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Modelling of attitude error in vector magnetic data: application to @rsted data
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Analysis of data from the @rsted satellite indicates that the largest source of error arises from an anisotropic
attitude uncertainty, related to poorly determined rotation about the axis of the star imager. For two data sets from
May and December 1999, | quantify thiserror, and review and apply aformalism designed to allow for this problem.
| arguethat, when modelled correctly, this attitude uncertainty should not significantly damage the main field models

obtained from @rsted data.

1. Introduction

In modelling of the geomagnetic field, it is customary to
treat the errors on the data as uncorrelated, although this
is generally far from the case. The full treatment of error
correlations requires the inversion of a data by data matrix,
which isimpractical given the quantity of data required for
high quality field modelling (although see Rygaard-Hjalsted
et al. (1997) for the application of sparse matrix techniques
towards this goal). However, one form of error correlation
can betreated easily: when different components of thefield
measured at the same place and time are correlated. Such
local correlation can be allowed for easily at no additional
numerical cost, and it hasbeen shownthat sodoing canleadto
significant improvementsin field modelling. Two cases have
been considered in detail thus far: anisotropy in the crustal
field error for main field modelling (Holme and Jackson,
1997), and the effect of attitude uncertainty in spacecraft
magnetometry (Holme and Bloxham, 1995, 1996).

The consideration of these methods has received new ur-
gency from study of datafrom the Danish magnetic satellite
@rsted. This satellite was launched on February 23rd, 1999,
and has returned much high quality data. More details of
the mission and the field models which have been produced
from the data can be found elsewhere in this issue. How-
ever, one aspect of the data till requires detailed attention.
@rsted carries only one star camera, which provides highly
accurate pointing information but lower resolution in its ro-
tational direction. Preflight estimates of the uncertainties
suggested that this effect would not be important (see, for
example, Holme and Bloxham, 1996), but here, for two data
sets from May and December 1999, | estimate the rotational
error to be of order 607, by far the largest contributor to the
vector data error budget. It is clear that to avoid degrading
thefield model s and subsequent science derived from @rsted
data, this effect must be accounted for properly.

Assuch, itistimely to reconsider the modelling of attitude
error. | first summarise the basic field modelling framework,
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and the formalism for modelling the attitude error. Thisma-
terial has appeared previously; however, it is hoped that a
more devel oped understanding of the problem will makethis
new presentation useful. | follow thiswith results from sim-
ulations that quantify the degradation of field models from
attitude error. The method is then applied to the two @rsted
datasets, and the magnitude of the attitude error estimated.
To aid other workers in assessing the usefulness and impor-
tance of the method, | use simulations to estimate the model
contamination caused by ignoring the error correlations. |
conclude that correct modelling of attitude error in @rsted
data is important, and provide a recommendation for future
mission management to minimise its effects.

2. Determining aField Model

In a current-free region, the magnetic field can be ex-
pressed as B = —V®, where the scalar potential ¢ satis-
fies V2®d = 0. In spherical coordinates, the potential can be
represented by a spherical harmonic expansion of the form
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where a is the radius of the Earth, and (r, 6, ¢) is a geocen-
tric spherical coordinate system. P™(cos6) are Legendre
polynomials, by convention Schmidt normalised, so that
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Measurements of the magnetic field are used to estimate the
so-called Gauss coefficients ({g", h{"} for internal sources,
and {q™, s} for external sources), which then uniquely de-
fine the geomagnetic field outside the source regions. After
truncating the seriesin Eq. (1), the Gauss coefficients are ob-
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tained by aleast-squaresfit to the available data, minimising
e'Cele ©)
where Ce isthe data error covariance matrix, with elements
(Ce)ij = cov(e, &), 4

and the error vector e is given by
e=y —Am, 5)

where A is an operator calculated from Eq. (1) relating the
data vector y to the model vector m. For the linear problem
(see, e.g., Gubbins and Bloxham, 1985, for the extension to
nonlinear modelling) the maximum likelihood solution i is
obtained by solving the equation

(ATCe Ay = ATCe Yy, (6)

The field modelling process is inherently non-unique; there
are an infinite number of parameters {g", h", q™, 5"} to
fit an unavoidably finite number of data. This problem is
best dealt with by regularisation or damping (Whaler and
Gubbins, 1981; Shure et al., 1982; Gubbins and Bloxham,
1985), but here | adopt the simpler approach (reasonable
when the data distribution is fairly even) of truncating the
spherical harmonic series. | truncate at degree Imax = 13
for internal sources, and degree 1 for external sources. Field
models from Magsat data (for example, that of Cain et al.,
1989) suggest that at Prsted altitude the rms magnitude of
higher degree internal field components (of crustal origin)
will be of order only 2 nT, while previous models have sug-
gested that for near-Earth data, higher-degree external terms
are not significant (e.g., Langel and Estes, 1985).

3. Theory

Modelling of attitudeerror requiresconstruction of thecor-
rect covariance matrix C.. Neglecting correlations between
measurement points, consider the covariance of a particular
orthogonal data triple. Uncertainty in the orientation of the
measured reference frame (variance v 2) introduces errorsin
vector components of the magnetic field B, but not its mag-
nitude. To first order, the error is purely perpendicular to the
field, as sketched in Fig. 1. If o2 is the instrument variance
for each orthogona component, and | the 3 x 3 identity, the
data error covariance matrix for a vector triple of magnetic
field componentsis, as given by Holme and Bloxham (1995)
(henceforth Paper 1)

C =o0? +y?(B% —BB) @)

(valid for siny ~ ¥, o > By? (Holme and Bloxham,
1996, henceforth, Paper 2)). This matrix is most easily
applied by writing it in terms of vector outer products or
dyadics:

AABYHAAB)T

(A A B)2
BAMNMAB)BAMBAB)T
(BA(WAB))?2

BBT
C= 02? + (02 + B%y?)

+ (62 + B%y?)
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Fig. 1. Thedirectional dependence of orientation error.

wheref isanarbitrary unit vector not parallel toB. Although
this representation may be unfamiliar, it is identical to the
standard diagonalisation of a matrix by determination of its
eigenvalues and eigenvectors, thelatter being the unit vectors
in the dyadics.

In Paper 2, this formalism was extended to cover the case
of Drsted, where the attitude uncertainty itself isanisotropic.
It is assumed that this takes the form of a small angular
uncertainty v in rotation perpendicular to the camera bore
sight (the pointing angle), and alarger rotational uncertainty
x about the bore sight. The covariance matrix is now

(AAB)AAB)T
(h A B)2
BAMBAB)MBANBAB)T
(B A (A A B))2

+ (6% + (A AB)’x% + (".B)%y?)

+ (6% + B%y?)

©)

where fi is no longer arbitrary, but is a unit vector in the di-
rection of the star camerabore sight (assumed not parallel to
B). Note that to calculate C, only the star camera direction
and the measured magnetic field are required—no additional
details of the spacecraft trgjectory or motion are necessary.
If the star camera axis was aigned with the field, and the
appropriate limits were taken to obtain the unit vectors, un-
certainty about this axis would have no first order effect on
thefield measurement. If thefieldisperpendicular to the star
camera (so that (A A B)2 = B2 and i.B = 0), then the error
is maximised, although note that it acts only in one of the
error eigendirections, so even in this case the expected error
is less severe than if this large attitude error were isotropic.
To emphasise this point, assume that only the rotational er-
ror issignificant, so that ¢ = 0. In this case, the covariance
meatrix can be written in a particularly simple form

C=0%l 4+ x2(AAB)AAB)". (10)
However, to obtain the matrix inverse, required in field mod-
elling (Eqg. (6)), it is easiest to return to the dyadic form.
Because the dyadics are orthogonal and normalised to unit
length, theinverse of the covariance matrix (9) isparticularly
simply expressed as

,_ 1BBT N 1
02 B2 (02+ (AAB)%x% + (N.B)2y?)
(AABYAAB)T

(A A B)2
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This expression provides the inverse data covariance matrix
for atriple of vector data. The full data covariance matrix
(Eq. (4)) will beblock diagonal , with 3x3 blocksascal cul ated
from Eq. (11).

It is possible to extend this formalism further in severa
ways. While not relevelent for the current application, for
completeness | discuss two such extensions in appendices;
in Appendix A, the simultaneous consideration of vector and
scalar data, and in Appendix B the use of directional infor-
mation only from three component data.

11)

4. How Damaging is Orientation Uncertainty?

Papers 1 and 2, and the specific data analysis later in this
paper, concentrate on the expected improvement in the mag-
netic field model to be achieved by the correct treatment of
attitude error. However, it is also important to quantify the
significance of attitude error when correctly treated. | inves-
tigate this by means of numerical simulation. | construct a
network of data points with approximately equal area distri-
bution, and with altitude of 400 £ 50 km (so asto mimic a
Magsat-like satellite). On these points | calculate values of
the vector field from a defined field model, and add indepen-
dent Gaussian errors, both isotropic o and in attitude . |
then invert these simulated data for a magnetic field model.
The quality of the moddl is defined by the deviation from
the original model at the Earth’s surface; as shown by Lowes
(1966) amongst others a convenient measure of thisis given
by the integrated mean square field deviation at the Earth’'s
surface

Flaﬁ / (B —B%)*de

Imax |

=>4+ (@ - g2+t —h?) (12
1=1 m=0

where the superscript 0 denotes the original model. The ab-
solute value of this quantity is not especially meaningful;
it will depend on the number of data points, the degree of
truncation and other simulation details. However, the rela-
tive error between simulations is a useful measure of model
quality, and turns out to be broadly independent of simula-
tion details. (A clear demonstration of thiscan be seeninthe
related study of the influence of crustal field error in main
field modelling in Holme and Jackson (1997) (subsequently
Paper 3); for this case analytic expressionsfor the misfit have
been derived by Dr. Frank Lowes.)

A set of such simulationsisperformed for arangeof values
of o and vy, assuming the simplest case of isotropic attitude
error, modelled by data covariance matrix (8). The results
are averaged over 100 simulations, and the rms vector mis-
fit plotted in Fig. 2. This figure suggests an approximate
empirical linear relationship:

Misfit = A(o + 0.2Bv) (13)

where A isaconstant depending on simulation details (num-
ber of data, harmonictruncation, etc.). By isgenerally taken
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Fig. 2. Contour plot (in nT) of rms deviation of the vector field from the
input model, averaged over the Earth’s surface (Eq. (12)), for arange of
applied data errors. Averages of 100 simulations with 2070 data triples
grouped around 400 km (satellite altitude), least squaresfit, truncation at
degree 14. Scaled angleerror cal culated assuming aconservative val ue of
satellitealtitude B = 29000 nT. Exact misfit valuesdepend on simulation
details and so are not meaningful; relative values are robust.

asthe estimate of the magnitude of field error; however, with
this estimate these simulations show that correctly treated
attitude error is only 20% as damaging as isotropic instru-
ment error of the same magnitude. Further, for Grsted, the
damage from poorly determined attitude will be even less, as
only one of the eigenvectors of the covariance matrix, rather
than two as here, is badly affected (see Eq. (9)). However,
as shown in Papers 1 and 2, should the error be modelled
incorrectly asisotropic, much larger errorswill result (seein
particular figure 3, Paper 1).

5. Data

To seek evidence of attitude error in @rsted data, | con-
sider vector magnetometer (CSC) datafrom six daysin May
(10th—11th, 16th—17th, 21st—22nd), and from an extremely
magnetically quiet period in December (20th—22nd). During
these periods, satellite atitude varied between 690 km and
880 km. The data (designated MAG-R) were hand corrected
for timing errors by Nils Olsen and the @rsted data centre.
They are boxcar-averaged over 1.13 sintervals (the internal
averaging period of the star camera). Nightside data only
are selected to limit the influence of external fields. The data
are heavily decimated in time, but weighted so as to give
a higher sampling rate near the eguator, and lower near the
poles. About 20 data points from May 10th have Kp = 20;
all other dataare K p = 1+ or less. No additional scalar data
from the Overhauser magnetometer (OVM) areused; asare-
sult the data setsare gappy, withaparticularly large hole over
the South Atlantic anomaly where the attitude information
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Fig. 3. Datadistribution. (a) May—946 vector data triples (circles), 392 total-intensity data (crosses). (b) December—1169 vector data triples, 547

total-intensity data.

Table1l. RMSmisfits (in nT) for field models to the data, calculated assuming (i) isotropic errors (o = 3 nT), and (ii) an additional angular uncertainty in
the SIM rotation of y = 60”. er isfor the high latitude total intensity data. (ex, ey, ez) are the misfitsin the Earth-centred spherical coordinate system.
(e, €, e3) are respectively the misfits in the main field direction, the direction perpendicular to both the main field and the star camera axis, and the

third orthogonal direction.

er ex ey €z €s € €3
(i) Isotropic (& May 311 5.82 5.60 5.19 2.83 8.49 3.47
modelling (b) December 3.53 5.39 5.61 4.79 2.64 8.10 3.28
(if) Anisotropic (& May 2.87 5.90 5.73 5.63 2.24 9.17 3.18
modelling (b) December 3.39 5.50 5.70 511 2.00 8.68 3.10

has been lost. Were the purpose of this work to produce an
accurate model of the geomagnetic field, such gapswould be
unacceptable; however, within the framework of thisstudy, it
was decided to restrict the datato the one (vector) instrument
alone. At highlatitudes (>50°) only intensity measurements
(F) (calculated from the vector data) were used, to limit pos-
sible contamination by field aligned currents, and also to
mimic standard field modelling treatments as closely as pos-
sible. Outliers were removed during the modelling process,
resulting in the elimination of some high latitude intensity
data, and, for the May data, 10 vector data with extremely
large attitude error (probably arising from periods when the
star imager (SIM) was not fully functional). The resulting
data distributions are shown in Fig. 3.

The modelling technique used is extremely (possibly
overly) simple, sincethe external fieldsare not parameterised
with a Dst dependence (Langel et al., 1996; Olsen et al.,
2000), and secular variation over the period of each data set
is ignored. The major complication is that the data must
be transformed from spacecraft coordinates. The angular
transformation between the SIM and CSC is solved for si-
multaneously with the calculation of a main field model,
using transformation programs developed by Dr. Karlheinz
Goedderz (GFZ CHAMPteam) (seeaso Olsen et al., 2000).
Fortunately, the determination of these anglesturns out to be
essentially independent of the treatment of attitude error.

| begin by modelling the vector data errors isotropically,
and with vector and scalar dataweighted equally (o = 3nT).
Thefits of themodelsto the dataarelisted in Table 1(i). The
results for the two data sets are remarkably similar.

In the standard Earth centred spherical coordinate system,
where (X, Y, Z) are North, East, and Down, the misfit to the

datais of order 5-6 nT for each component. However, as-
suming that the predicted attitude error is indeed the major
causeof error, itisinstructiveto examinethe misfit tothedata
inthe natural coordinate system. Thethree axesare given by
the vectors forming the dyadics of the covariance matrix in
Eq. (9), namely the direction of thefield (denoted B), the di-
rection perpendicular to both the field and the SIM boresight
(denoted L), and the third direction making up the orthogo-
nal set (denoted 3). This reference frame obviously depends
on both the direction of thefield and the direction of the SIM,
and so isnewly defined for each data point. The much larger
error in the perpendicular directionisobvious. Thiserror, in
combination with the field geometry and star camera direc-
tion, also explains the lower value of e; relative to ex and
ey. Theseresults arein agreement with those of Olsen et al.
(2000) who first commented on the error anisotropy; note,
however, that they use adlightly different coordinate system.

Prompted by theseresults, | generate asecond field model,
explicitly considering this error anisotropy (statistics listed
in Table 1(ii)). Ases isnot much greater than eg, | assume
for simplicity that pointing error is negligible, and adopt the
simplified data covariance matrix (10), assuming x = 60".
This value was inspired by the scatter about a smooth curve
fit to SIM data from early in the mission. This high value
is justified a posteriori from the modelling below, and dis-
cussed further in Section 7. Asdatainthe | directionisnow
given alower weighting, the new model has a higher value
of e, . In other words, as would be expected, modelling the
anisotropy slightly increases the anisotropy observed in the
residuals. The misfit to the cartesian components is also
increased, but the total intensity data and well-determined
eigenvector directions are better fit. The fits to the vector
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Fig. 4. Plot of differencesin the three magnetic components between the two models at the Earth’s surface. Dotted contours denote negative values. The
solid line marks the dip equator. The F plot isthe rmstotal vector error, not the difference between total intensities.

data field magnitude (2.24 nT in May, and 2.00 nT in De-
cember) are particularly good. The rms vector difference
between the two models at the Earth’s surfaceis 10.7 nT, and
it peaksat over 30 nT. Differencesof thismagnitudearevery
important; for example, they are comparable in magnitude
to large crustal anomalies.

InFig. 4, | plot the difference in the field models for May
of Tables 1(ia) and (iia). The X, Y, and Z plots are the
differences in these components, and F the rms value of
these three components (not the difference in the value of
the total intensity between the two models). The pattern of
the difference arises from several effects. First, there are
large differences in areas with data gaps (for example, the
South Atlantic anomaly), wherethe field model is controlled
by the fit to data around the edges of the gaps. Second, the
largest changes are close to the magnetic equator. As the
star camera lies in the plane perpendicular to the orbit, and
the field is (by definition) horizontal, the large attitude error
direction isapproximately vertical. Thisgivesriseto aweak
form of the Backus effect or perpendicular error effect (Stern
and Bredekamp, 1975; Lowes 1975), whichiswell knownto
be most significant near the magnetic equator. Third, other
strong differences (in the South Pacific and the South East
United States) are in regions where the magnitude of h A
B is particularly large, and so the effects of attitude error
particularly significant.

Isthe predicted error of 60" consistent with the dataresid-
uals? To address this question | examine the statistics of the
data misfit in the three orthogonal directions (B, L, 3). If
the various errors are assumed of known distribution (most
simply, normally distributed), then estimates of o, x, ¥ can
be obtained from the data residuals by the solution of the
appropriate maximum likelihood problem; this procedureis
described in Appendix C. For greater accuracy, all available
data, not just the decimated data, were used (although the

Table 2. Estimates for isotropic and attitude standard deviation from max-
imum likelihood analysis for full 1.13 s data.

# data o X v
May 36942 22nT 75" 17"
December 49082 19nT 75 18”

decimated data give very similar results). The results are
presented in Table 2. The different o values between May
and December probably reflect different levels of magnetic
activity (noise from externa fields) during the two periods,
but the angular parameters remarkably consistent, if slightly
larger than expected. This may be due to non-normality of
the errors; in particular, it is not clear that the uncertainty
in the star camera angles will necessarily be normally dis-
tributed, and longer-tailed distributions would increase the
variance estimates. In Fig. 51 plot the distributions of the
weighted residuals against a normal curve for comparison.
The general shape of the histogramsis correct, although the
high peaks in the eg and e, directions suggest long tails
to the distribution, resulting in an increased estimate of the
variances.

The argument presented here is dlightly inconsistent, as
| have (for example) estimated v from residuals obtained
from modelling assuming its value to be 0. However, using
residualsfrom modelling assuming isotropic errors produces
similar results, so | believe the values presented here to be
at least of the right order of magnitude. These values sug-
gest that modelling non-zero v (from attitude error or field
aligned currents) could be useful, although because the mag-
nitude of the resulting attitude error is not much greater than
theisotropic error, the effect on the calculated field model is
likely to be small (see Paper 2).
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Fig. 5. Histograms of the normalised data misfitsfor the December datain the three perpendicular directions, with each residual normalised to unit variance
with the parameter values given in Table 2. The continuous curves are predictions assuming a normal distribution.

Table 3. Resultsfor simulations of attitude errors. Valueslisted are rms differences between the true model, and the estimate derived from modelling noisy
synthetic data. Averages of 1000 simulations for the data distribution of the May data set. Misfits are rms misfit to the input model at the Earth’s surface
(Eq. (12)). The percentage quantity in brackets is the worsening of the solution over the optimal arising from incorrect treatment of attitude error.

Input errors Assumed modelling error

o X (0l 30" 60"
2nT 60" 8.04 nT (64%) 5.25nT (7%) 491nT
2nT 30 5.32 nT (16%) 458 nT 4.74nT (3%)
2nT 0’ 4.03nT 4.33nT (7%) 4.69 nT (16%)
5nT 60" 12.23 nT (10%) 11.48 nT (3%) 11.16nT
5nT 30" 10.67 nT (1%) 10.53nT 10.73 nT (2%)
5nT 0’ 10.10nT 10.20 nT (1%) 10.59 nT (5%)

The misfit in the B direction (eg) is surprisingly small,
and approaches the expected contribution from the crustal
field (degrees 14 and higher) of around 2 nT. With better
modelling of external and ionospheric fields, it may become
important to consider error anisotropy arising from crustal
contamination. Thisisoutlined briefly in Appendix D.

6. Simulations

In the previous section, | have shown that modelling for
attitude error in @rsted data produces alarge (over 30 nT for
this example) change in the field model. However, this does
not prove that the change is an improvement. To investigate
this, | use simulations to examine the penalty resulting from
modelling the data incorrectly. | take the identical data dis-
tribution (in scalar and vector data) fromthereal May dataset
described above, and using the model determined from those
data, calculate synthetic data, as in Section 4 adding both
isotropic and attitude Gaussian errors. | consider anisotropic

error o of 2 nT or 5 nT (covering the optimistic and pes-
simistic ends of what could be achievable with @rsted data)
and attitude errors of y = 07, 30", and 60”. For simplicity,
Y issetto 0. A model isthenfit to the dataassuming attitude
errorsof 07, 30", and 60”. | average the results of 1000 sim-
ulations, and present the results in Table 3, giving again the
rms misfit to the input field model at the Earth’s surface. As
usual, the absolute values depend on the simulation details,
but relative values should be robust. An incorrect estimate
of the attitude error increases model misfit. For ease of com-
parison | include the percentage increase of the misfit from
the correct (self-consistent) modelling.

As might be expected, the results for the extreme case are
most striking; with attitude error of x = 60" and isotropic
error of o = 2nT, failureto model theattitude error increases
the model misfit by 64%. However, from Table 2, such
“extreme” values seem to be those appropriate for both May
and December Drsted data sets!
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contours denote negative values.

It is aso interesting to examine the spatial distribution of
theerrors, particularly in comparison with model differences
between different error treatmentsfor thereal data, plottedin
Fig. 4. The error details differ considerably from simulation
to simulation, but for an impression of the pattern, | select a
characteristic smulation (¢ = 2 nT, x = 60”) with errors
similar to the mean values. The error distributions for these
simulations are plotted in Fig. 6, in (a) with an incorrect
(isotropic) error treatment, and in (b) with error covariance
correctly modelled. The improvement in model from using
acorrect error model needs no further emphasis. Aswith the
real data (Fig. 4), the largest model differences are in data
gaps, and near the dip equator. However, this error pattern
is less clear in the simulation than with the real data. This

is probably due to error correlations between locations for
the real data (correlated externa noise, crustal effects, and
especialy correlated attitude error).

Table 3 shows that in general, incorrectly estimating the
magnitude of theattitudeerror islessdamaging than not mod-
éling it. In particular, little damage should result with the
real datafrom modelling the attitude uncertainty as y = 60"
when it should perhaps be x = 70”. There is one vector
component in which the data are poor; that this component
is downweighted is more significant than by how much. In
contrast, the penalty (essentially due to an effective reduc-
tion in the number of data) from downweighting a direction
unnecessarily (when the errors are in reality isotropic), is
generally smaller (and much smaller, for example, than with
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isotropic error only using Z data rather than all three com-
ponents).

7. Conclusions

By now, it should be obviousthat | recommend modelling
of the attitude error in Grsted data to allow the extraction of
the maximum amount of information from the data. Such
modelling is particularly important for the data sets consid-
ered here, but will also apply even if in future the attitude
error can be reduced. If the reader doubts this, consider the
aternative. Itiscustomary to regard datawith large misfit to
the model as outliers, and remove them from the modelling
process. However, if the error is not modelled, how isthisto
be achieved? If attitude error is the cause, and (say) the Y-
component iscompromised, should the X and Z components
betrusted? Asshould hopefully beclear fromtheformalism,
andisdiscussedin Paper 2, theimplementation of the method
is straightforward. The only information required in addi-
tion to the magnetic field components is the direction of the
star camera. Should thisfor somereason belacking, | would
recommend modelling even @rsted data as having isotropic
attitude error (Eq. (8)). Theloss of information from the 3rd
direction is more than compensated for by the removal of the
biasing i A B direction, and as noted in Section 5, there is
evidence of some attitude error, or attitude-like field-aligned
current error, in the 3rd direction. As more data become
available, it could prove fruitful to model this error as well;
indeed, parameterising for field-aligned currents using this
formalism was previously suggested in Paper 2. However,
the anisotropy due to this direction is smaller than the rota-
tiona direction, and so the effect on the field model is much
smaller.

Why should x be so large? At time of writing, this has
not been explained. Pre-flight tests of the SIM suggested
a much smaller value; uncertainties of 2-3” in the pointing
direction, and 10-18" in rotation, and it appears to be per-
forming according to these specifications (J. L. Jargensen,
pers. comm.). One possibility would be a small error in the
timing calibration between the SIM and CSC, although this
will not account for the whole effect. The error is certainly
not completely random; thereisevidenceof correlationinthe
error between successive orbits (Nils Olsen, pers. comm.),
and a plot of e, shows significant power over a period of
about 8 minutes; interestingly, this is the approximate time
for astar to cross the field of view of the camera.

| have presented a statistical method to deal with the at-
titude uncertainty arising from the anisotropy of the @rsted
star camera, so as to produce the minimum contamination
in main field modelling. However, idedly it would be best
to eliminate or reduce the uncertainty, rather than have to
modél it. Efforts are continuing to characterise, explain and
eliminatethiserror at source, and attempts are being made to
smooth the attitude data, although its anisotropy and corre-
lated nature make this difficult. These issues are beyond the
scope of the current paper. However, athird issueis related
to this study, so | mention it here. As noted in the theory
section, the effect of the attitude error is highly dependent on
the angle between the magnetic fieldand the SIM. If the SIM
axisis aligned with the field, the large attitude uncertainty
does not affect the measurements. Currently, the satellite is
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positioned initsorbit such that the star camera points approx-
imately perpendicular to the orbital plane. This has many
operational advantages; for example, it limits the chance of
the star camera being blinded by the sun when the satellite
isin anoon-midnight orbit. As the magnetic field broadly
speaking lies in or close to the orbital plane, the effect of
the attitude error is maximised. However, it is planned for
operational reasons to rotate the satellite at some point. |If
this was done so that the SIM axis lay in the plane of the
orhit, the effects of uncertainty in the attitude error would
be significantly reduced (by reducing the average of |i A B|
over the orbit). This might be particularly useful when the
satellite orbit is close to the dawn-dusk meridian (probably
at any local time between 3 o'clock and 9 o' clock), when
the risk of pointing the star camera towards the sun will be
reduced.
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Appendix A. Combined Treatment of Vector and
Scalar Satellite Magnetic Data

Magsat carried both a vector and scalar magnetometer
(Langel et al., 1982). When operating correctly, the scalar
instrument was twice as accurate as the vector instrument.
Modelling of Magsat data has used either vector or scalar
data, but not both at the same time and place. However,
Lowes and Martin (1987) suggested modelling the field us-
ing both vector and scalar data, combining the advantages
of the two data sets (accurate scalar intensity from the scalar
instrument, plus directional information from the vector in-
strument). They argued that because the vector uncertainties
were dominated by attitude uncertainty, error correlations
between the scalar and vector data could be neglected. How-
ever, with correctly modelled attitude error, correlations will
be significant. Here, we describe how to combine the two
data sets correctly.

Following Magsat rather than @rsted, the orientation of the
spacecraft isassumed equally well knowninall directions, so
the appropriate covariance matrix for the vector datais given
by Eqg. (8). It follows that in the reference frame defined by
thefield, the three “field components’ (the field strength and
the two null directionst) are independent. Hence, assuming
that the sampling times of the two data sets are the same, the

1This can be thought of in terms of modelling the data by its magnitude and
direction (for example, intensity, declination, and inclination)—compare
with equation (A6) in Paper 3.
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Fig. 7. Simulation of effect of combining vector and scalar data. Each data point is an average of 100 simulations. Scalar data accuracy 2 nT, vector data

as given by axis, attitude by symbol type.

measurement of total intensity from the vector instrument
can simply be replaced by a best estimate combined from
the vector and scalar data. If the two measurements are un-
correlated (errorsin the data are dominated by instrumental
noise rather than external fields or unmodelled crustal field,
for example), this best estimate of thefield is one with direc-
tion measured by the vector instrument, but with amplitude
F calculated from a suitably weighted combination of the
vector and scalar measurements:

Bo g po BB AOB o ol g
= PRt e =5 (AD
B 02+ 0 02+ 0

where B’ is the new field vector, B the vector measurement,
Bs the scalar measurement, and o2 and o2 are the measure-
ment uncertainties of the scalar and vector measurements
respectively. The covariance matrix isthen

T A A T
C= aéBBiz + (02 + p2y2) MABAB). A(:)/\(TB)AZB)
BAMAAB)BAMBAB)T

(B A (7 A B))2

If o5 < o, (for Magsat, o, ~ 205), asignificant improvement
in model quality could be expected from using this form of
the data and covariance matrix. Note aso that the scalar
(intensity) dataareincorporated while keeping the modelling
linear. This consideration is not important for main field
modelling, where with modern computing the solution for,
e.g., Imax = 13 isvery rapid. However, with much higher
truncation levels (such as the degree 63 model of Cain et
al. (1989)) to include crustal fields, alinear problem with a
unigque sol ution which can be determined without iterationis
il very valuable.

+ (02 + By - (A2)

To confirm that the formalismworks, | consider somesim-
ulations, similar to those described above in Section 4, but
with added scalar data at each point. Data are synthesised
with scalar data error o = 2 nT, isotropic attitude error of
either v = 0.005° or v = 0.05°, and vector data errors
o, from 3 nT to 9 nT. In each case, three simulations are
considered, the first with vector data only, the second with
vector data and scalar data at each point (considered inde-
pendent), and third with the data combined as described in
this section. The resulting errors are plotted in Fig. 7. As
earlier, the absolute values of the misfits are not meaningful,
only the ratio of misfits between the different curves. In both
cases the addition of scalar data significantly improves the
model, and there islittle difference between considering the
scalar data separately or with the new formalism (the small
difference probably arises from the fact that the errorsin the
new formalism are no longer exactly Gaussian). It might
seem that scalar and vector data can be considered together,
as advocated by Lowes and Martin (1987), but this ideal
case includes no correlations between the two instruments.
In practice, noise sources (for example, external fields) are
likely to be correlated, and this can be treated much more
simply in the new formalism (essentially by just increasing
the variance estimate) than by formally considering the cor-
relation between separate scalar and vector data.

Thisformalism allowsfor theinclusion of the highly accu-
rate scalar intensity data, as well as directional information,
without redundancy in measurements. For Magsat, we might
expect some correlation between vector and scalar measure-
ments, as the scalar magnetometer was used to correct the
driftinthevector fluxgate magnetometer, amountingto 20 nT
over the lifetime of the satellite (Langel et al., 1982). How-
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ever, that drift was slow, and is cal culated from many vector
and scalar data. Thus, the resulting correlation between in-
dividual data from the two data sets should be negligible.
However, if correlation is aworry, or the noise in the vector
measurementsis much larger than that in the scalar measure-
ments, it may be better just to adopt the scalar measurement
Bs for F along with its associated standard deviation o.

This problem is not purely of historical interest. The
Cassini mission to Saturn will provide similar data: at clos-
est approach, the proton magnetometer is to be switched to
scalar mode, but less accurate vector measurements will be
provided by thefluxgate magnetometer (Dunlop et al., 1999).
The production of the best possible models of the Saturnian
field will require correct treatment of these data.

Appendix B. Using Only Directional Information
from Three Component Data

It is well known that field modelling using total inten-
sity data only is compromised by the perpendicular error or
Backus effect (Stern and Bredekamp, 1975; Lowes, 1975).
When vector data are not available (for example, due to a
satellite carrying only a scalar magnetometer, or because of
gaps in attitude information as found for @rsted over the
South Atlantic anomaly), it iscommon to try to replace these
data, for example either by using data from other epochs
forward or backward continued with amodel of secular vari-
ation, or by construction of synthetic data (see, for example,
Macmillan and Quinn, 2000). However, such “data’ are
obviously lessreliable than real data. Only the vector infor-
mation isrequired; the scalar intensity of the data should not
be considered as an alternative to real measured scalar inten-
sity. This could be accomplished by using declination and
inclination values. A simple aternative (which also keeps
the modelling problem linear) is to downweight the field
magnitude information of the synthetic data. For simplic-
ity assuming isotropic attitude error (Eg. (7)), this can be
achieved with the covariance matrix

0)2

C=o%+y?(B% —-BB') + <82

) BB' (B.1)

wherew > o, By isavery large number which ensures that
the modelled variance of the synthetic datain the direction of
themainfieldisenormous, and thereforethat thisinformation
does not influence the model. In my preferred dyadic form,
this matrix iswritten

(A AB)(A AB)T
(A A B)2
(BA A AB)BA M AB)T
(B A (A AB))2

BBT
C=(o%+ “’Z)F + (6% + B%y?)

+ (02 + B2%y?)

(B.2)

(compare with Eq. (8)).

Appendix C. Maximum Likelihood Estimation of
Variances
We wish to estimate from the data residuals the three pa-
rameterso, ¥, x asdefinedinthe covariance matrix (9). The
errorsare supposed uncorrelated and normally distributed, so
that

eg = o N(O, 1)
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e, = oMN(0,1) + x|A ABIN(O, 1) + ¥ (h.B)N(O, 1)

es = o N0, 1) + v BANO, D). (Cl
To simplify notation, define
B, = |ﬁ N B|, BH = A.B. (CZ)

First, consider only the e, = X direction. The probability
that a particular misfit X; liesintherange X to X + AX is
given by the appropriate normal probability density function

exp[—X?/(2(02 + x?B2 + ¥*B?))]
\/271(02 + x2B2 + szuz)

dx.  (C3)

Thelikelihood function that aparticular set of n observations
{Xi} arises from such a distribution with defined o, vy, x is
then given by

Lo, ¥, x)

- ﬁ exp[—X?/(2(c® + x*BY, + ¥?Bf))] dX. (C4)

i1 \/271(024- x2B2 +y2B2)

Given a particular data set, the maximum likelihood esti-
mates of o, ¥, x are those which maximise this function, or
equivalently minimise the function

- |n[L(O, 1//7 X)]
= %;[m(oz + x*BZ +v°B?)
XZ

+ i + constants. (C.5
02+XZBJ2_i+wZB||2i:| ( )

Seeking a local extremum of the function (C.5) by stan-
dard partial differentiation methodsyieldsthefollowingthree
equations:

9, Z 1
do &\ o2+ x2BZ +y2B]

X?
- 5] =0 (C.6)
(02 + x%BZ +WBH2|)
. Z B?,
3)(. £ 02~|—x28i+1ﬁ25”2i
X2B2
- e s]=0 (€7
(02 + x?B?, +v2Bf)

8 n BZ

o . Z li

oy " g\ o2+ x2B2 +y2B?
X2B?

- I 5] =0 (C9
(024 x2B?%, + ¥2B?)

Then, taking o2 x (C.6) + x? x (C.7) + ¥? x (C.8) gives

18 X2
_Z 2 2 2I 2R2 =1 (C9
ni=Z o+ x*BL, + ¥*Bj
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showing that the maximum likelihood estimate gives the
mean value of the weighted variance as unity, as required.
This expression can also easily be seen to be consistent with
various limiting cases, for example, if x = v = 0, then

n
0% = Z Xiz/n
i=1

the standard expression for the sample variance.

Solution of the egquation system ((C.6)—<C.8)) is not pos-
siblein closed form; in practiceit is easiest to seek estimates
of o, v, x by direct numerical minimisation of Eq. (C.5).
Because the “data’ are inherently noisy (by definition, the
signal to noise ratio of one datum is unity) al three error
directions are used to obtain the parameters. Thus, writing
Y = e3 and Z = eg, the generalisation of Eq. (C.5) whichis
minimised in this paper to estimate the parametersis

f(o,x,¥) = Z |:|n<02+ XZBi + I/IZle)

i=1

(C.10)

+ i +
o2+ )(ZBii + l/szﬁ
Y-2

. 2 2R2 i
2 |:|n(0 +v Bi)"' 02+w25i2:|

2 Z'Z
+ [m(a )+a—'2] (c11)
i=1
Appendix D. Crustal Complications
Asdiscussed in Paper 3 and anumber of other references,
unmodelled crustal field creates an anisotropic contribution
to the field error; the error in the vertical direction is v/2x
that in either horizontal direction. For high-degree models,
when the crustal field isincluded, this effect can beignored,
asexternal fieldswill providethelargest sourceof errorinthe
measurement. For lower-degree truncated models, however,
even at Jrsted altitude, crustal error may beimportant. Then,
for no attitude error, the covariance matrix would be

K702 4+ 99702 + 227202

(D.2)
where (X, ¥, 2) are the unit vectors in the North, East, and
Down directions. In Paper 3, it was demonstrated that a 5%
degradation of field model quality would belikely if thiserror
was not properly accounted for. In combination with attitude
error for @rsted, the correct covariance matrix becomes

ZBBT 2 A 2.2 A 2.2
C =05 + %+ (N AB?X* + (A.B)*Y?)
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(AABYAAB)T
T (AAB)2
BAMBAB)YBAMNAB)T
(B A (hAB))?2

+ (6% + B%y?)

255T

+0°22'. (D.2)

It is possible to calculate an analytic inverse for this matrix,
but it is very messy, and a numerical calculation is amost
certainly more useful.
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