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Abstract

We discuss black hole physics, beginning with an explanation of general
relativity from a variational principle. The Schwarzschild and Reissner-
Nordström metrics are derived with discussion of singularities and coor-
dinate systems. The computer program ‘Maple’ is employed in this work.

An analysis of the Kerr metric follows before discussion of black holes
and thermodynamics. The zeroth and first laws are derived with a sketch
of the proof of the second law. Finally we review more recent work by
Ferrera and Kallosh (1996) on the ‘Attractor Mechanism’ by deriving the
field equations for this model of a black hole and verifying that they are
satisfied by the given solution.
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1 Introduction

The term ‘black hole’ was first used by Wheeler in 1967. However, such objects,
characterised by the complete collapse of matter, have been studied theoretically
long before the advent of relativity theory. In the 18th century Michell and
Laplace studied Newtonian theory and showed that it was possible for matter
to completely collapse on itself.

In Newtonian theory the collapse of matter to a point is completely analogous
to the singularity in the Coulomb potential. However, as is popularly known,
relativity theory has far deeper implications for the physics of collapsed matter.
It implies that there exists a singularity in spacetime itself.

General relativity is based on extending special relativity (to include non-
inertial observers) and on the priciple of equivalence: A frame linearly accel-
erated relative to an inertial frame in special relativity is locally identical to a
frame at rest in a gravitational field. Einstein made use of the fact that the mo-
tion of a particle in a gravitational field is independent of it’s mass. Therefore,
there exists special paths in spacetime, determined by the gravitational field of
massive objects, on which all inertial particles move. In general the spacetime
will be curved and these special paths, called geodesics, are the curved space
analogues of straight lines.

Of course the equations describing the motion of particles will be highly
non-linear since in principle each particle moving on a geodesic also has it’s
own gravitational field. In this project we consider the gravitational field due
to a single massive body only and denote it’s mass M the geometrical mass, i.e
the mass that affects the geometry. We neglect the mass of particles/observers
moving in the field of M .

In the spirit of relativity all observers are equivalent in the sense that each
can ‘know’ the laws of physics. However, in curved spacetime there is no pref-
fered coordinate system, as different to Minkowski space. We must consider
the most general physical manifolds (see [3] for an introduction to manifolds),
which in general are covered by any number of coordinate patches.

The principle of general covariance states that the laws of physics should
be invariant under a coordinate transformation. However, there often exist
coordinate systems in which the symmetries of the system are most apparent
and can be used to simplify the mathematics.

After formulating the physical principles, Einstein realised that a great deal
of the mathematics of Riemannian geometry and tensor calculus must be used
to describe a theory of curved spacetime. In the appendix of this project we have
included some of the basic mathematical relations used in black hole physics.
For an introduction to this material see [2] and [1].

General relativity has had much success in it’s verification by experiment.
For example, it successfully explains the advance of the perihelion of Mercury,
see [2], and gravitational lensing effects. However, most of the phenomena
present in the relatively weak gravitational fields of the solar system can be
explained by Newtonian theory.

The curvature of spacetime in the region of a completely collapsed body
of infinite density is so large that Newtonian theory is completely inadaquate
to describe the physics of this region. So, for the description of black holes,
relativity is employed to the full. General relativity relies upon the language of
tensors. The appendix of the project has a collection of tensorial relations for
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the reader to refer to.
A black hole is viewed as a point of infinite curvature surrounded by an event

horizon, from which nothing can escape. So called ‘naked singularities’, with no
event horizon, are thought to be unphysical.

During the 1970s remarkable properties of black holes were studied theoreti-
cally resulting in the black hole laws that are analogous to the thermodynamical
laws. In 1975 Hawking studied the quantum field theory in the region of a black
hole event horizon. He found that black holes emit radiation and that this radia-
tion had a thermal spectrum. This is a thermodynamical phenomenon resulting
from a combination of classical general relativity and quantum theory. Thus,
black hole physics remains an important topic in theories that unite general
relativity and quantum theory up to the present day. Issues such as how one
explains the non-zero entropy of a black hole in terms of Boltzmanns law mi-
crostate counting are currently being addressed in theories of quantum gravity
such as superstring theory.

The theoretical work, up to the 1980s, was undertaken without physical
confirmation that black holes existed. However, today there is numerous astro-
physical data, which indicates that there is indeed a so called supermassive black
hole at the centre of our galaxy and many other possible black hole candidates.

2 General Relativity from a variational
principle

For many purposes it is useful to express General Relativity in a Lagrangian
formulation. As well as providing an easy method for computing the field equa-
tions, this approach is fundamental in any theory of quantum mechanics in
curved spacetime. The idea is the same as nonrelativistic mechanics; that we
have a collection of tensor fields ψi, and we define a funtional I(ψi), which maps
these field configurations, and their derivatives, to a number. I(ψi) is called the
action and, as usual, we extremise the action to obtain the field equations. As
in flat space we express the action in terms of a Lagrangian density L(ψi,∇ψi):

I(ψi) =
∫

M

LΩ , (2.0.1)

where Ω is a volume element of our spacetime manifold M . However, in general
relativity the field variable is the metric gµν and we realise that the volume
element in the above is not constant over the spacetime. We must be more
precise when defining integration over a more general manifold and we now
introduce the mathematical tools to do this.

2.1 Differential forms and integration

Here we give an outline of the mathematics of differential forms relevant to our
discussion. For a more in depth treatment refer to [1] and [3]. A differential
p-form is a totally antisymmetric tensor of type (0,p) (see Appendix). If ωa1···ap

are the components of a p-form then

ωa1···ap
= ω[a1···ap]. (2.1.1)

3



If the dimension of our manifold is n then any p-form, where p > n, vanishes.
Note that a one-form is simply a dual vector. The space of dual vectors is iso-
morphic to the space of vectors at any point on a pseudo-Riemannian manifold.
The isomorphism is given by the metric

g : vµ → gνµv
µ = vν . (2.1.2)

On a manifold we define the basis vectors eµ of the tangent space as

eµ =
∂

∂xµ
, (2.1.3)

where xµ are the coordinates of a coordinate neighbourhood of the vector space.
Similarly the basis e∗µ of dual vectors is given by

e∗µ = dxµ. (2.1.4)

One can verify that these basis obey the correct coordinate transformation laws
for covariant/contravariant vectors. We can then define the inner product be-
tween a vector V = V µ ∂

∂xµ and a dual vector ω = ωνdx
ν by

〈ω, V 〉 = ωνV
µ

〈
dxν ,

∂

∂xµ

〉
= ωνV

µδν
µ = ωνV

ν . (2.1.5)

We can construct a basis for arbitrary rank p-forms by taking the wedge
product between one-forms. We define the wedge product as

dxµ1 ∧ dxµ2 ∧ . . .∧ dxµr =
∑

P∈Sr

sgn(P)dxµP (1) ⊗ dxµP (2) ⊗ . . .⊗ dxµP (r) , (2.1.6)

where P (r) is a permutation belonging to the permutation group Sr of r ele-
ments. Then sgn(P) is +1 (-1) depending on whether P (r) is an even (odd)
permutation. Then a general p-form can be written

ωp =
1
p!
ωµ1µ2...µp

dxµ1 ∧ dxµ2 ∧ . . . ∧ dxµp , (2.1.7)

where ωµ1µ2...µp is totally antisymmetric. We define the exterior derivative d,
which maps a p-form to a (p+1)-form. It can be easily shown (see [1]) that d is
a derivative operator independent of the metric. We can therefore express it in
terms of the ordinary derivative ∂a. Then

dωp =
1
p!

(
∂

∂xν
ωµ1µ2...µp

)
dxµ1 ∧ dxµ2 ∧ . . . ∧ dxµp . (2.1.8)

ω0 is just an ordinary function, f say, ω1 is a dual-vector and in three-
dimensional space we have

dω1 =
(
∂ωy

∂x
− ∂ωx

∂y

)
dx∧dy+

(
∂ωz

∂y
− ∂ωy

∂z

)
dy∧dz+

(
∂ωx

∂z
− ∂ωz

∂x

)
dz∧dx.

(2.1.9)
Hence, d acting on ω1 is the curl of a (dual) vector. It is easy to verify that
dω0 is the gradient of a function, dω2 the divergence and dω3 = 0 because the
resulting (3+1)-form has dimension greater than that of the manifold, d = 3.
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We have seen how forms are used to reproduce the usual differential calculus
in Euclidean space. Their generality means that they can be applied to any
manifolds and hence are important in studies of general relativity. We now look
at how they are used to provide a well-defined volume element on a manifold
and hence a means of integration.

Firstly we must define the orientation of a manifold as the integration of a
differential form is only defined when the manifold is orientable. If p is a point
of a manifold such that two coordinate patches xµ, yν overlap at this point then
we transform the basis vectors as

ẽν =
(
∂xµ

∂yν

)
eµ . (2.1.10)

If J = det(∂xµ/∂yν) > 0 then two coordinate patches are said to define the same
orientation at p. If J < 0 they define opposite orientations. We then define an
orientable manifold to be one covered by coordinate patches that everywhere
define the same orientation.

If we have an n-dimensional orientable manifold M then there exists an n-
form ω which vanishes nowhere. This n-form can be used to find the invariant
volume element, which we use to integrate a function on M .

Two orientations, ω and ω̃, are said to be equivalent if ω̃ = hω where h
is a strictly positive function. We now have the volume element, up to a pos-
itive function. We are able to define the invariant volume element, on an n-
dimensional manifold M , by

ΩM ≡
√
|g|dx1 ∧ dx2 ∧ . . . ∧ dxn, (2.1.11)

where g = det gµν . We now show that ΩM is indeed invariant as we move from
one coordinate patch xµ to another yλ on the manifold. The invariant volume
element is then √∣∣∣∣det

(
∂xµ

∂yα

∂xν

∂yλ
gµν

)∣∣∣∣dy1 ∧ dy2 ∧ . . . ∧ dyn

=
∣∣∣∣det

(
∂xµ

∂yα

)∣∣∣∣√|g|det
(
∂yλ

∂xν

)
dx1 ∧ dx2 ∧ . . . ∧ dxn

= ±
√
|g|dx1 ∧ dx2 ∧ . . . ∧ dxn. (2.1.12)

If the manifold is orientable then det(∂yλ/∂xν) > 0 and we see that ΩM is
invariant under the coordinate change. The signature of our metric is −2 so we
write

√
|g| =

√
−g. We now define the integration of a function f on a manifold

to be ∫
M

f ΩM ≡
∫

M

f
√
−g dx1dx2 . . . dxn. (2.1.13)

If an object can be written in the form

T abc...
µνρ... =

√
−g T̃ abc...

µνρ... , (2.1.14)

where T̃ abc...
µνρ... is a tensor, then we call it a tensor density. We see that a La-

grangian for gravity must be a scalar density.
Finally, for later use, we include here Stokes’ theorem for an arbitrary

manifold, for a proof see [3]. For oriented manifold M , dimension d, with
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d-dimensional submanifold N with boundary ∂N , and (d-1)-form ω, Stokes’
theorom states ∫

N

dω =
∫

∂N

ω . (2.1.15)

Notice that the integration over a volume, on the left hand side, is over a d-form
as discussed above.

2.2 The Einstein-Hilbert Lagrangian

In the last section we have seen that our Lagrangian must contain the factor√
−g. Then the simplest scalar density we can build out of the metric and it’s

derivatives is
LG =

√
−g R, (2.2.1)

where R is the Ricci scalar (see Appendix). We call this the Einstein-Hilbert
Lagrangian and we now show that varying this Lagrangian with respect to gab

leads to the Einstein field equations. Firstly, we show some preliminary results.
Let gab be the metric with inverse gab. Then we have

gab =
1
g
Aba . (2.2.2)

where Aba is the transpose of the matrix of cofactors of gab and g is the deter-
minant. Summing only over the column index, the determinant is given by

g =
n∑

b=1

gabA
ab . (2.2.3)

This gives
∂g

∂gab
= Aab = ggba . (2.2.4)

We can then deduce that

∂(−g) 1
2

∂gab
=

∂g

∂gab

∂(−g) 1
2

∂g

= −1
2
ggab(−g)− 1

2

=
1
2
gab(−g) 1

2 , (2.2.5)

recalling that the metric is symmetric. Notice that gabgab is a constant tensor
so that

δ(gabgab) = gabδg
ab + gabδgab = 0

⇒ gabδg
ab = −gabδgab , (2.2.6)

and (2.2.5) gives

δ(−g)1/2 =
1
2
(−g)1/2gabδgab

= −1
2
(−g)1/2gabδg

ab . (2.2.7)
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It follows that
∂(−g) 1

2

∂gab
= −1

2
gab(−g)

1
2 . (2.2.8)

Note the different sign to (2.2.5).
We now prove the Palatini equation, which gives an expression for the varia-

tion of the Riemann tensor (see Appendix). We use geodesic coordinates, where
the connection vanishes at some point p, so that Γa

bc = 0 and, from (A.0.46),
the Riemann tensor reduces to

Ra
bcd = ∂cΓa

bd − ∂dΓa
bc . (2.2.9)

The connection is not a tensor so this is only valid at p. However, we can form
a tensor by varying the connection,

Γa
bc → Γ

a

bc = Γa
bc + δΓa

bc . (2.2.10)

δΓa
bc is the difference of two connections, and therefore a tensor (see [2] chapter

6). The above variation induces a variation in the Riemann tensor:

Ra
bcd → R

a
bcd = Ra

bcd + δRa
bcd . (2.2.11)

In geodesic coordinates we have

δRa
bcd = ∂c(δΓa

bc)− ∂d(δΓa
bc)

= ∇c(δΓa
bc)−∇d(δΓa

bc) , (2.2.12)

where ∇a is the covariant derivative (see Appendix). Notice that δRa
bcd is the

difference of two tensors so is itself, a tensor and (2.2.12), the Palatini equation,
holds in any coordinates. Contracting a and c gives the useful result

δRbd = ∇a(δΓa
bd)−∇d(δΓa

ba) , (2.2.13)

where Rbd is the Ricci tensor (see Appendix).
We now compute the partial and covariant derivatives of the metric deter-

minant g. Using (2.2.4) we have

∂g

∂xc
=

∂g

∂gab

∂gab

∂xc

= ggba ∂gab

∂xc
. (2.2.14)

The metric is symmetric so we can write

∂cg = ggab∂cgab

= ggab(Γd
acgdb + Γd

bcgad)
= gδa

dΓd
ac + gδb

dΓ
d
bc

= 2gΓa
ac , (2.2.15)

where we have used ∇cgab = 0 in the second line (see section 2.5).
It is easy to verify that the covariant derivative of g vanishes. It can be

written
g = det(gab) = εµνρσgµ1gν2gρ3gσ4 , (2.2.16)
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where ε is the alternating symbol. Each gµ1 is covariantly constant so ∇cg = 0.
This implies

∇c

√
−g = 0 . (2.2.17)

It is interesting to note that ∇c
√
−g 6= ∂c

√
−g so we see that

√
−g is not a

scalar but a scalar density.
Now, writing LG from (2.2.1) in terms of the Ricci tensor the action is

I =
∫

Ω

√
−ggabRab dΩ . (2.2.18)

We now perform the variation, giving

δI =
∫

Ω

(
δ(
√
−g gab)Rab +

√
−g gabδRab

)
dΩ . (2.2.19)

Using (2.2.13) and (2.2.17) the second term on the right hand side becomes∫
Ω

√
−g gabδRabdΩ =

∫
Ω

√
−g gab (∇cδΓc

ab −∇bδΓc
ac) dΩ

=
∫

Ω

(
∇c(

√
−g gabδΓc

ab)−∇b(
√
−g gabδΓc

ac)
)
.

(2.2.20)

The last line is the integral of a divergence so is equal to a surface integral by
Stokes’ theorem. Therefore, if all variations are zero on the boundary of the
spacetime, (2.2.20) vanishes and we are left with

δI =
∫

Ω

δ(
√
−g gab)Rab dΩ

=
∫

Ω

(
Rabg

abδ
√
−g +Rab

√
−gδgab

)
dΩ

=
∫

Ω

(
Rabg

ab(−1
2
√
−ggabδg

ab) +Rab

√
−gδgab

)
dΩ

=
∫

Ω

√
−g
(
Rab −

1
2
Rgab

)
δgab dΩ

=
∫

Ω

√
−gGabδg

ab dΩ , (2.2.21)

where we have used (2.2.7) and the definition of the Ricci scalar (A.0.53). Gab

is the Einstein tensor. δI must vanish and δgab is arbitrary, so we see that
Gab = 0 and we have the vacuum field equations.

2.3 The full field equations

To obtain the full field equations we include the matter Lagrangian LM in the
expression for the action:

I =
∫

Ω

(LG + κLM ) dΩ , (2.3.1)
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where κ is the coupling constant. We then set

δLG

δgab
=
√
−gGab (2.3.2)

and
δLM

δgab
= −

√
−gTab , (2.3.3)

where the last equation defines the energy-momentum tensor Tab of the matter
fields. The variation of the action must vanish so we have reproduced the full
field equations

Gab = κTab . (2.3.4)

For a discussion of the numerical constant κ see [2], section 12.10, where it
is argued that κ = 8π. Here, and henceforth, we use geometric units with
GN = c = 1, where GN is Newtons constant and c is the velocity of light in
vacuum.

2.4 Geodesics

Curves in spacetime can be timelike, traversed by massive particles; lightlike,
for photons; or spacelike which connect points not in physical contact (com-
munication). Further discussion can be found in books on special (general)
relativity.

The infinitesimal length ds along a timelike curve can be defined

ds2 = gabdx
adxb , (2.4.1)

where dxa is the change in coordinate along the curve and gab is the metric. Let
u be a parameter along the curve and write(

ds

du

)2

= gab
dxa

du

dxb

du
. (2.4.2)

If u is linearly related to s then it is an affine parameter. For example, if

s = αu+ β (2.4.3)

then (2.4.2) becomes
α2 = gabα

2ẋaẋb (2.4.4)

and
gabẋ

aẋb = 1 , (2.4.5)

where a dot is differentiation with respect to affine parameter s. Similarly for a
spacelike curve

gabẋ
aẋb = −1 . (2.4.6)

Null curves are possible on a manifold with metric of indeterminate form. These
curves connect points such that ds = 0. Summarising

gabẋ
aẋb =

 1 if timelike
0 if null
−1 if spacelike

(2.4.7)
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Returning to (2.4.2) we have

s =
∫
ds =

∫
ds

du
du =

∫ (
gab

dxa

du

dxb

du

)1/2

du . (2.4.8)

A geodesic is an extremal curve, so that δs = 0, giving the Euler-Lagrange
equation

∂L

∂xa
− d

du

(
∂L

∂ẋa

)
= 0 , (2.4.9)

where L = (gabẋ
aẋb)1/2. We can evaluate the Euler-Lagrange equation explicitly

to give the geodesic equation (see [2] chapter 6). However, we will not need this
for our purposes. We will be mostly interested in null geodesics, which are useful
to elucidate the structure of a spacetime and it will be enough for us to state
that they must obey equations (2.4.7) and (2.4.9).

2.5 Killing’s equation

We include here a discussion of Killing vectors. A spacetime, in general, will
possess continuous and discrete symmetries, collectively called isometries. The
tangents to continuous isometries are Killing vectors. Killing vectors are useful
for understanding the structure of a spacetime. For example a Killing vector
could be timelike in which case the spacetime would be stationary, i.e ‘looks’
the same for all times.

We can derive a useful equation satisfied by Killing vectors. The reader is
referred to the Appendix for definitions in the following. Firstly note that

Xb∇bY
a − Y b∇bX

a = Xb∂bY
a +XbΓa

cbY
c − Y b∂bX

a − Y bΓa
cbX

c , (2.5.1)

where we have used (A.0.43). If the connection is torsion free (see Appendix)
then the right hand side is

Xb∂bY
a − Y b∂bX

a = LXY
a , (2.5.2)

just the Lie derivative of Y a. So in any expression for the Lie derivative of
a vector one can replace partial derivatives by covariant derivatives. Next we
show that the covariant derivative of the metric vanishes. Using (A.0.41), we
have

∇cgab = ∂cgab − Γd
acgdb − Γd

bcgad

= ∂cgab −
1
2
gde(∂agec + ∂cgea − ∂egac)gdb

− 1
2
gdf (∂bgfc + ∂cgfb − ∂fgbc)gad

= ∂cgab −
1
2
(∂agbc + ∂cgba − ∂bgac)−

1
2
(∂bgac + ∂cgab − ∂agbc)

= 0 . (2.5.3)

Now, under any isometric coordinate change the metric will be invariant.
That is, as xa → x′a:

gab(x) =
∂x′c

∂xa

∂x′d

∂xb
gcd(x′) . (2.5.4)
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Note here that the metric components remain the same functions of their coordi-
nates under the isometry. The continuous isometry is connected to the identity
so we can write

xa → x′a = xa + εXa(x) , (2.5.5)

where ε is a small parameter. This gives

∂x′c

∂xa
= δc

a + ε∂aX
c . (2.5.6)

Substituting this into (2.5.4) we have

gab(x) = (δa
c + ε∂aX

c)(δd
b + ε∂bX

d)gcd(xe + εXe)
= (δa

c + ε∂aX
c)(δd

b + ε∂bX
d)(gcd(x) + εXe∂egcd(x))

= gab + ε(gad∂bX
d + gbd∂aX

d +Xe∂egab)
= gab + εLXgab

⇒ LXgab = 0 . (2.5.7)

We can replace partial derivatives by covariant derivatives in this Lie derivative
and the first term vanishes due to (2.5.3). We are left with Killing’s equation:

∇bXa +∇aXb = 0 , (2.5.8)

where Xa is a Killing vector field which generates isometries.

3 Static, spherically symmetric black holes

In this section we discuss the well known Schwarzschild solution (1916). This
is the simplest static, spherically symmetric solution of Einstein’s equation and
is the basic model used to describe the orbits of the planets in the solar sytem.
This solution has provided experimental verification of general relativity by
explaining such phenomena as the advance of the perihelion of Mercury (see [2],
section 15.3).

We will see how the Schwarzschild solution exemplifies the concept of a
coordinate, and intrinsic, singularity. The latter is seen to be a point of infinite
curvature and thus a singularity in spacetime itself. However, the singularity
is not visible to an observer at infinity because it is surrounded by the event
horizon. We shall introduce solutions that remove the coordinate singularity
and so are well defined everywhere except at the intrinsic, curvature singularity.
We then investigate properties of the Schwarzschild black hole using spacetime
diagrams.

3.1 Static, spherically symmetric spacetimes

Here we define the terms static and spherically symmetric. For a spacetime to
be static it necessarily must be stationary. A stationary spacetime is invariant
under time translation t → t + c, but a static spacetime must also have the
stronger condition of time reversal invariance t→ −t.

A stationary spacetime is defined to be one which admits a timelike Killing
vector field. That is, there exists a continuous, timelike symmetry of the metric,
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agreeing with the concept of time translation invariance. It is, therefore, possible
to make a coordinate transformation so that the metric becomes independent
of the timelike coordinate, x0.

To understand static spacetimes we introduce the concept of hypersurface
orthogonality. A hypersurface is a submanifold with dimension one less than the
spacetime manifold, for example, the surface of the Earth in three-dimensional
space. In general, the hypersurface can be thought of as the submanifold given
by placing one constraint on the coordinates xa:

f(xa) = 0 , (3.1.1)

where f is the constraining function. Consider two points on the hypersurface
xa and nearby xa + dxa. Then, to first order, (3.1.1) gives

f(xa + dxa) = f(xa) +
∂f

∂xa
dxa = 0 , (3.1.2)

and so,
∂f

∂xa
dxa = 0 . (3.1.3)

Here we see that f,a is orthogonal to dxa and, therefore, orthogonal to the
hypersurface. Any vector field, Xa, proportional to f,a is called a hypersurface
orthogonal vector field and characterised by

Xa = λ(x)f,a , (3.1.4)

where λ(x) is an arbitrary function of the coordinates.
The antisymmetric part of

Xa∂bXc = λf,aλ,bf,c + λ2f,af,cb (3.1.5)

vanishes because the first term on the right hand side is symmetric in a and c
whereas the second term is symmetric in b and c, giving

X[a∂bXc] = 0 . (3.1.6)

This is, in fact, an equation of Frobenius’ theorem which gives the above as
necessary and sufficent for Xa to be hypersurface orthogonal; we have shown
necessity. See [1], Appendix B for discussion of Frobenius’ theorem.

The time reflection invariance of a static spacetime implies that there are
no cross terms, involving the timelike coordinate, in the metric; no terms like
dx0dx2. Following [2], section 14.3, we consider a two-dimensional region of the
spacetime described by the metric

ds2 = g00(dx0)2 + 2g01dx0dx1 + g11(dx1)2 , (3.1.7)

and send t→ −t. The metric goes to

ds′2 = g00(dx0)2 − 2g01dx0dx1 + g11(dx1)2 . (3.1.8)

Invariance implies ds2 = ds′2, so we see that the term linear in dx0 must vanish.
The same approach can be used to show that the other cross terms with dx0

must vanish.
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The mathematical definition of a static spacetime is that there exists a hy-
persurface orthogonal, timelike Killing vector. We now argue that this implies
that there are no cross terms with the timelike coordinate in the metric.

Consider a hypersurface, Σ, of the spacelike coordinates, xj , described by
the metric

ds2 = hij(x1, x2, x3)dxidxj , (3.1.9)

where h is a matrix of functions. Picture point p on Σ mapped to p′ on Σ′. The
Killing vector field Xa is orthogonal to Σ so for every such p on Σ there is a
bijective map to p′. Now consider the family of hypersurfaces Σt, where t is the
timelike coordinate labelling them. Xa will be orthogonal to all of them and
the metric on each will be independent of t. So we can write down the following
ansatz

ds2 = F (x1, x2, x3)dt2 + hij(x1, x2, x3)dxidxj , (3.1.10)

where there are no cross terms with the timelike coordinate.
Finally, we discuss spherical symmetry. We introduce the familiar angles

from three-dimensional space; θ, the polar angle, ranging [0, π] and φ, the az-
imuthal angle, ranging [0, 2π]. In four-dimensional spacetime we imagine a
surface at constant radius, a, and time, t, and ascribe the line element for the
unit two-sphere

ds2 = dθ2 + sin2 θdφ2 , (3.1.11)

which we recognise as the solid angle. Analogously to the time reflection invari-
ance for staticity; for spherical symmetry we require the metric to be invariant
under

θ → θ′ = π − θ

φ→ φ′ = −φ . (3.1.12)

Similarly to (3.1.7) it is easily shown that the above demands that there be no
cross terms in dθ and dφ, in the metric. In a spherically symmetric spacetime
all variation of θ and φ must leave the solid angle, (3.1.11), invariant and we
impose that they only enter into the metric in this combination. We are now
ready to formulate an ansatz for a general, spherically symmetric spacetime.
Here it is

ds2 = eνdt2 − eλdr2 − r2(dθ2 + sin2 θdφ2) , (3.1.13)

where ν = ν(t, r), λ = λ(t, r). Note that we have not imposed that the metric is
independent of the time coordinate. We have included the factor r2 in analogy
to the usual volume element for a sphere. The first two metric components are
expressed as exponentials because, as they are positive definite, they preserve
the Lorentzian signature, -2, of the metric. The task, therefore, is reduced to
finding the form of the functions ν and λ.
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3.2 The Schwarzschild solution

Computing the Einstein vacuum field equations from the spherically symmetric
ansatz we have the following non-zero components (Worksheet 1):

G0
0 =

1
eλ

(
λ′

r
− 1
r2

)
+

1
r2

= 0 (3.2.1)

G0
1 =

λ̇

reλ
= 0 (3.2.2)

G1
1 =

1
eλ

(
1
r2

+
λ′

r

)
− 1
r2

= 0 (3.2.3)

G2
2 = G3

3

=
1

2eλ

(
ν′λ′

2
+
λ′

r
− ν′

r
− ν′2

2
− ν′′

)
+

1
2eν

(
λ̈+

λ̇2

2
− λ̇ν̇

2

)
= 0 . (3.2.4)

By (3.2.2) we see that λ = λ(r) and (3.2.1) is an ode, which we can write

e−λ − λ′re−λ = 1 , (3.2.5)

which gives

(re−λ)′ = 1

⇒ eλ =
(

1 +
C

r

)−1

, (3.2.6)

where C is a constant of integration.
Adding (3.2.1) and (3.2.3) gives

λ′ + ν′ = 0 . (3.2.7)

Integrating
λ+ ν = f(t) . (3.2.8)

From [6] section 8.1, we can add an arbitrary function of t to ν. Consider
the first component of (3.1.13). If we make a transformation t → t′ such that
t = t(t′) and

ν → ν′ = ν + 2 ln
(
dt

dt′

)
(3.2.9)

then

eνdt2 → eν′dt′2 =
(
dt

dt′

)2

eνdt′2

= eνdt2 . (3.2.10)

We have seen that the line element (3.1.13) is invariant if we add an arbitrary
function of t to ν so we can write

λ+ ν = 0 . (3.2.11)
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From (3.2.11) and (3.2.6) we have

eν = 1 +
C

r
. (3.2.12)

To interpret the constant C, we must compare Newton’s theory with the
Newtonian limit of general relativity. Therefore, considering weak, slowly vary-
ing gravitational fields produced by a slowly moving source we obtain (see [2],
section 12.9)

g00 ≈ 1 +
2φ
c2
, (3.2.13)

where φ is the Newtonian gravitational potential. For a spherically symmetric
system, solution of Poisson’s equation for φ gives

φ = −GM
r

. (3.2.14)

Then (3.2.13) and (3.2.12) give

1 +
C

r
≈ 1 +

2φ
c2r

. (3.2.15)

Therefore, in geometric units we set C = −2M and call M the geometric mass,
the distribution of which determines the spacetime geometry. We have now
arrived at the Schwarzschild solution

ds2 = (1− 2M/r)dt2 − (1− 2M/r)−1dr2 − r2(dθ2 + sin2 θdφ2) . (3.2.16)

This is a static solution describing the exterior of a star or planet, where there is
no matter. In our ansatz we only postulated spherical symmetry. The functions
ν λ were defined as functions of r and t. Instead we have shown that it is static.
Crucially, we were able to absorb the arbitrary function of t in (3.2.8). Thus
we have arrived at Birkhoff’s theorem (1923): A spherically symmetric vacuum
solution in the exterior region is necessarily static.

3.3 Singularities

In general, coordinate patches are only well defined over portions of the manifold
and one coordinate system need not be well defined everywhere. For example,
in the spherically symmetric spacetime we have degeneracy at θ = 0, π but
this problem is easily removed using Cartesian coordinates. Such points are
called coordinate singularites and are said to be removable. We can cover a
manifold with many coordinate patches, requiring that they overlap and we can
make transformations between them with smooth functions. It is easy to see
from (3.2.16) that the Schwarzschild solution is not well defined at r = 0 and
r = 2M . The question is: are these removable singularities?

The concept of a singularity in spacetime is difficult to precisely define. This
is because the metric is not well defined at the singularity and we can not really
think of it in terms of a place in spacetime. The metric, being the distance
function, can not be used to measure a distance in space and time between the
singularity and another point.

A useful conceptual approach has been to think of a singularity as a hole
in the manifold and characterised by causal geodesics which never reach future
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null/timelike infinity (see section 6.4, page 34, for a discussion of these terms).
It is interesting to note that if the universe began in a singular state then we
can not consider the instant of the ‘big bang’ as belonging to our spacetime
manifold.

More practically we can analyse the behaviour of scalar invariants built from
the metric, such as the Ricci scalar (A.0.53). These have the useful property
that they are invariant under coordinate transformations. Of course, we can not
evaluate these exactly at the singularity (as we consider it as a point with no
metric structure) but we can analyse the asymptotic behaviour as the singularity
is approached. We expect that if the singularity is removable then the Ricci
scalar will remain finite, but if it is a true singularity of the spacetime then it
will diverge.

The Ricci scalar of the vacuum Schwarzschild solution is identically zero as
Einstein’s equation is traceless in the absence of sources. However, we can also
compute the Riemann curvature scalar, which gives

RabcdRabcd =
48m2

r6
. (3.3.1)

This is obviously finite at r = 2M , indicating a coordinate/removable singular-
ity, but diverges at r = 0. Therefore, the singularity at the origin is irremovable
and an intrinsic singularity of the spacetime.

At the end of section 3.2 we concluded that the Schwarzschild solution was
applicable to the exterior of a spherical body. The interior solution would de-
mand a non-zero energy-momentum tensor. In section 3.6 we will see that at
the radius r = 2M there is a surface of infinite gravitational red shift. This is
called the Schwarzschild radius and photons can not escape from this distance.
However, for most masses this radius is deep inside the body, for example, the
Schwarzschild radius of the Sun is approximately 3km.

However, for sufficiently massive stars, over ten times the mass of the Sun,
it is predicted that, after the nuclear fuel is spent, the gravitational forces will
pull all the matter within the Schwarzschild radius and inevitably result in a
singularity of infinite density. A Schwarzschild black hole is formed. Note that
this solution is an idealisation because the contracting body must be perfectly
spherical. The result is not really too surprising since Newtonian theory also
predicts that a perfect sphere of matter can collapse on itself. If the collapse
continues through the Schwarzschild radius then light will not be able to escape
the enclosed region. However, there is no resulting spacetime singularity in
Newtonian theory.

A lot of work has been done to determine the outcome of the general, and
more physically realistic, case of a non spherically symmetric collapsing body.
We will discuss in section 5 that this also leads to a black hole solution called
the Kerr solution (1963), which is independent of the details of the collapse.

3.4 The event horizon

At r = 2M the radial component of (3.2.16) vanishes. This implies that the
radial coordinate is null on this surface and the Schwarzschild radius is a null
hypersurface. This means that a particle must travel in a null (light-like) di-
rection in order to remain in this surface. In fact, in this section and the next
we will argue that light can remain on this surface but massive particles (on
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timelike geodesics) inevitably proceed to decreasing values of r and to the sin-
gularity at r = 0. We proceed by analysing spacetime diagrams for radial null
geodesics and the trajectory of a radially infalling particle.

The spacetime diagrams of null geodesics allow us to examine the light cone
structure of a region. In Minkowski space we draw the light cones with angles
of 45◦. In a curved space the light cone angle will vary from point to point.

The radial null geodesics are defined by requiring

ds2 = θ̇2 = φ̇2 = 0 . (3.4.1)

We use the variational method for computing geodesics. From (2.4.7) we have

(1− 2M/r)ṫ2 − (1− 2M/r)−1ṙ2 = 0 , (3.4.2)

The Euler-Lagrange equation (2.4.9), for a = 0, gives

(1− 2M/r)ṫ = k , (3.4.3)

where k is constant. Substituting into (3.4.2) gives

ṙ = ±k . (3.4.4)

From (3.4.3) and (3.4.4) we have

dt

dr
=
ṫ

ṙ
=

r

r − 2M
, (3.4.5)

which leads to
t = r + 2M ln |r − 2M |+ constant . (3.4.6)

Or taking the negative sign in (3.4.4)

t = −(r + 2M ln |r − 2M |+ constant) . (3.4.7)

In the region r > 2M (3.4.6) indi-

Figure 1: Radial null geodesics of
Schwarzschild spacetime

cates that r increases as t increases so we
define the curves governed by (3.4.6) to be
the radial null outgoing geodesics. Similarly
(3.4.7) describes radial null ingoing geodesics.
Figure 1 displays the computed trajectories
of these curves. It is easy to see the light
cones ‘closing’ as the horizon is approached
and beyond the horizon the curves ‘tip over’
so that r becomes a timelike coordinate and
the geodesic inevitably leads to the singu-
larity.

The diagram also seems to suggest that
an ingoing radial null geodesic (curve of increasing t, decreasing r) only ap-
proaches the horizon asymptotically and never reaches it. We will now see that
this is due to the difference between the Schwarzschild world time t, and the
proper time τ .

Consider a radially infalling particle. From the variational principle we have

(1− 2M/r)ṫ = k

(1− 2M/r)ṫ2 − (1− 2M/r)−1ṙ2 = 1 , (3.4.8)
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where a dot denotes differentiation with respect to proper time. Setting k = 1
we find, at large r, ṫ ≈ 1, so t ≈ τ towards infinity. Then (3.4.8) gives(

dτ

dr

)2

=
r

2M
, (3.4.9)

which integrates to give

τ − τ0 =
2

3(2M)1/2
(r3/2

0 − r3/2) , (3.4.10)

where r0 is the radius at initial proper time τ0. Now, instead we describe the
motion in terms of the Schwarzschild world time t givng

dt

dτ
= −

( r

2M

)1/2

(1− 2M/r)−1 , (3.4.11)

which integrates to give

t− t0 = − 2
3(2M)1/2

(r3/2 − r
3/2
0 + 6Mr1/2 − 6Mr

1/2
0 )

+ 2M ln
(r1/2 + (2M)1/2)(r1/2

0 − (2M)1/2)

(r1/2
0 + (2M)1/2)(r1/2 − (2M)1/2)

. (3.4.12)

For convenient values of the constants, r0, τ0 and t0, the equations are plotted
in Figure 2 .

The graph clearly shows that in world

Figure 2: Comparison of trajec-
tories in world time and proper
time

time t (upper curve) the particle approaches
the horizon asymptotically but proceeds through
the horizon and to the singularity at r =
0 when measured in proper time τ (lower
curve). We therefore conclude that an ob-
server at infinity would never see a particle
disappearing through the horizon whereas a
comoving observer would reach the horizon
in a finite proper time.

3.5 Eddington-Finkelstein
coordinates.

In section 3.4, page 16, we mentioned that at r = 2M there is a removable
singularity and in the previous section we have seen how this surface splits
the manifold into two distinct parts. In this section we change to a coordi-
nate system which is adapted to radial infall and which removes the coordinate
singularity at r = 2M .

We make the transformation

t→ t = t+ 2M ln(r − 2M) , (3.5.1)
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so that (3.4.7) becomes
t = −r + constant , (3.5.2)

which is a straight line of −45◦ with the r-axis. From (3.5.1) we have

dt = dt+
2M

r − 2M
dr , (3.5.3)

which leads to

dt2 =
(
dt− 2M

r − 2M
dr

)2

= dt
2 +

4M2

(r − 2M)2
dr2 − 4M

r − 2M
dtdr

⇒ ds2 =
(

1− 2M
r

)[
dt

2 +
4M2

(r − 2M)2
dr2 − 4M

r − 2M
dtdr

]
−
(

1− 2M
r

)−1

dr2 − r2(dθ2 + sin2 θdφ2)

=
(

1− 2M
r

)
dt

2 +
(r − 2M)

r

4M2

(r − 2M)2
dr2 − (r − 2M)

r

4M
(r − 2M)

dtdr

−
(

1− 2M
r

)−1

dr2 − r2(dθ2 + sin2 θdφ2)

=
(

1− 2M
r

)
dt

2 +
(

4M2

r(r − 2M)
− r

r − 2M

)
dr2

− 4M
r
dtdr − r2(dθ2 + sin2 θdφ2)

=
(

1− 2M
r

)
dt

2 − 4M
r
dtdr −

(
1 +

2M
r

)
dr2 − r2(dθ2 + sin2 θdφ2) .

(3.5.4)

This is the advanced Eddington-

Figure 3: Advanced Eddington-
Finkelstein coordinates

Finkelstein form of the line element.
The spacetime diagram for this co-
ordinate system is shown in figure 3.
The coordinate singularity at r = 2M
no longer exists in this form. The so-
lution is regular for the whole range
0 < r < ∞. However, the solution is
no longer time symmetric. The trans-
formation (3.5.1) has ‘straightened out’
the ingoing radial null geodesics (3.5.2)
but the outgoing radial null geodesics
(3.5.1) are curves. Also shown is the
trajectory of an ingoing particle. No-
tice that it must ‘follow’ the light cones as they ‘tip over’.

We can make further simplification of the metric (3.5.4) by transforming to
the null coordinate

v + t+ r . (3.5.5)
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The ingoing geodesics are then given by v = const. The metric transforms as

dt = dv − dr

⇒ ds2 =
(

1− 2M
r

)
(dv2 + dr2 − 2dvdr)− 4M

r
(dv − dr)dr

−
(

1 +
2M
r

)
dr2 − r2dΩ2

=
(

1− 2M
r

)
dv2 +

(
−4M

r
+

4M
r

)
dr2

−
(

2
(

1− 2M
r

)
+

4M
r

)
dvdr − r2dΩ2

=
(

1− 2M
r

)
dv2 − 2dvdr − r2dΩ2 , (3.5.6)

which is a simple form known as advanced Eddington-Finkelstein coordinates.
Alternatively, if we make the transformation

t→ t∗ = t− 2M ln |r − 2M | (3.5.7)

then, from (3.4.7), we see that the outgoing radial null geodesics are ‘straight-
ened’ out and the ingoing are just given by (3.4.7). The spacetime is similar to
Figure 3 except with time coordinate reversed.

We can further make the transformation

w = t∗ − r , (3.5.8)

which leads to the retarded Eddington-Finkelstein form:

ds2 =
(

1− 2M
r

)
dw2 + 2dwdr − r2dΩ2 . (3.5.9)

The above shows how coordinate singularities can be removed by a coordi-
nate change. However, the radius 2M still has physical significance due to the
radial coordinate becoming timelike when r < 2M .

3.6 Gravitational red shift

The surface r = 2M can also be distinguised by the behaviour of the physical
phenomenon, gravitational red shift ([1], section 6.3). As in ordinary red shift
this signifies light losing energy as it’s frequency is shifted to the ‘red’ end of
the spectrum, except in this case the effect is due to the presence of a massive
body causing the spacetime to be non-flat.

We consider two static observers in a stationary spacetime with 4-velocities
ua

1 and ua
2 . Static observers necessarily move along time translation Killing

vector field.
If we have Killing vector field ξa and tangent to a geodesic ua then ξaua is

constant on the geodesic. We can see this from

ub∇b(ξaua) = ubua∇bξa + ξau
b∇bu

a

= 0 , (3.6.1)

20



where the first term on the right is zero from Killing’s equation and the second
term also zero because u is tangent to a geodesic.

If ua
1 is the tangent of observer 1’s timelike geodesic and ka is the tangent

to the light emitted by the observer, then

ω1 = kau
a
1

∣∣
p1
, (3.6.2)

where ω1 is the frequancy of the light and p1 is the position of the observer.
Similarly for observer 2:

ω2 = kau
a
2

∣∣
p2
. (3.6.3)

However, ua
1 and ua

2 are unit vectors and point in the direction of ξa, so can
be written

ua
1 = ξa/(ξbξb)1/2

∣∣
p1

(3.6.4)

ua
2 = ξa/(ξbξb)1/2

∣∣
p2
. (3.6.5)

From (3.6.1) we see that kaξ
a
∣∣
p1

= kaξ
a
∣∣
p2

so, for the ratio of frequencies,
we obtain

ω1

ω2
=

(ξbξb)1/2
∣∣
p2

(ξbξb)1/2
∣∣
p1

. (3.6.6)

For the Schwarzschild metric we have ξaξa = gtt = (1 − 2M/r) so that for
p2 = r2 and p1 = r1 we have

ω1

ω2
=

(1− 2M/r2)1/2

(1− 2M/r1)1/2
. (3.6.7)

So if r2 > r1 then ω2 < ω1. Furthermore, as r1 → 2M then ω1/ω2 → ∞
and we see that r = 2M , in the Schwarzschild solution, is a surface of infinite
gravitational red shift. Notice that the event horizon and surface of infinite
gravitational red shift coincide for the Schwarzschild solution. As we shall see
this isn’t always the case.

4 Charged black holes

In this section we consider black holes with net charge resulting in the Reissner-
Nordström solution. Unlike the previous section for the Schwarzschild solution
we impose staticity from the outset. We also search for a spherically symmetric
solution so we can work from (3.1.13) with ν and λ functions of r only.

We assume that there is a radial electric field E(r) so that the Maxwell
tensor, defined as

Fab = ∂aAb − ∂bAa , (4.0.8)

has the form

Fab = E(r)


0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 (4.0.9)
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We will consider source free regions only, so that, in general relativity, the
usual Lagrangian for the electromagnetic field becomes

LE =
(−g) 1

2

8π
F abFab , (4.0.10)

where we have included the term for the invariant volume element as described
in section 2. We have defined the energy-momentum tensor in (2.3.3). So
varying the Lagrangian with respect to the metric gives

δLE

δgµν
=

∂LE

∂gµν

=
1
8π

(
(−g) 1

2
(
gbdFµbFνd + gacFaµFcν

)
− 1

2
gµν(−g) 1

2FabF
ab)

=
(−g) 1

2

8π

(
2gbdFµbFνd −

1
2
gµνFabF

ab

)
, (4.0.11)

where we have used (2.2.8). From (2.3.3), the Einstein equation is

Gab = −2gcdFacFbd +
1
2
gabFcdF

cd . (4.0.12)

In source free regions the Maxwell equations are

∇aFbc = 0 , (4.0.13)
∂[aFbc] = 0 . (4.0.14)

The single, non-zero component of (4.0.13) is

1
2
r2λ′E(r) + r2ν′E(r)− 2r2E(r)′ − 4rE(r) = 0 , (4.0.15)

which gives

E(r) =
Qe

1
2 (ν+λ)

r2
, (4.0.16)

where Q is the integration constant. We assume that far from the black hole
the metric (3.1.13) becomes flat so that for large r: ν, λ→ 0. This implies that
E ≈ Q/r2 asymptotically and we regain the usual electric field with charge Q.

Computing the Einstein equation gives four relations. The 00 and 11 equa-
tions are (see Worksheet 2)

Q2

r2eλ
= −eν (λ′r + eλ − 1)

r2eλ
(4.0.17)

− Q2

r2eν
=

−ν′r + eλ − 1
r2

(4.0.18)

Adding, we find that
λ′ + ν′ = 0 , (4.0.19)

which implies λ = −ν, using the asymptotic condition above. The 22 component
gives

E2reν = −1
2
(2ν′ + rν′′ + rν′2) , (4.0.20)
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which solves to give

eν =
Q2 + Cr2 −Dr

r2
. (4.0.21)

After absorbing the constant C and identifying D = 2M by analogy to the
Schwarzschild solution, we find

eν =
(

1− 2M
r

+
Q2

r2

)
. (4.0.22)

Inserting this into (3.1.13) we obtain the Reissner-Nordström solution

ds2 =
(

1− 2M
r

+
Q2

r2

)
dt2 −

(
1− 2M

r
+
Q2

r2

)−1

dr2 − r2(dθ2 + sin2 φ2) .

(4.0.23)
It is possible to derive this solution without initially demanding it be static.
Then Birkhoff’s theorem extends to the case of the charged black hole: A spher-
ically symmetric, charged black hole is necessarily static.

4.1 The Reissner-Nordström metric

For r satisfying
r2 − 2Mr +Q2 = 0 , (4.1.1)

the solution (4.0.23) is not well defined. The solutions to this quadratic are

r± = M ± (M2 −Q2)1/2 . (4.1.2)

Here we only consider the case where M2 ≥ Q2 because, according to the singu-
larity theorem of Penrose, the alternative would give rise to naked singularities
which are forbidden by the cosmic censor conjecture (see [1], section 12.1).

As well as the singularity at r = 0 the two cases of (4.1.2) imply that the
spacetime is split into three regular regions.:

1. r+ < r <∞,

2. r− < r < r+,

3. 0 < r < r−.

We now make a coordinate transformation analogous to the Eddington-
Finkelstein transformation. We can then analyse the behaviour of radial null
geodesics in the three regions. To compute the radial null geodesics we start
with (2.4.7): (

1− 2M
r

+
Q2

r2

)
ṫ2 −

(
1− 2M

r
+
Q2

r2

)−1

ṙ2 = 0 , (4.1.3)

and the Euler-Lagrange equation (2.4.9) for a = 0(
1− 2M

r
+
Q2

r2

)
ṫ = C , (4.1.4)
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where C is a constant. Combining (4.1.3) and (4.1.4) gives

ṙ2 = C2

ṙ = ±C . (4.1.5)

Then, taking the positive sign:

ṫ

ṙ
=
dt

dr
= ±

(
1− 2M

r
+
Q2

r2

)−1

=
r2

r2 − 2Mr +Q2

=
r2

(r − r+)(r − r−)
, (4.1.6)

where r± are the solutions of (4.1.2).
We are searching for straight lines so dt/dr is constant and we can write

r2 = (r − r+)(r − r−)a+ b , (4.1.7)

where a, b are constant. If we set a = 1 and expand

r2 = r2 − r+r − r−r + r+r− + b

⇒ b = (r+ + r−)r − r+r− . (4.1.8)

Then

r2

(r − r+)(r − r−)
=

dt

dr

= 1 +
(r+ + r−)r − r+r−
(r − r+)(r − r−)

= 1 +
r+

2

(r+ − r−)(r − r+)
+

r−
2

(r− − r+)(r − r−)

⇒ t = r +
r+

2

(r+ − r−)
ln(r − r+) +

r−
2

(r− − r+)
ln(r − r−) + const .

To ‘straighten’ the ingoing, radial null geodesics we define null coordinate t =
−r + const, which gives

t = t+
r2+

(r+ − r−)
ln(r − r+)− r−

2

(r+ − r−)
ln(r − r−) , (4.1.9)

and

dt = dt−
r2+dr

(r+ − r−)(r − r+)
+

r2−dr

(r+ − r−)(r − r−)

dt2 =
(
dt+

(
r2−

(r+ − r−)(r − r−)
−

r2+
(r+ − r−)(r − r+)

)
dr

)2

= dt
2 +

(
r4−

(r+ − r−)2(r − r−)2
+

r4+
(r+ − r−)2(r − r+)2

−
2r2−r

2
+

(r+ − r−)(r − r−)(r − r+)

)
dr2 + 2 (

r2−
(r+ − r−)(r − r−)

−
r2+

(r+ − r−)(r − r+)

)
drdt .

(4.1.10)
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Substituting this into metric (4.0.23):

ds2 =
(r − r−)(r − r+)

r2

(
dt

2 +
(

r4−
(r+ − r−)2(r − r−)2

+
r4+

(r+ − r−)2(r − r+)

−
2r2−r

2
+

(r+ − r−)(r − r−)(r − r+)
dr2 + 2

(
r2−

(r+ − r−)(r − r−)
−

r2+
(r+ − r−)(r − r+)

)
drdt

− r2

(r − r−)(r − r+)
dr2 − r2dΩ2

and, as in [2], defining f = 1 − g00 = (rr− + rr+ − r−r+)/r2 we obtain (see
Worksheet 2)

ds2 =
(r − r−)(r − r+)

r2
dt

2 − 2
rr+ + rr− − r+r−
(r − r+)(r − r−)

dtdr

− r2 + rr− + rr+ − r+r−
r2

dr2 − r2dΩ2

= (1− f)dt2 − 2fdtdr − (1 + f)dr2 − r2dΩ2 . (4.1.11)

This form is regular for all r, re-

Figure 4: Advanced Eddington-
Finkelstein form of the Reissner-
Nordström metric

taining the intrinsic singularity at r =
0. We now show that this metric ‘straight-
ens’ ingoing radial null geodesics and
so is the advanced Eddington-Finkelstein
form of the Reissner-Nordström met-
ric.

Calculating radial null geodesics
for (4.1.11):

θ̇ = φ̇ = ds2 = 0 . (4.1.12)

Then (2.4.7) gives

(1− f)ṫ
2
− 2f ṫṙ − (1 + f)ṙ2 = 0

⇒ (1− f)
(
dt

dr

)2

− 2f
dt

dr
− (1 + f) = 0 .

(4.1.13)

Solving as a quadratic in dt/dr gives

dt

dr
=

2f ±
√

4f2 + 4(1− f)(1 + f)
2(1− f)

=
f ± 1
1− f

= −1 or
1 + f

1− f
. (4.1.14)

The first case describes the ingoing radial null geodesics, which are the straight
lines

t+ r = const . (4.1.15)

The second gives a differential equation for the outgoing family

dt

dr
=

1 + f

1− f
. (4.1.16)
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As in [2], section 18.3, we can obtain all the information we need to draw
a spacetime diagram from this equation, without solving it, by analysing the
slope for different values of r i.e plotting functions 1+f and 1−f . The resulting
radial null geodesics are shown in Figure 4.1.

Returning to (4.1.2) we see that the minimum possible mass of a charged
black hole is M = Q. A smaller mass would imply a naked singularity, which is
thought to be unphysical. Black holes that have the minimum possible mass are
called extremal. The extremal black hole is important in contemporary black
hole physics from the point of unified theories such as string theory. For the
extremal black hole, string theories correctly account for the microscopic degrees
of freedom that should be present if the black hole has entropy proportional to
it’s surface area. We will discuss the entropy of a black hole in section 8. The
black holes of the attractor mechanism, section 9, are also extremal black holes
except they also have magnetic charge.

5 Stationary, axisymmetric black holes

In this section we discuss a particular black hole solution known as the Kerr
metric (1963). This is a stationary, axisymmetric solution and can be considered
as the description of the gravitational field due to a rotating, massive collapsed
body. It is necessary to include this case here because, as we shall see, we must
consider black holes with angular momentum in order to make analogies with
thermodynamics.

Also, the Kerr metric is important because there are theorems due to Israel,
Carter, Hawking and Robinson, between 1967 and 1975 [1], which virtually
prove that the Kerr metric is the most general stationary, vacuum black hole
solution. All collapsing matter is thought to settle to a final stationary state. So
the Kerr black hole solution is physically realistic and, in fact, there is evidence
suggesting that the ‘supermassive’ black hole at the center of the galaxy can be
described by this model.

Here we give the standard form of the solution, a detailed derivation of which
can be found in [10]:

ds2 =
(

1− 2Mr

Σ1

)
dt2 − 4aMr sin2 θ

Σ1
dφdt

−
(

2Ma2r sin2 θ

Σ1
+ r2 + a2

)
sin2 θdφ2 − Σ1

(
dr2

Σ2
+ dφ2

)
,

(5.0.17)

where Σ1 = r2 + a2 cos2 θ and Σ2 = r2 − 2Mr+ a2. Notice that the coordinate
time t does not enter into the metric components so the solution is stationary
with Killing vector field ∂/∂t. The metric is also independent of the coordinate
φ so is invariant under φ → φ + a. Therefore, we assume that there exists a
Killing vector field ∂/∂φ. Indeed, Hawking and Ellis (1973) have shown that,
for the Kerr black hole, there exists a one parameter group of isometries, which
commute with the stationary isometry ∂/∂t and whose tangents coincide with
the null geodesic generators of the horizon.

The Killing vector field χa, which is null, χaχ
a = 0, on the event horizon is
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given by the linear combination

χa = ξa + ΩBHψ
a , (5.0.18)

where ψa is a Killing vector field whose orbits are closed i.e an axial Killing
vector associated with invariance under translation of φ. We then associate
ΩBH with the angular velocity of the black hole.

The solution (5.0.17) contains two parameters, a and M . It is easy to see
that setting a = 0 we obtain the Schwarzschild solution and so we identify M
as the geometric mass of the spacetime. Also notice that the second term in
(5.0.17) causes the solution to lose invariance under t → −t. However, the
combined transformation t → −t and φ → −φ leaves the solution invariant. A
rotating body of matter in Newtonian theory also has this property and so the
Kerr metric is believed to describe a rotating black hole.

However, we have not yet discussed the singularities of the Kerr metric
but will see next that it does describe a black hole solution except one with a
very different structure to the Schwarzschild case. Calculation of the Riemann
invariant RabcdRabcd reveals that there is an intrinsic singularity when

r2 + a2 cos2 θ = 0 . (5.0.19)

This defines a circle of radius a and indicates that the Kerr metric has a ring
singularity.

In analogy with the Schwarzschild solution we search for the event horizon
by finding when r = const. becomes null. This is when g11 = 0 and given by

Σ2

Σ1
=
r2 − 2Mr + a2

r2 + a2 cos2 θ
= 0 (5.0.20)

or
r± = M ± (M2 − a2)1/2 . (5.0.21)

Therefore, assuming a2 < m2, we have two event horizons, Σ+ (outer) and
Σ− (inner) and can divide the spacetime into three regions where the metric is
regular:

1. r+ < r <∞,

2. r− < r < r+,

3. 0 < r < r−.

No outgoing timelike or null geodesic can cross Σ+ so it is the event horizon for
the Kerr metric.

Calculation of the norm of the timelike Killing vector gives

ξaξ
a = gtt = 1− 2Mr

r2 + a2 cos2 θ
. (5.0.22)

This defines two surfaces of infinite gravitational red shift (see section 3.6) when

r2 + cos2 θ − 2Mr = 0 , (5.0.23)

which gives
R± = M ± (M2 − a2 cos2 θ)1/2 . (5.0.24)
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Therefore, comparing (5.0.22) and (5.0.24) we have always R+ ≥ r+ and R− ≤
r−.

At r > R+ there exists timelike Killing vector ξa. However, (5.0.22) reveals
that for R− < r < R+ , ξaξ

a < 0 and so ξa is spacelike in this region and timelike
again when r < R−.

At R+ , R− there are surfaces S+ and S−

Figure 5: structure of the Kerr
black hole

respectively, as shown in Figure 5, sourced
from [10]. The region of Σ+ < r < S+ is
called the ergosphere of the black hole. ξa

is spacelike in this region and so a particle
would have to travel faster than light to re-
main on an orbit of ξa. Thus it is impos-
sible for a particle to remain stationary in
this region and so S+ is called the station-
ary limit surface. However, it is still possible
for the particle to escape to infinity from the
ergosphere. The various surfaces of the Kerr
black hole can be seen in Figure 5.

In the Schwarzschild limit a → 0; S+ → 2M ,S− → 0 ,Σ+ → 2M and
Σ− → 0. Thus the event horizons and surfaces of infinite gravitational red shift
are recombined as we should expect.

6 Geodesics and Causality

In this section we discuss geodesic congruences and derive results used in the
formulation of the black hole laws based on geodesic relations. We also briefly
discuss arguments based on the causal structure of spacetime, which are used,
in particular, to derive the second law.

As discussed in section 2.4 geodesics are curves of extremal length. Given
the tangent vector ξa of a curve we say that the curve is a geodesic if the tangent
vector is parallely propagated along the curve

ξa∇aξ
b ∝ ξb . (6.0.25)

However, it is always possible to reparametrise the curve so that

ξa∇aξ
b = 0 , (6.0.26)

and in this case the parameter is said to be affine on the geodesic. For example,
the proper time is an affine parameter.

6.1 The Equation of Geodesic Deviation.

A congruence is a family of curves such that precisely one curve passes through
each point of the manifold. We parametrise a congruence of geodesics by proper
time, τ , and ν, where ν labels distinct, adjacent geodesics. We define two vector
fields on a geodesic with coordinates xa,

ξb =
dxb

dτ
(6.1.1)
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and
ηc =

dxc

dν
. (6.1.2)

Then ξb is the tangent vector and ηc is a vector field, orthogonal to the geodesic,
that we shall call the deviation vector.

We work in a manifold with a symmetric connection (torsion free) Γa
bc = Γa

cb

so we can replace partial derivatives by covariant derivatives in the Lie derivative
and we have

Lξη
a = ξb∂bη

a − ηb∂bξ
a

=
dxb

dτ

∂

∂xb

dxa

dν
− dxb

dν

∂

∂xb

dxa

dτ

=
d2xa

dτdν
− d2xa

dνdτ
= 0
= ξb∇bη

a − ηb∇bξ
a (6.1.3)

We define the absolute derivative along a geodesic as

D

Dτ
= ξb∇b , (6.1.4)

and interpret
D2ηa

Dτ2
= ξc∇c(ξb∇bη

a) , (6.1.5)

as being the relative acceleration of neighbouring geodesics. Using (6.1.3) and
the definition of the Riemann tensor (A.0.46) in the third line, we have

ξb∇b(ξc∇cη
a) = ξc∇c(ηb∇bξ

a)
= (ξc∇cη

b)∇bξ
a + ηbξc∇c∇bξ

a

= (ηc∇cξ
b)∇bξ

a + ηbξc∇b∇cξ
a −Rcbd

aηbξcξd

= ηc∇c(ξb∇bξ
a)− ηcξb∇c∇bξ

a + ηbξc∇b∇cξ
a −Rcbd

aηbξcξd

= −Rcbd
aηbξcξd (6.1.6)

This gives
D2ηa

Dτ2
= −Rcbd

aηbξcξd , (6.1.7)

which we call the equation of geodesic deviation and will use later on.

6.2 Geodesic congruences

We can define a vector field ξa of tangents to the geodesic congruence. We
assume that the congruence is a family of timelike geodesics parametrised by
proper time, τ . For a timelike geodesic congruence we normalise the tangents
as ξaξa = 1. We define the tensor field

Bab = ∇bξa . (6.2.1)

This gives
Babξ

a = ∇bξaξ
a = 0 (6.2.2)
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and
Babξ

b = −∇aξbξ
b = 0 . (6.2.3)

Therefore, this tensor field is everywhere orthogonal to ξa, i.e it is purely spatial.
Let ηa be the orthogonal deviation vector from one of the geodesics in our

congruence to another. We then have

Lξη
a = 0 , (6.2.4)

where Lξ is the Lie derivative with respect to ξ. This gives

ξb∇bη
a = ηb∇bξ

a = Ba
bη

b . (6.2.5)

Thus, Ba
b is a linear map measuring the failure of ηa to be parallelly transported

along ξb.
We use the spatial projection operator,

pa
b ≡ δa

b − ξaξb , (6.2.6)

to define the spatial metric

hab = δc
agcb − ξcξagcb

= gab − ξaξb . (6.2.7)

We now introduce the expansion θ, shear σab and twist ωab of the congruence
by

θ = Babhab , (6.2.8)

σab = B(ab) −
1
3
θhab , (6.2.9)

ωab = B[ab] , (6.2.10)

We can then write
Bab =

1
3
θhab + σab + ωab . (6.2.11)

We now turn our attention towards an equation for the rate of change of θ, σab,
and ωab. We have

ξc∇cBab = ξc∇c∇bξa = ξc∇b∇cξa +Rcba
dξcξd

= ∇(ξc∇cξa)− (∇bξ
c)(∇cξa) +Rcba

dξcξd

= −Bc
bBac +Rcba

dξcξd . (6.2.12)

where in the first line we have used the definition of the Riemann tensor.
We are predominantely interested in the rate of change of the trace of Bab,
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i.e θ. So taking the trace of (6.2.12), and using (6.2.8)-(6.2.10), we have

Bc
bBac → BcaBac

= (
1
3
θhca + σca + ωca)(

1
3
θhac + σac + ωac)

=
1
9
θ2hcahac +

1
3
θhacσac +

1
3
θhacωac +

1
3
θhacσ

ca + σcaσac + σcaωac

+
1
3
ωcaθhac + ωcaσac + ωcaωac

=
1
9
θ2hcahac +

1
3
θhac(B(ac) −

1
3
θhac) +

1
3
θ(B(ca) − 1

3
θhca)hac

+σcaσac + ωcaωac

=
1
3
θ2 + σacσac − ωacωac , (6.2.13)

where, in the second line, all the antisymmetric tensors, fully contracted with a
symmetric tensor, vanish. In the last line we have used the trace of the identity
matrix in 3 dimensions and equation (6.2.8). Therefore, we have, from (6.2.12),

ξc∇cθ =
dθ

dτ
= −1

3
θ2 − σacσac + ωacωac −Rcdξ

cξd , (6.2.14)

where, for the last term, we have used antisymmetry property (A.0.50) of the
Riemann tensor and the definition of the Ricci tensor (A.0.53). The above
equation is known as Raychaudhuri’s equation. The rates of change of σab and
ωab can be found by taking the trace-free symmetric and antisymmetric parts
of (6.2.12) respectively. However, it was Raychaudhuri’s equation that was key
to the proof of the singularity theorems, given by Hawking (1967), and it is the
equation we shall use in proving the Zeroth Law and Second Law of black hole
mechanics.

We now investigate the last term of (6.2.12). Using Einstein’s equation we
have

Rabξ
aξb = 8π

(
Tab −

1
2
Tgab

)
ξaξb = 8π

(
Tabξ

aξb − 1
2
T

)
. (6.2.15)

Here we shall make some physical assumptions. Firstly, Tabξ
aξb physically rep-

resents the energy density of matter as seen by an observer with 4-velocity ξa.
It is generally believed that, for all physically reasonable matter,

Tabξ
aξb ≥ 0 . (6.2.16)

This is known as the weak energy condition. We further assume that physi-
cally reasonable matter will not cause the right hand side of (6.2.15) to become
negative, so that

Tabξ
aξb ≥ 1

2
T . (6.2.17)

This is known as the strong energy condition, so called because it gives a stronger
mathematical requirement. From this last requirement we can see that the
last term of Raychaudhuri’s equation is nonpositive. This is interpreted as a
manifestation of the attractiveness of gravity. Finally, we shall state another
energy condition for physical matter. If ξa is a future directed, timelike vector
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then T a
bξ

b will be a future directed timelike or null vector. This quantity
physically represents the energy-momentum 4-vector of matter as seen by an
observer with 4-velocity ξa. Known as the dominant energy condition, this is
interpreted as requiring that the speed of energy flow be always less than the
speed of light.

We return to Raychaudhuri’s equation (6.2.14) in the case where our congru-
ence is hypersurface orthogonal, then by Frobenius’ theorem (see [1], Appendix
B) the term ωab = 0. We have seen that the last term is nonpositive if the
strong energy condition holds and the second term is always nonpositive. This
gives

dθ

dτ
+

1
3
θ2 ≤ 0

⇒ − 1
θ2
dθ

dτ
≤ −1

3

⇒ dθ−1

dτ
≥ 1

3
, (6.2.18)

and finally

θ−1(τ) ≥ θ−1
0 +

1
3
τ . (6.2.19)

Consider the situatiuon where the congruence is initially converging so that θ0 ≤
0. Then (6.2.19) implies that θ−1 must pass through zero and, consequently,
θ → −∞. This result proves interesting when the congruence is emanating from
a black hole.

Although we do not derive it here, refer to [1], we state the null vector
analogue to Raychaudhuri’s equation

dθ

dλ
= −1

2
θ2 − σabσ

ab + ωabω
ab −Rcdk

ckd , (6.2.20)

where here kc is a null vector. The difficulty with the case of the null vector
is that, because they are self-orthogonal, there is no natural way for them to
be normalised. Therefore, it is not as straight forward to compare points on
neighbouring geodesics in a congruence of null geodesics.

6.3 Conjugate points

The solution of the geodesic deviation equation, ηa, is called a Jacobi field.
Consider a geodesic, γ, with points p, q ∈ γ. Then p and q are said to be
conjugate if η vanishes at both of these points (ηa must not be identically zero
along γ). We can picture p and q as being points where a neighbouring geodesic
crosses γ and state, without proof (see [1], section 9.3), that they characterise
a geodesic failing to be a local maximum of proper time. Our interest is in
deriving a relation between the expansion θ = tr(B), discussed in the previous
section, and the appearance of conjugate points.

Consider a point p, where ηa = 0. We use the geodesic deviation equation,
parametrised so that ηa(τ)|p = ηa(0), to find a conjugate point. Notice that
this is a second order, linear ordinary differential equation so the solution must
depend linearly upon the initial data ηa(0) and Dηa/Dτ(0). However, ηa(0) = 0
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by construction so we find

ηa(τ) = Aa
b (τ)

Dηb

Dτ
(0) , (6.3.1)

where Aa
b (τ) is a matrix. Substituting the above into (6.1.7) we have

D2

Dτ2
Aa

b (τ)
Dηb

Dτ
(0) = −Rcbd

aξcξdAb
e(τ)

Dηe

Dτ
(0)

⇒ D2

Dτ2
Aa

b (τ) = −Rcbd
aξcξdAb

e(τ) (6.3.2)

From (6.3.1), Aa
b (0) = 0 and DAa

b/Dτ(0) = δa
b . Then by (6.3.1), q will be con-

jugate to p if detAa
b = 0 at q, provided that Dηb/Dτ(0) 6= 0 because otherwise

ηa would be identically zero along γ.
We look for a relation between detA and θ.

Figure 6: Conjugate
points p and q

First notice, using (6.1.3), that

Dηa

Dτ
= ξb∇bη

a

= ηb∇bξ
a

= ηaBb
a , (6.3.3)

where we have used (6.2.1). However, from (6.3.1)
we find

Dηa

Dτ
=
DAa

b

Dτ

Dηb

Dτ
(0) , (6.3.4)

which gives

DAa
b

Dτ

Dηb

Dτ
(0) = Aa

cB
c
b

Dηb

Dτ
(0) . (6.3.5)

As matrices we can write
DA

Dτ
= AB , (6.3.6)

and
B = A−1DA

Dτ
. (6.3.7)

This gives our equation for θ

θ = tr(B) = tr
[
A−1DA

Dτ

]
. (6.3.8)

Along γ, between p and q, we have detA 6= 0 so A−1 exists and, for any
nonsingular matrix A, we have the following formula

tr
[
A−1DA

Dτ

]
=

1
detA

D

Dτ
(detA) , (6.3.9)

which gives

θ =
D

Dτ
(ln |detA|) . (6.3.10)

We have seen from (6.3.1) that ηa(τ) → 0 when detA → 0 thus producing a
conjugate point. From (6.3.10) we see that this implies θ → −∞ at a conjugate
point. The converse is also true, namely, detA → 0 as θ → −∞. So we see
that a necessary and sufficient condition for there to be a conjugate point at
q is that the expansion, θ of the geodesic congruence goes to negative infinity.
This is our desired result.
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6.4 Causality

In this section we give a brief discussion of the causal structure of spacetime,
focusing upon those results that we shall use deriving the second law of black
holes. The theorems are mostly derived from intricate toplogical arguments and
set theory. For a broader and more detailed discussion we refer the reader to
[1] and [5].

Firstly, we make some definitions. We define a manifold with metric, (M, gab),
to be time orientable if there exists a smooth, timelike vector field, ta, which
vanishes nowhere. The smoothness of this vector field implies that we can al-
ways distinguish between the notions of forwards and backwards in time, i.e
that the light cones do not suddenly ‘flip’ and reverse orientation. Note that
this definition is distinct from general manifold orientability, defined in section
2, where we searched for an invariant volume element on a manifold.

We also require that, in order to be physical, the manifold contain no closed
causal curves, which would violate causality. However, the above requirement
does not forbid light cones to be on the verge of violating causality. This sug-
gests that an infinitesimal perturbation of the metric would lead to light cones
‘flipping over’, and violating causality. If no such infinitesimal perturbation
exists then we call the spacetime stably causal.

We define I+(p) to be the chronological future of point p. This is the set
of points that can be reached from p by timelike geodesics. We extend the
definition to include a set of points that are the chronological future of set, S,
i.e I+(S). Analogous definitions are listed below (see Figure 7):

I−(S); points in the chronological past of S,
J+(S); points in the causal future of S (I+(S)+points reached by null geodesics),
J−(S); points in the causal past of S,
D+(S); points completely dependent on S (D+(S) can not be reached by points

outside S),
D−(S); the time reversed of the above.

The definition for D+(s) implies

Figure 7: Causal sets of S

that given initial data on S, we can
completely predict events inD+(s) and
similarly for the time reversed case
D−(S). We call D(S) = D+(S) ∪
D−(S) the complete domain of depen-
dence for S.

An achronal set S is such that no
points p, q ∈ S satisfy q ∈ I+(p), i.e
no two points can be joined by a time-
like curve. A closed, achronal set Σ
for which D(Σ) = M , the whole man-
ifold, is called a Cauchy surface. It
may be thought of as an instant of
time throughout the whole universe.
If the spacetime possesses a Cauchy
surface then it is called Globally Hyperbolic. All physically reasonable space-
times are thought to be globally hyperbolic implying that one can know or
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predict all events from data on Σ (ignoring chaotic phenomena where Cauchy
data would need to be infinitely accurate).

Here, a few more definitions. Let I be a set, then İ is the boundary of I
and I is the closure of I, i.e I = I ∪ İ. We call J + future null infinity, points
reached by future directed null curves, and J− past null infinity for the time
reversed case.

We now discuss the second black hole law due to Hawking (1971), [5]. The
reasoning we adopt closely follows that of [1] and we state here two theorems
from this reference without proof. First, Theorem (9.3.11) of [1]. Let K be a
compact, orientable, two-dimensional spacelike submanifold of M . Then every
p ∈ İ+(K) lies on a future directed null geodesic starting from K, which is
orthogonal to K and has no point conjugate to points in K. Secondly, resulting
from Theorem (8.3.11) in [1], we have that for K a compact set in a globally
hyperbolic spacetime, J+(K) = I+(K). The above theorems merely state that,
for a certain class of spacetimes, the closure of the chronological future is equal to
the causal future and the boundary of the chronological future of a set describes
null geodesics emenating from that set. So we have: for every p ∈ İ+(K) there
exists a past directed null geodesic connecting p to K.

Proceeding, we define a general black hole region B to be

B = M − J−(J +) . (6.4.1)

It consists of all points that can not be connected with future null infinity. Then,
let B ⊂ (M, gab); an asymtotically flat, globally hyperbolic spacetime, where
Einstein’s equation holds and the weak and strong energy conditions are satisfied
by the matter. Consider two Cauchy surfaces Σ1 and Σ2, with Σ2 ⊂ I+(Σ1)
and let H1 = H ∩Σ1, H2 = H ∩Σ2, where H is the three dimensional boundary
of B, i.e the event horizon. Then H would be the two dimensional event horizon
we picture at an instant of time. The theorem states that H2 ≥ H1, the area of
the event horizon can only increase or remain constant.

To corroborate the theorem we consider the expansion, θ, of the null geodesic
generators of H. Consider, θ < 0 at p ∈ H. Suppose, also, that p ∈ Σ1 ⇒ p ∈
H1. We can deform H1 outward around p to become H2, so that it enters into
J−(J +), maintaining that θ < 0. Let K ⊂ Σ be the compact, spacelike, two-
dimensional region that would be found between H1 and H2. Let q ∈ J + be
a point at future null infinity implying that q ∈ J̇+(K). From above we have
that the null geodesic generators enter K orthogonally and that there are no
conjugate points between K and q. However, (6.2.19) implies that if θ0 < 0, as
we have assumed, then θ(τ) → −∞ in a finite time. But (6.3.10) implies that,
as θ(τ) → −∞, a conjugate point arises along the geodesic. Hence, we have a
contradiction and conclude that θ0 ≥ 0; the null geodesic congruence expands
as it leaves K. Each point of H1 is naturally mapped to a point on H2 by the
null geodesic congruence. However, this map need not be surjective because
θ ≥ 0 and we conclude that it is only possible for the area of the event horizon
to increase or remain constant.

It is also possible to show, by similar arguments, that a black hole can never
bifurcate (see [1], [5]) and that ‘naked’ singularities can not exist. These type
of arguments were employed by Hawking and Penrose to prove the so called
Singularity Theorems. These state the general requirements for singularities to
appear in a spacetime and they postulate that, under certain physical assump-
tions, the universe began in a singular state.
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7 The Surface Gravity of a Black Hole

For a stationary, axisymmetric black hole we have the two Killing vector fields,
ξa and ψa. The former defines a time translation isometry and the latter a
rotational isometry. For the Kerr solution there is a Killing field, χa, normal to
the horizon, that can be expressed as (see [1])

χa = ξa + ΩBHψ
a , (7.0.2)

where ΩBH , a constant, is the angular velocity of the black hole. The horizon is a
null surface such that χaχa = 0 everywhere on the horizon. Therefore, ∇a(χbχb)
is normal to the horizon and, consequently, proportional to the Killing field such
that

∇a
(
χbχb

)
= −2κχa , (7.0.3)

where κ is some function of the coordinates. We can write (7.0.3) as

χb∇aχb = −χb∇bχa = −κχa . (7.0.4)

Comparison with (6.0.26) we see that this is the geodesic equation in a non-affine
parametrisation.

Our Killing field is hypersurface orthogonal on the horizon. Frobenius’ the-
orem states that the necessary and sufficient condition for a vector field to be
hypersurface orthogonal is

χ[a∇bχc] = 0 . (7.0.5)

If we expand this expression and use Killing’s equation ∇aχb = −∇bχa then we
find

χc∇aχb = −χa∇bχc − χb∇cχa

= −2χ[a∇b]χc . (7.0.6)

If we contract with ∇aχb, we have

χc(∇aχb)(∇aχb) = −χa(∇aχb)∇bχc − χb(∇aχb)∇cχa . (7.0.7)

The second term on the right hand side can be rearranged, using Killing’s equa-
tion, as

−χb(∇aχb)∇cχa = χb(∇aχb)∇aχc

= −χb(∇bχa)∇aχc

= −χa(∇aχb)∇bχc . (7.0.8)

This gives

χc(∇aχb)(∇aχb) = −2χa(∇aχb)∇bχc

= −2κχb∇bχc

= −2κ2χc , (7.0.9)

where we have used (7.0.4). We then have for κ, on the horizon,

κ2 = −1
2
(∇aχb)(∇aχb) . (7.0.10)
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We now look for a physical interpretation of κ. Firstly, we have everywhere in
the spacetime

3(χ[a∇bχc])(χ[a∇bχc]) = 3 · 2 · 2 ·
(

1
3!

)2

(χa∇bχc + χb∇cχa + χc∇aχb)

×(χa∇bχc + χb∇cχa + χc∇aχb)

=
1
3
(3χaχa(∇bχc)(∇bχc) + 6χa(∇bχc)χb(∇cχa))

= χaχa(∇bχc)(∇bχc)
−2(χa∇aχc)(χb∇bχ

c) . (7.0.11)

Here we have used the fact that there are 3! permutations of three indices and
Killings equation has been used to convert negative permutations to positive
giving the factor 2 for each bracket. Rearranging we have

−1
2
(∇bχc)(∇bχc) = −

3(χ[a∇bχc])(χ[a∇bχc])
2χdχd

− (χb∇bχc)(χa∇aχc)
χdχd

. (7.0.12)

Upon approaching the horizon we recognise the limiting value of the left hand
side to equal κ2. However, we know that χdχd → 0 in this limit, and from (7.0.5)
we see that the first term on the right hand side attains the indeterminate form
0/0. Therefore, we use l’Hopital’s rule to proceed to the limit. The numerator
is constant on the horizon and so it’s gradient vanishes, whereas the gradient of
the denominator is non-zero by (7.0.3). So, in the limit, we have remaining

κ2 = lim
(
−(χb∇bχc)(χa∇aχc)/χdχd

)
. (7.0.13)

Recall that in a static spacetime, with χa = ξa, the gravitational red shift factor
is V = (−χaχa)1/2 and that the acceleration of an orbit of χa is

ac = (χb∇bχ
c)/V 2 = (χb∇bχ

c)/(−χaχa) . (7.0.14)

We then have

−(χb∇bχc)(χa∇aχc)/χdχd = −acacχ
dχd

= a2V 2 (7.0.15)

and
κ = lim(V a) . (7.0.16)

We call κ the surface gravity of the black hole. It can be shown that this is the
force that must be exerted to keep a particle stationary on the horizon by an
observer at infinity. Now compute

∇µ log V =
1
V
∇µV

=
1

2V 2
∇µ(χ · χ)

= − 1
V 2

χ∇ρχµ

⇒ aµ = −∇µ log V . (7.0.17)

37



We can now compute the surface gravity of a Schwarzschild black hole. We
have

V =

√
1− 2m

r
(7.0.18)

a =
√
aµaµ =

1
V

√
∇µV∇µV (7.0.19)

V a =
√
gνγ∂νV ∂γV (7.0.20)

∂νV =
1
2

2M
r2

(7.0.21)

gνγ∂νV ∂γV = g00∂0V ∂0V

= V 2

(
1

2V

)2(2M
r2

)2

(7.0.22)

⇒ V a =
1
2

2M
r2

. (7.0.23)

Now we take the limit to the horizon and we find

lim
r→2M

(V a) =
1

4M
. (7.0.24)

7.1 Constancy of the surface gravity

We now show that the surface gravity of a black hole is constant on the black
hole horizon. Again we follow the outline given in [1]. Firstly, we derive a useful
relationship between the second derivative of the Killing field and the Riemann
tensor. By definition of the Riemann tensor we have

∇a∇bχc −∇b∇aχc = Rabc
dχd (7.1.1)

and using Killing’s equation

∇a∇bχc +∇b∇cχa = Rabc
dχd .

To this add
∇b∇cχa +∇c∇aχb = Rbca

dχd

and subtract
∇c∇aχb +∇a∇bχc = Rcab

dχd .

This gives

2∇b∇cχa = (Rabc
d +Rbca

d −Rcab
d)χd

= −2Rcab
dχd , (7.1.2)

where we have used property (A.0.52). We then have

∇a∇bχc = −Rbca
eχd (7.1.3)

as the required result.
Now, applying the operator χ[d∇c] to (7.0.4) we find

χaχ[d∇c]κ+ κχ[d∇c]χa = χ[d∇c](χb∇bχa)

= (χ[d∇c]χ
b)(∇bχa) + χbχ[d∇c]∇bχa

= (χ[d∇c]χ
b)(∇bχa)− χbRba[c

eχd]χe , (7.1.4)
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where we have used (7.1.3) in the last equality. Using (7.0.6) and (7.0.4) the
first term on the right hand side is

(χ[d∇c]χ
b)(∇bχa) = −1

2
(χb∇dχc)∇dχa

= −1
2
κχa∇dχc

= κχ[d∇c]χa . (7.1.5)

So we see that (7.1.4) becomes

ξaχ[d∇c]κ = χbRab[c
eχd]χe , (7.1.6)

where we have also used the antisymmetry property of the first pair of indices
of the Riemann tensor.

If we now apply χ[d∇e] to (7.0.6) we obtain

(χ[d∇e]χc)∇aχb + χcχ[d∇e]∇aχb = −2(χ[d∇e]χ[a)∇b]χc − 2(χ[d∇e]∇[bχ|c|)χa] .
(7.1.7)

Using (7.0.6) and Killing’s equation, the first term on the left hand side

(χ[d∇e]χc)∇aχb = −1
2
χc∇dχe∇aχb

= χ[a∇b]χc∇dχe

= χa∇bχc∇d − χb∇aχc∇dχe

= −2χ[d∇e]χa∇bχc + 2χ[d∇e]χb∇aχc

= −2(χ[d∇e]χ[a)∇bχc , (7.1.8)

which cancels the first term on the right hand side. Using (7.1.3) the 2nd term
on the left

χcχ[d∇e]∇aχb = −χcRab[e
fχd]χf (7.1.9)

and the 2nd term on the right

−2(χ[d∇e]∇[bχ|c|)χa] = −2χ[aRb]|c|[e
fχd]χf . (7.1.10)

So we have
χcRab[e

fχd]χf = 2χ[aRb]c[e
fχd]χf . (7.1.11)

Multiplying by gce, and again using the antisymmetry property of the last two
indices of the Riemann tensor, the left hand side becomes

gceχcRab[e
fχd]χf = χeχfRab[e

fχd]

=
1
2
(
χeχfRab[e

fχd] − χeχ
fRab[f

eχd]

)
= 0

because the summed indices can be relabelled in the last line. So (7.1.11) gives

gceχ[aRb]c[e
fξd]χf = 0

⇒ gce
(
χ[aRb]ce

fχdχf − χ[aRb]cd
fχeχf

)
= 0

⇒ −χ[aRb]cf
cχdχ

f − χ[aRb]cd
fχcχf = 0

⇒ −χ[aRb]
fχdχf = χ[aRb]cd

fχcχf , (7.1.12)
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where we have used the definition of the Ricci tensor in the last line. Using
(7.1.6) the right hand side is

χ[aRb]cd
fχcχf = χcRdf [b

cχa]χ
f

= χdχ[a∇b]κ . (7.1.13)

Substituting into (7.1.12) gives

χ[a∇b]κ = −χ[aRb]
fχf . (7.1.14)

Now, consider the geodesic congruence generated by χa on the black hole
horizon. In the last section we defined the expansion θ, twist ωab and shear σab

of the congruence. χa is always normal to the horizon to that θ, ωab and σab all
vanish for the congruence generated by χa. Also, the rate of change of θ on the
horizon vanishes and from (6.2.20) we have

Rabχ
aχb = 0 (7.1.15)

on the horizon. The dominant energy condition states that T a
bχ

b must be a
future directed timelike or null vector. However, using Einstein’s equation with
(7.1.15) we have

8π
(
Tab −

1
2
Tgab

)
χaχb = 0

⇒ T a
bχaχ

b = 0 . (7.1.16)

This implies that T a
bχ

b points in the direction of χa and also

χ[cTa]bχ
b = 0

⇒ χc

(
1
8π
Rab +

1
2
Tgab

)
χb − ξa

(
1
8π
Rcb +

1
2
Tgcb

)
χb

=
1
8π
χcRabχ

b − 1
8π
χaRcbχ

b

⇒ 1
8π
χ[cRa]bχ

b = 0 , (7.1.17)

where we have again used Einstein’s equation. Therefore, the right hand side
of (7.1.14) vanishes and we conclude

χ[a∇b]κ = 0 , (7.1.18)

which states that the surface gravity is constant on the horizon.

8 Black holes and thermodynamics

In this section we discuss the remarkable mathematical similarity between the
laws of black hole mechanics and the laws of thermodynamics. In this section
we follow the arguments of [7] and [8]. We consider uncharged rotating black
holes in vacuum but the arguments can be generalised to include charge and
non-zero energy momentum tensor outside the horizon, see [7].
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We begin by presenting the outline of the derivation of an expression for
the mass of a black hole. We then derive the formula for the differential mass.
Next we discuss particle creation by black holes. For the black hole this leads
to the concept of Hawking radiation. Finally, we will collect the black hole
laws, from this section and those previous, to examine the close analogy to the
thermodynamical laws. Further discussion will indicate that perhaps the laws
are not only an analogy but are essential to preserve our old thermodynamical
concepts in the vicinity of a black hole.

8.1 The mass of a rotating black hole

Since in the vicinity of the black hole observers will, in general, disagree about
the mass of a black hole we consider the mass as seen from infinity, where the
gravitational field is weak. We have seen in section 5 that a stationary, ax-
isymmetric black hole admits two Killing vector fields, ξa, associated with time
translation invariance, and ψa, associated with azimuthal rotation invariance,
which posseses closed orbits of parameter length 2π. Since ξa is a Killing vector,
and according to (A.0.47), we have

∇β∇αξµ = Rγβαµξ
γ

⇒ ∇β∇βξµ = −Rµ
γξ

γ , (8.1.1)

by contracting in α and β. If we integrate (8.1.1) over a spacelike, asymptotically
flat hypersurface, Σ, and use Stokes’ theorem (2.1.15) we have∫

∂Σ

∇βξµ dσµν = −
∫

Σ

Rµ
γξ

γ dσµ . (8.1.2)

Here, dσµ and dσµν are surface elements of Σ and its boundary, ∂Σ, respectively.
The hypersurface, Σ, is chosen so that it’s boundary, ∂Σ, consists of the two-

dimensional black hole boundary, ∂B, and a two-dimensional surface, ∂Σ∞, at
spatial infinity.

Now consider the four-acceleration of the distant observer. As in (7.0.14),
we have

aµ = −ξ
ν∇νξ

µ

ξαξα
. (8.1.3)

According to [8] if the four-velocity uµ = ξµ/|ξαξα|1/2 then in the asymptotic
region we can approximate aµ ≈ uν∇νξ

µ. In this region we expect uν to be
orthogonal to Σ and to have only the three components of Newtonian theory.
Thus we can relate the acceleration to a gravitational potential; ai = ∂iU .
It is then possible to use Gauss’ theorem to associate a source, M∞, of the
gravitational field with the flux, 4πM∞, through a surface at infinity. If ñµ is
the outward unit normal vector to ∂Σ∞ this gives

M∞ =
1
4π

∫
∂Σ∞

uν∇νξµñµ d
2σ , (8.1.4)

where d2σ is an element of ∂Σ∞. By Killing’s equation we see that µ and ν
are antisymmetric indices so we can express nµuνd

2σ as differential form, dσµν ,
obtaining

M∞ =
1
4π

∫
∂Σ∞

∇νξµdσµν . (8.1.5)
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Returning to (8.1.2) we have

M∞ =
1
4π

∫
∂B

∇νξµ dσµν −
∫

Σ

Rµ
γξ

γ dσµ

=
1
4π

∫
∂Σ∞

∇νξµ dσµν −
∫

Σ

(2Tµ
γ − Tgµ

γ)ξγ dσµ , (8.1.6)

where the first term is the mass of the black hole, MBH . The second term
results from taking the trace of the Einstein equation (A.0.55).

If instead we replace ξµ by ψµ in (8.1.1), by an analogous argument, we
obtain

J∞ = −
∫

Σ

Rµ
γψ

γ dσµ −
1
8π

∫
∂B

, (8.1.7)

where J∞ is the total angular momentum, measured from infinity. Then the first
integral on the right hand side may be regarded as the angular momentum of
the matter outside the black hole and the second to be the angular momentum,
JBH , of the black hole itself.

As in section 5 we can write

χa = ξa + ΩBHψ
a , (8.1.8)

where χa is normal to the black hole horizon. Using (8.1.8) and the definition
of JBH , we find∫

∂B

∇νξµ dσµν = 8πJBHΩBH +
∫

∂B

∇νξµ dσµν . (8.1.9)

As in (8.1.5) for the last term we can write dσµν = χ[µnν]dA, where dA is an
area element of ∂B and nν is a unit null vector, normal to ∂B. The null vectors
are normalised as lµnµ = 1.

Using (7.0.4) and multiplying both sides by na gives, for the surface gravity,

κ = ∇νξµn
µχν . (8.1.10)

So κ replaces the integrand of the last integral in (8.1.9). On the horizon κ is
constant so, taking it out of the intgral, we find∫

∂B

∇νξµ dσµν = 8πJBHΩBH + κA (8.1.11)

and
M∞ = 2JBHΩBH +

κA

4π
−
∫

Σ

(Tµ
γ − Tgµ

γ)ξγ dσµ . (8.1.12)

This is our expression for the mass of a stationary, axisymmetric spacetime.
We will be interested in the vacuum solution so will give less attention to the
term involving the energy-momentum tensor. To make a comparison with the
thermodynamical laws we need an expression for the infinitesimal change in
mass, dM .
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8.2 Differential formula for the mass of a rotating black
hole

In the previous section we derived an expression for the mass of a rotating black
hole. To obtain a differential formula Bardeen, Carter and Hawking (1973) [7]
peformed a variation of (8.1.12). This was a lengthy calculation including the
details of a perfect fluid matter field outside of the horizon. For simplicity we
follow an approach to obtain the vacuum solution (Hawking and Hartle, 1972),
outlined in [9].

We consider a stationary black hole. We perturb it by some small influx of
matter, across the horizon, represented by the variation, ∆Tab, of the energy-
momentum tensor. We assume that the black hole settles back to a stationary
state in finite proper time, λ. We also assume that, to first order in ∆ab, there
is no change in the black hole geometry.

To begin, notice from (7.0.4) that, if we define the Killing parameter, v, as

χa∇av = 1 , (8.2.1)

then κ measures the failure of v to be an affine parameter along the null geodesic
generators of the horizon. Define a new vector field, ka, by

ka = e−κvχa , (8.2.2)

then, using (7.0.4) and the fact that κ is constant on χa, we have

kb∇bk
a = e−2κv(χb∇bχ

a − χaχb∇b(κv))
= e−κv(κχa − χaχb(∇bκ)v − χaχb(∇bv)κ)
= e−κv(κχa − κχa)
= 0 . (8.2.3)

So ka is the affinely parametrised tangent to the generators of the horizon.
Between affine parameter λ and Killing parameter v, we have the relation

dλ

dv
∝ eκv (8.2.4)

and, if κ 6= 0,
λ ∝ eκv (8.2.5)

so that
v ∝ 1

κ
lnλ . (8.2.6)

Returning to (8.1.12), our assumption that there is no change in the horizon
geometry implies that, upon small variation of the matter, the first term will
give no contribution. If λ is affine parameter and ka tangent to the null geodesic
generators of the horizon then we have

∆M =
∫ ∞

0

dλ

∫
dσ2∆Tµγξ

γkµ , (8.2.7)

where dσ2 is an area element of the horizon at ‘time’ λ as in [9]. Also, we have
the same form for the total angular momentum (8.1.7)

∆J = −
∫ ∞

0

dλ

∫
dσ2∆Tµγψ

γkµ . (8.2.8)
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The change of area of the horizon can be analysed using Raychaudhuri’s
equation (6.2.14). To first order the quadratic terms can be neglected to leave

dθ

dλ
= −8π∆Tabk

akb . (8.2.9)

As different from (6.2.14), we use affine parameter λ opposed to τ because τ is
associated with time translation invariance Killing vector ξa. We may substitute
for ka using (8.2.6):

ka =
(
∂

∂λ

)a

=
1
κλ

(
∂

∂v

)a

=
1
κλ
χa =

1
κλ

(ξa + ΩBHψ
a) . (8.2.10)

Now, multiplying (2) by κλ and integrating over the horizon we have

κ

∫ ∞

0

dλ

∫
dσ2λ

dθ

dλ
= −8π

∫ ∞

0

dλ

∫
dσ2∆Tab(ξa + ΩBHψ

a)kb

= −8π(∆M − ΩBH∆J) , (8.2.11)

using (8.2.7) and (8.2.8). The left hand side gives

κ

∫
dσ2

∫ ∞

0

dλλ
dθ

dλ
= κ

∫
dσ2 [λθ]∞0 − κ

∫
dσ2

∫ ∞

0

dλθ , (8.2.12)

using integration by parts. As discussed in section 6, θ is the expansion of the
null geodesics with tangent ka. It measures the local rate of change of cross-
sectional area of the horizon. Therefore, if A is the cross-sectional area, we can
write

θ =
1
A

dA

dλ
. (8.2.13)

Then, in the limit, the last integral of (8.2.12) is just −dA.
At the beginning of this section we assumed that the black hole returns to

a stationary state in finite λ. Therefore, θ → 0 before λ→∞ so the first term
on the right hand side of (8.2.12) is 0. In the infinitesimal limit, this leaves

−κdA = −8π(dM − ΩBHdJ) (8.2.14)

or
dM =

κ

8π
dA+ ΩBHdJ . (8.2.15)

This is the required differential expression.

8.3 Particle creation by black holes

In this section we discuss, qualitatively, the physics of particle creation by black
holes. The principle of the phenomenon can be easily understood by consider-
ing the nature of the Killing vector field in the neighbourhood of the horizon.
However, for discussion of the technical details of a quantum theory in curved
spacetime the reader is refferred to [9] and, for the argument relating the tem-
perature of the black hole to the surface gravity, consult the original paper by
Hawking (1975) [11]. Whereas here we follow arguments from [8].
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We know that the physical vacuum is a complex entity. Virtual (off mass
shell) particles are continually created and annihilated within time ∆t ≤ h̄/∆E,
where ∆E is their combined energy.

However, it is possible for these virtual particles to absorb energy from an
external field and thus become real. In particular this can occur in a very strong
gravitational field.

Consider a static spacetime, where there exists Killing field ξµ. A particle
of four-momentum pµ will have energy given by

E = ξµpµ . (8.3.1)

This implies that the energy of the particle is always positive in regions where
ξµ is timelike. A pair of virtual particles could never become real in this region
because this would violate energy conservation.

However, now consider a static spacetime where there exists a Killing hori-
zon, implying ξµξµ on this surface (this is just the event horizon for the Schwarzschild
black hole). This implies that the Killing field becomes spacelike in a certain
region.

If a virtual pair is created near the Killing horizon then there is a finite
probability that one of the virtual particles will move through the horizon while
the other remains outside. There would then be a virtual particle in both
timelike and spacelike regions of the Killing field. This means that they have
oppositely signed ξµpµ and energy can be conserved.

One of the particles can, therefore, escape to infinity as radiation. This
phenomenon is not possible in an arbitrary static spacetime. The effect requires
the existence of a Killing horizon and thus a black hole. Similar arguments can
be applied to a general stationary spacetime. Therefore, this particle emission,
called Hawking radiation, is a general black hole phenomenon.

Hawking [11] calculated the exact rate that the radiation is emitted and
showed that it had the exact form as would be emitted by a black body of
temperature

TH =
h̄κ

2πck
, (8.3.2)

where κ is the surface gravity and k is Boltzman’s constant (included to give
TH the units of temperature) This is the Hawking temperature.

In geometric units
TH =

κ

2π
(8.3.3)

and, from (7.0.24), for the Schwarzschild black hole TH = 1/8πM .

8.4 The laws of black hole mechanics

In the previous section we saw that a black hole could be considered as a black
body with temperature proportional to the surface gravity. The zeroth law of
thermodynamics states that a body in thermal equilibrium with it’s environment
has a uniform temperature. In section 7.1 we have seen that the surface gravity
is constant over the horizon of a stationary black hole and so the association of
surface gravity with temperature is indeed physical.

Now consider the first law of thermodynamics for a rotating body

dE = TdS + ΩdJ , (8.4.1)
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where T is the temperature, S is the entropy and the second term is the ‘work’
associated with the rotation. Compare this equation to (8.2.15) at the end of
section 8.2. The dM term is obviously analogous to dE and if we enter the
Hawking temperature into (8.2.15) we have the analogy dA↔ 1

4dS.
In section 6.4 we demonstrated that the surface area A of the horizon could

only ever increase or remain constant in complete analogy to the second law of
thermodynamics. Now, consider some matter falling into a black hole so that
all of its entropy is lost from observation. Unless we are willing to claim that
the second law of thermodynamics is violated when a black hole is present, this
entropy should be manifest in a different form. The obvious candidate is the
surface area of the horizon so that all of the entropy of the black hole is given
by

S =
1
4
A . (8.4.2)

We can then consider the black hole laws and laws of thermodynamics as
more than just an analogy but are transcended by laws which encompass them
both. The generalised second law then states that the entropy, or horizon surface
area, of an enclosed system can only increase or remain constant. Also the laws
can be viewed as more than an analogy since E, in (8.4.1), and M , in (8.2.15)
represent the same physical quantity.

It can be shown that the surface gravity κ vanishes for the extremal black
hole. However, calculations due to Wald (1974) show that the closer one gets
to an extremal black hole the harder it is to get closer. This is in the form of
the third law of thermodynamics which states that it is impossible for a system
to reach absolute zero temperature. We can now summarise the black hole laws
[1]:

Zeroth: κ constant over the horizon of a stationary black hole
First: dM = 1

8πκdA+ ΩBHdJ
Second: δA ≥ 0 for any process
Third: It is impossible to reach κ = 0 by any physical process

9 The Attractor Mechanism

In this section we review work by Ferrara and Kallosh [4]. In section 4 of this
paper the authors investigate black hole solutions in a supersymmetric space-
time. They are interested in the ‘attractor mechanism’, where the magnitude
of a matter field φ obtains definite values on the black hole horizon, dependent
only upon the electric |q| and magnetic |p| charges of the black hole. The matter
field on the event horizon is completely independent of the field at infinity. This
is another example of a no-hair theorem and is important for the black hole laws
to hold for black holes in more general spacetimes. In this project we have so
far only considered electrovac spacetimes, i.e no matter outside the black hole,
just an electric field. The attractor mechanism implies that the black hole laws
can be generalised to the case where there is external matter.

Our aim here is to verify that the solution in [4] satisfies the field equations
derived from the action. The action is built out of the electromagnetic field
tensor Fµν and an electromagnetic dual field tensor given by

G̃µν =
i

2
1√
−g

e−2φεµνλδF̃λρ , (9.0.3)
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where Fµν and F̃µν are independent fields. The action is

I =
1

16π

∫
d4x (−g) 1

2

[
R− 2∂µφ∂µφ+

1
2

(
e−2φFµνFµν + e2φG̃µνG̃µν

)]
.

(9.0.4)
Here, e−2φ is a coupling constant, built from the scalar matter field, called
the dilaton. We see the usual terms, in the Lagrangian, for the scalar field
and electromagnetic field, plus a similar extra term for the dual field. We
now compute the field equations from this action using the variational principle
described in section 2.3. The matter Lagrangian, written more explicitly is

LM =
1

16π
(−g) 1

2

(
−2gµν∂µφ∂νφ+

1
2
e−2φ (gµνFµγFν

γ + gµνFγµF
γ

ν)

+
1
2
e2φ
(
gµνG̃µγG̃ν

γ + gµνG̃γµG̃
γ

ν

))
. (9.0.5)

Variation with respect to gµν , using (2.2.8)

δLM

δgµν
=

∂LM

∂gµν

=
1

16π
(−g) 1

2

(
gµν∂ρφ∂

ρφ− 1
4
gµν

(
e−2φF ρσFρσ + e2φG̃ρσG̃ρσ

)
+e−2φFµ

γFνγ + e2φG̃µ
γG̃νγ − 2∂µφ∂νφ

)
. (9.0.6)

So the energy-momentum tensor is

Tµν =
1

16π

(
gµν∂ρφ∂

ρφ− 1
4
gµν

(
e−2φF ρσFρσ + e2φG̃ρσG̃ρσ

)
+e−2φFµ

γFνγ + e2φG̃µ
γG̃νγ − 2∂µφ∂νφ

)
, (9.0.7)

which is proportional to the Einstein tensor with proportionality constant 8π
(see [2]).

Now we compute the field equations for the scalar field φ. Varying the action
with respect to φ

∂µ
∂LM

∂(∂µφ)
= −∂µ

(
4

16π
(−g) 1

2 gµρ ∂ρφ

)
= − 1

4π

(
(−g) 1

2 ∂ρ ∂ρφ+ ∂µφ∂µ(−g) 1
2

)
= − 1

4π

(
(−g) 1

2 ∂ρ ∂ρφ+ ∂µφ · −1
2
(−g)− 1

2 · 2gΓν
νµ

)
= − 1

4π

(
(−g) 1

2 ∂ρ ∂ρφ+ (−g) 1
2 Γν

νµ∂
µφ
)

= − (−g) 1
2

4π
∇ρ∂

ρφ , (9.0.8)

where we have used (2.2.4) in the third line and the definition of the covariant
derivative of a contravariant vector in the last line. Next

∂LM

∂φ
=

(−g) 1
2

16π

(
e2φG̃µνG̃µν − e−2φFµνFµν

)
. (9.0.9)
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So the field equation for φ is

∇ρ∂
ρφ =

1
4

(
e−2φFµνFµν − e2φG̃µνG̃µν

)
. (9.0.10)

We now derive the field equation for the gauge field Aµ. We have

Fµν = ∂µAν − ∂νAµ . (9.0.11)

So varying the action with Aγ gives

δLM

δAγ
= −∂ρ

∂LM

∂(∂ρAγ)

= −∂ρ
∂

∂(∂ρAγ)

(
(−g) 1

2

2 · 16π
e−2φ(∂µAν − ∂νAν)(∂µAν − ∂νAµ)

)

= −e
−2φ

32π
∂ρ

(
(−g) 1

2
∂

∂(∂ρAγ)
(gµσ∂σA

νgνλ∂µA
λ

−gµσ∂σA
µgµλ∂νA

λ − gνσ∂σA
µgνλ∂µA

λ + gνσ∂σA
µgµλ∂νA

λ)
)

= − 1
32π

∂ρ

(
(−g) 1

2 e−2φ(4∂ρAγ − 4∂γA
ρ
)
. (9.0.12)

The Euler-Lagrange equation then gives

∂ρ

(
e−2φ(−g) 1

2F ρ
γ

)
= 0 . (9.0.13)

The equivalent equation for the vector potential Bµ associated with Gµν is

∂ρ

(
e2φ(−g) 1

2 G̃ρ
γ

)
= 0 . (9.0.14)

In [4] all functions depend only upon the radial coordinate r = x2
1 +x2

2 +x2
3.

The following isotropic form is postulated as an ansatz for the metric

ds2 = e2Udt2 − e−2Udx2 , (9.0.15)

where U = U(r). The gauge potentials are stipulated to have one non-vanishing
component each, namely A0 = ψ(r) and B0 = χ(r). It is stated that all the
fields depend upon only two functions H1 and H2:

e−2U = H1H2 e2φ = H2/H1 (9.0.16)
ψ = ±H−1

1 χ = ±H−1
2 (9.0.17)

It is our aim to test this assertion by requiring that all the field equations are
satisfied.

Firstly, we use the gauge field equations to derive the form of H1 and H2.
The restrictions above imply that there is only one non-vanishing component
for (9.0.13) and (9.0.14). Also, the ansatz for the metric gives

(−g) 1
2 =

√
e−4U = H1H2 . (9.0.18)
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Using (9.0.17), (9.0.13) becomes

∂ρ(H1/H2)H1H2(∂ρAγ − ∂γA
ρ)

= ∂iH
2
1∂

iAt

= ∂iH
2
1

(
∂iH1

H2
1

)
= ∂i∂

iH1 = 0 , (9.0.19)

and (9.0.14) gives

∂iH
2
2∂

iBt

= ∂i∂
iH2 = 0 , (9.0.20)

We see that H1 and H2 are both harmonic functions agreeing with [4]. In
spherical coordinates, where ∂i∂

i = 1/r2∂rr
2∂r, the solutions can be written

H1 = e−φ0 + |q|
r , H2 = e+φ0 + |p|

r , (9.0.21)

where φ0 is the matter field at infinity. As in [4], the constants are associated
with the electric/magnetic charges to give the following form for the metric
components

g−1
tt = gii = e−2U =

(
e−φ0 +

|q|
r

)(
e+φ0 +

|p|
r

)
= 1+

e−φ0 |p|+ e+φ0 |q|
r

+
|pq|
r2

.

(9.0.22)
Notice here that the metric components have the form of the extremal Reisnerr-
Nordstrøm solution with Q → |q| + |p| and Q2 → |pq|. The two harmonic
functions then give the dilaton as

e−2φ =
e−φ0 + |q|

r

e+φ0 + |p|
r

. (9.0.23)

To check all the above field equation we derive the Einstein tensor from the
metric

g−1
tt = −gii = H1(r)H2(r) . (9.0.24)

In [4] the field strength tensors are written as differential forms:

F = dψ ∧ dt , G̃ = dχ ∧ dt . (9.0.25)

From these relations and (9.0.17) the non-zero components are

Fti = ±H
′
1

H2
1

∂r

∂xi
(9.0.26)

G̃ti = ±H
′
2

H2
2

∂r

∂xi
. (9.0.27)

So, for example

Ft2 =
H ′

1

H2
1

x2

r
. (9.0.28)
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From this we then compute the energy-momentum tensor of (9.0.7). The out-
puts are extremely large and complex and it would be impractical to display
the results here but can be seen in Worksheet 3 at the end of this project.

As an example, the scalar field equation produces

(r2x + r2y + r2z)φ′′ + (rxx + ryy + rzz)φ′ =
1
2
(r2x + r2y + r2z)

(H ′
1)

2H2
2 − (H ′

2)
2H2

1

H2
1H

2
2

,

(9.0.29)
where, for example rx is r differentiated with respect to x. Using r2x+r2y +r2z = 1
and rxx + ryy + rzz = 2/r we get

φ′′ +
2φ′

r
=

1
2

(H ′
1)

2H2
2 − (H ′

2)
2H2

1

H2
1H

2
2

. (9.0.30)

This equation, along with the outputs from the Einstein equation, are entered
into a seperate worksheet with (from [4]) the scalar field

φ =
1
2

lnH2(r)−
1
2

lnH1(r) (9.0.31)

and H1, H2 given by (9.0.21). The reader is referred to Worksheet 4 to see that
the field equations are satisfied and (9.0.23) is a solution for the dilaton field.

Returning to (9.0.23) notice that

Figure 8: The Attractor Mechanism

in the limit r → 0:

e−2φ → |q|
|p|

. (9.0.32)

Figure 8 is a plot of (9.0.23). The dif-
ferent curves represent different val-
ues of the field at infinity. All the
curves converge to the value |q|/|p| on
the horizon, which in this case is

e−2φ
∣∣
r=0

= 2 . (9.0.33)

This is another example of a black
hole no-hair theorem. The attractor
mechanism is also important as it implies that the black hole does not continu-
ously depend upon external scalar fields. Then in string theories one can count
microstates associated with the black hole and compare to the macroscopic en-
tropy via Boltzmanns law.

10 Astrophysical black holes

In this section, as a conclusion to the project, we briefly discuss the method
of detecting black holes as astrophysical objects. For further discussion of this
topic see [8], section 9 and any book on astrophysics.

As mentioned in the introduction, black holes were studied theoretically
long before there was any evidence of their physical existence. Since the 1980’s
groups have been reporting indirect evidence of black holes and by the 1990s
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only the most conservative astrophysicist would deny that there are black holes
in our own galaxy.

By their very nature black holes are some of the most elusive objects in
the universe. According to a calculation by Novikov and Thorne (1973) stars
with mass 12-30 times the solar mass can form a black hole after a supernova
explosion. The uncertainty is due to the unknown physics of the final stages of
star evolution [8]. The late stages could produce a steady mass loss before the
supernova and the mass remaining may not be large enough to collapse.

The mass spectrum of stars is roughly known so it has been possible to
calculate the number of black hole progenitors in our galaxy. It is estimated
that no more than 1% of the matter in the galaxy is in the form of a black hole
(not including dark matter). However, this gives the total number of black holes
as N ≈ 108 [8].

Of course it is not possible to detect a black hole as one would detect a star,
for example. The most forthcoming method has been to detect the emitted x-
rays from gas accretion into the black hole. The accretion rate can be calculated
in Newtonian theory by considering the likely black hole mass and the properties
of the gas in the nebula surrounding the black hole.

One can calculate theoretically the rate at which matter falls through the
horizon based on physical assumptions about the mass of the black hole and
density of surrounding gas. The case of the Kerr black hole is most physically
realistic and the accretion of matter detectable by the synchroton radiation
emitted as charged particles are accelerated to the horizon moving through
interstellar magnetic fields. For black holes resulting from stellar collapse this
radiation is calculated to be too small for detection and to date there have not
been any stellar black holes detected by this method.

Another method of detection results from the existence of binary systems;
two stars orbiting each other. If one star is a collapsed object then one can
observe the orbit of the single star around it’s invisible partner. It is also
predicted that matter from the star will gradually fall into the accompanying
black hole. This mass loss should be detectable.

The most promising black hole candidates are within the so called ‘Active
Galactic Nuclei’ at the center of galaxies. These objects have mass of the order
of ten million solar masses and are known as supermassive black holes. Although
firm evidence is elusive the x-ray spectrum of matter accretion into such objects
is thought to be detectable.

There exists evidence (see [8] for original references) that these enormous
masses are concentrated in a region of order 10−12. Furthermore, the radiation
is measured to originate from a region of a few Schwarzschild radii outside
the predicted horizon. The X-rays have a broad spectrum indicating that the
radiation has been red shifted gravitationally. The supermassive black hole at
the center of our galaxy has been named ‘Sagittarius A*’ because it lies in the
direction of the constellation Sagittarius.

Black holes are fascinating physical objects theoretically and observationally.
They are perhaps the best arena to test physics of quantum gravity, space and
time.
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A Appendix

Here we collect some general properties of tensors and their use in general rel-
ativity. A contravariant index is up, Xa and a covariant index is down, Xa. A
tensor of type (p, q) has covariant rank q and contravariant rank p. A covariant
index transforms as

X ′
a =

∂xb

∂xa′Xb (A.0.34)

and for the contravariant index

Xa′ =
∂xa′

∂xb
Xb . (A.0.35)

Repeated indices are to be summed over and for tensors, the order of indices
is important, e.g T a

b 6= Tb
a. The metric/metric inverse is used to lower/raise

indices respectively

Xa = gabX
b (A.0.36)

Xa = gabXb . (A.0.37)

The Lie derivative is defined as

LXY
a = Xb∂bY

a − Y b∂bX
a (A.0.38)

LXYa = Xb∂bYa + Yb∂aX
b . (A.0.39)

The covariant derivative of a covariant vector is

∇cxa = ∂cXa − Γb
acXb , (A.0.40)

where Γb
ac are Christoffel symbols of the second kind (metric connection), given

by

Γa
bc =

1
2
gad(∂bgdc + ∂cgdb − ∂dgbc) . (A.0.41)

In general relativity the connection is torsion free, so that

Γa
bc = Γa

cb . (A.0.42)

The Christoffel symbols are not tensors because they do not have the correct
transformation properties. The covariant derivative of a general tensor is

∇cT
a···
b··· = ∂cT

a···
b··· + Γa

dcT
d···
b··· + · · · − Γd

bcT
a···
d··· . (A.0.43)

Some notation; a pair of symmetric indices is written with ( ) and antisym-
metric with [ ]. So, for example,

2X[aXb] = XaXb −XbXa (A.0.44)
2X(aXb) = XaXb +XbXa (A.0.45)

The Riemann (curvature) tensor is defined by

Ra
bcd = ∂cΓa

bd − ∂dΓa
bc + Γe

bdΓ
a
ec − Γe

bcΓ
a
ed (A.0.46)
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and for torsion free connections

1
2
Ra

bcdX
b = ∇[c∇d]X

a . (A.0.47)

Properties of the Riemann tensor:

Ra
bcd = −Ra

bdc (A.0.48)
Rabcd = Rcdab (A.0.49)
Rabcd = −Rbacd (A.0.50)
Rabcd = −Rabdc = −Rbacd = Rcdab (A.0.51)
Ra

bcd + Ra
dbc +Ra

cdb ≡ 0 . (A.0.52)

The Ricci tensor is
Rab = Rc

acb = gcdRdacb , (A.0.53)

which is symmetic, and the Ricci scalar

R = gabRab . (A.0.54)

These are used to build the Einstein tensor

Gab = Rab −
1
2
gabR , (A.0.55)

which is also symmetric.
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