Solutions to MATH102 Practice Exam
Section A

1. The Taylor series of f(x) = 2% is

422 823 R
1 2 - JRE— e — .
+2+ > o
n=0
This series is convergent for all x
[4 marks]
2 a)
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Another way of writing this is

Y= Age=?/*,
[4 marks]
b) The integrating factor is
exp (—1ldz) = e™".
So J
ey =
So
—x 1 —2z +C
e =——¢e
Y 2 )
or
= —16_93 + Ce”
y= B .
[4 marks]

It is also possible to solve this by finding particular and complementary
solutions.
3. Trying y = €", we get

1 —2r—15=0= (r+3)(r—-5 =0=7r=-3orr =5

[2 marks]
So the general solution is y = Ae 3% 4+ BeS®, which gives 3/ = —3e73% 4
5Be®. So A+ B =0and 5B—3A =8B =4. So B= 3 and A= —1. So the

solution is

£

1 —3z 1 5z
26 +26 .



[4 marks]

4. We have

. %+ y2 a2

lim —— =1lim — =1
(z,9)—0,y=0 2 + 2y2  z—0 x2

9

. x? + y2 . y2 1
lim —_— = llm — = —.
(z.9)—0,2=0 £2 +2y%  y—02y? 2
So the limits along the axes are different and the overall limit does not exist.
[4 marks]

5.
% = 423 — 122y, ﬁ = —122%y + 445,
ox dy
[2 marks]
*f 2 ,  O*f
Z L1222 — 12 =24
Ox? v v OyOx Y
0% f 0% f
— = —122% + 12y° = —24xy.
Oy? z ey 0xdy vy
[3 marks]
So we do indeed have
0% f 0% f
= = -2
Oxdy  Oyox xy
and o2 o2
>f
0x?2 = 0Oy?
1222 — 1297 — 122% + 129% = 0.
[1 mark]
6. 5 5
g4 ¥ o2
8x7y+x’ 3y r+Inx.
We have z(1,2) =1 and y(1,2) = 1. Then
0z 0z
—(L,1)=14+1=2, —(1,1)=14+1Inl1=1.
ax( ? ) + ) ay( ) ) + n
[2 marks]
We are given that
or ox y oy
—(1,2)=1, —(1,2)=2, —=-1, — =0.
8u(’) ’3’0(’) T Ou T Ov 0
%0 9 9z 0 9z, 0
z z x z y
—(1,2) = —(1,1)—(1,2 —(1,1)==(1,2
o) = SN0+ (1))

=2x14+1x-1=1,



[2 marks]

0z 0z ox 0z dy
=2x2+1x0=4.

[2 marks]
7.

Vf(z,y,z) =2z — 2)i— 2yj — zk.
So

Vf(l,-1,2)=0i+2j—k=2j—k.
Now

121 +j+2k|| = V22 +1+22 = V9 =3.

So the derivative in the direction 2i + j + 2k is

1
SVE(L —1,2).(2i 4+ + 2K)

1 1
= §(2j —k).(2i+j+2k) = 3% (2-2)=0.
[4 marks]

of 2 of
— = Hy” — 16 — = 102y — 18y = 2y(5x — 9).
5 = oY T 3y zy — 18y = 2y(5z — 9)
So for a stationary point we must have y = 0 or x = 9/5. If y = 0 then
Of /0x = 0 gives x = 0. If x = 9/5 then df/0x = 0 gives y = +£12/5. So the
critical points are (0,0) and (9/5, £12/5).
[4 marks]
Now o f 5 f 5 f
— =1 =10 — =10z — 18.
Ox2 " Oyox 4 Oy? o
So at (z,y) = (0,0) we have A = —16, B = 0, C = —18. So AC — B2 > 0
and A < 0 and (0,0) is a maximum. At (z,y) = (9/5,£12/5) we have C' = 0,
B =424 and AC — B? < 0. So both these points are saddles.
[4 marks]
9. We have f(z,y) = (22 + y?)/2.

ﬁ_ 2 2\—1/2 fif_ 2 2\—1/2
ax—x(x+y) ,ay—y(ﬂsﬂl) .

So

Loy W
f(l,O)—l, %(LO)*L aiy(lvo)*o'

So for (z,y) near (1,0) we have

Flay) ~ 1+ (@ —1) = .



[4 marks]
10. The region D = {(x,y) : 2% + y? < 1} is

{(r,0):0<r<1, 0<6<2n}

in polar coordinates. Also drdy = rdrdf and 1+ 2 +y% =1+ 12

[3 marks]
So
2
= drdf
//x2+y+1 o= / /Hr“
=27 {ln(l—kr)] =m7ln2.

2 0
[3 marks]

Section B

11a) We have f'(y) = e¥ = f(y). So f¥)(y) = e¥ for all k and f*(0) =1 for all

k. So
2

Pz(y,0)=1+y+y5,
Ra(y,0) = L

for some ¢ between 0 and y,

y y y Y
Py(y,0) =1 i e S
(¥,0)=1+y+ st et ot
6 7 3 9
Yy Yy Y Y
MG TR
and
L ytO
Ry(y,0) =e ol
for some ¢ between 0 and y.
[6 marks]
If y= —x for x > 0 and c is between 0 and —x then ¢ < 0 and 0 < e® < 1.
So since
= Py(—,0) = Ry(—x,0),
3
7" = Po(—2,0)| <
and similarly
210
— P, <
fo<z< % we obtain
3° 1
- P ) < ===



and if 0 < 2 < 2 we obtain

210 210 1024 1024

<2 2 _ - <.0003
= 107 = 101 ~ 5040 x 720 _ 3628800

le™" — Py(—z,0)

[4 marks]
b) The Taylor series for e” is

2 2?
1 T4 T
oty
The Taylor series for e™% is
2 2P
R T T

The Taylor series for e” is convergent for all z, and equal to e, respectively for
all z. [3 marks] Since the Taylor series for e~? is simply obtained by substituting
—z for x, the same is true for e=*. So

2
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[2 marks]
It is also possible to prove this using I’Hopital’s Rule.
12a) Making the substitution y = vz, we have

dy o dv
dr d
So
xy W
erxdxixQ—yQil—v?'
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So
2

—;—yQ —Inly|+In|z| =1n|z|+ C.

So
2

x

[6 marks]
12b) Trying y = e"* for the complementary solution, we have

(rPP+2r—=3=0&(r+3)(r—1)=0&r=1orr=-3.

So the complementary solution is y = Ae® + Be™3%.
[2 marks]
For the particular soution we try y = C'cosz + Dsinz. So 3y = —C'sinz +

Dcosz and vy’ = —C cosx — Dsinx and

y" +2y — 3y = (—4C +2D)cosz + (—4D — 2C) sinz = cos .

So equating coeffiients of sinz, C = —2D and equating coefficients of cosz,
D= %. So
1 1
y(z) = — 5 COST + m sinz 4+ Ae® + Be 3%,
So | )
y'(z) = = sinz + g cose + Ae® — 3Be™37.
[4 marks]
So ) 1
l=—+A+B, -1=—+A-3B.
5 + A+ B, 0 +
Subtracting these,
3 23
2=——+44B=B=—
TR
So
_6_ B _>_5
5 40 40 8
50 5. 23 1 |
y= §e$ + Ee_sz — g eosz + 0 sin x.
[3 marks]
13.
We have
flay,t) = (@ —2+1)°+(y—1)°
and

g(z,y) =2 +2y° = 1.



So
a5, o of,

Vf %i + a—yJ + N
=2z —-24+t)i+2(y—t)j+ 2x—-2+1t) -2y —t)k
and
Ve = 20 + 4yj.
[4 marks]

At a minimum, we must have
Vf = \Vg.

[1 mark] So we have

2 —2+1)
2(y — 1)
T—2+t—y+t=0.

2\,
4Ny,

So we have
2W=y+2—uzx.

So substituting this in the first two equations gives:

2t —44+y+2—z =x+y—2 = 2)z,
2u—y—2+=w = r+y—2 = 4)y.
So we have
2z = 4\y.

So either A =0 or z = 2y. But A = 0 gives z + y — 2 = 0 from the equations
above. But (z,y) is a point on the ellipse, and the line and the ellipse do not
intersect. So we have

T =2y.

[5 marks] Substituting = = 2y in g(z,y) = 22 + 2y = 1, we obtain 6y2 = 1. So
(z,y) = £(V6/3,1/6/6)
So
(z,y,t) = (V6/3,v/6/6,1 —v6/12) or (—v6/3,—6/6,1+6/12)
So
flz,y,t) = (V6/4—1)2+(v6/4—1)% = 2(v/6/4—1)> or (—V6/4—1)2+(—V6/4—1)> = 2(—\/6/4—1)?
The first is smaller. So the minimum distance is

V2(1 = V6/4) = V2 — (V3/2).



[6 marks]
14.

The centre of mass is (Tg) where

A://dmdy,

R

o] v 1= f [
v=7 ) ) wdedy, g= || ydedy.

We have

df=2+2e 2 —y—-1=0 2y+1)(y—1)=0.

So a sketch of the region R is as shown.

Yy
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R
X
1,41
[3 marks]
The area A is
1 2y+2 1
/ / dxdy:/ (2y + 2 — 4y*)dy
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2
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[4 marks]
14b) Then
1 /! 2y+2
T=— zdxdy
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4 1 22 2y+2 9 1
=3 / {2} dy = §/ (4y® + 8y + 4 — 16y*)dy
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[3 marks]

1 1 2y+2
?=*/ / ydzdy
A —1/2 J4y?
4 [t 4 [2¢3
= 202 + 2y — 4y )dy = - | =
9/_1/2(y+y y°)dy 9[3+y
_42+1 1+1 1+1_49 1
- 9\3 12 4 16) 916 4
So -
(xy):<574>~
[5 marks]

[34+4+4+3+5 =15 marks.]



