North Wales, Bangor.Referenes[1℄ P. R. Cromwell, Homogeneous links, J. London Math. So. (2) 39 (1989) 535{552.[2℄ P. Freyd, D. Yetter, J. Hoste, W. B. R. Likorish, K. C. Millett and A. Oneanu,A new polynomial invariant of knots and links, Bull. Amer. Math. So. 12(1985) 239{246.[3℄ V. F. R. Jones, A polynomial invariant for knots via von Neumann algebras,Bull. Amer. Math. So. 12 (1985) 103{111.[4℄ W. B. R. Likorish and K. C. Millett, A polynomial invariant for oriented links,Topology 26 (1987) 107{141.[5℄ H. R. Morton, Polynomials from braids, Contemporary Math. 78 (1988) 575{585.[6℄ J. H. Przytyki and P. Trazyk, Invariants of links of Conway type, KobeJ. Math. 4 (1987) 115{139.


