© Journal of Computational and Applied Mathematics (2003)

On efficient preconditioners for iterative solution of a Galerkin boundary element equation for the three dimensional exterior Helmholtz problem

Paul J. Harris School of Computing, Mathematical and Information Sciences University of Brighton, Lewes Road, Brighton BN2 4GJ, UK. http://www.cmis.brighton.ac.uk/ E-Mail: p.j.harris@bton.ac.uk

Ke Chen Department of Mathematical Sciences University of Liverpool, Peach Street, Liverpool L69 7ZL, UK. http://www.liv.ac.uk/maths/applied/ E-Mail: k.chen@liverpool.ac.uk

Abstract

The paper presents a Galerkin numerical method for solving the hyper-singular boundary integral equations for the exterior Helmholtz problem in three dimensions with a Neumann’s boundary condition. Previous work in the topic has often dealt with the collocation method with a piecewise constant approximation because high order collocation and Galerkin methods are not available due to the presence of a hypersingular integral operator. This paper proposes a high order Galerkin method by using singularity subtraction technique to reduce the hyper-singular operator to a weakly-singular one. Moreover, we show here how to extend the previous work (Chen and Harris [13]) on sparse preconditioners to the Galerkin case leading to fast convergence of two iterative solvers: the conjugate gradient normal method (CGN) and the generalised minimal residual method (GMRES). A comparison with the collocation method is also presented for the Helmholtz problem with several wavenumbers.

Keywords:

Exterior Helmholtz, Boundary integral equation, Burton-Miller, Hyper-singular operators, Galerkin, Preconditioners, CGN, GMRES.

— — — — Page 1/17 — — — — (JCAM 2003)

1 Introduction

This paper is concerned with using the boundary integral method (BIM) to solve the exterior Helmholtz problem. Such problems arise in the mathematical modelling of the steady-state single frequency acoustic field outside an object immersed in a fluid; see [2, 14]. We are mainly concerned with two problems in this paper: (1) how to apply a high order Galerkin method; (2) how to design an effective sparse preconditioner for the Galerkin method. A comparison with the collocation method as done in our previous work [13] is presented.

There are two methods for reformulating the underlying differential equation as an integral equation, the direct and indirect method. However, for either method, it is well known that for certain frequencies the solution to integral equation formulations either does not exist or is non-unique. Over the years a number of methods have been proposed for overcoming these problems, and these are surveyed in Amini et al [2]. This paper will employ a direct method for obtaining an integral equation formulation of the problem, and use the Burton and Miller method [4] for obtaining an integral equation which has a unique solution for all frequencies.

We remark that for the hyper-singular formulation for the Laplace equation, several papers have discussed the Galerkin method. Both Giroire and Nedelec [20] and Hackbusch [23] use a method similar to the one presented here for transforming the hyper-singular integral appearing in the boundary integral formulation of Laplace’s equation into one which is at worst weakly singular. However, in neither case do they present any numerical results of using the formulation and the analysis was not extended to include the Helmholtz problem. In fact, there does not appear to exist a Galerkin method for the Helmholtz equation as general as the one presented in this paper, as far as we are aware.

In what follows, we shall first introduce the exterior Helmholtz problem and its reformulations. Then we discuss the numerical solution techniques leading up to our proposed Galerkin method. Finally we address the fast iterative solution of the resulting linear system by constructing effective preconditioners.

Consider the problem of solving the Helmholtz equation

∇^2ϕ(p) + k^2ϕ(p) = 0, p ∈ D_+ ∪ S (1)

in some unbounded three dimensional region D_+ exterior to a closed surface S, where k > 0 is the wavenumber, subject to a Neumann boundary condition on S and the Sommerfeld radiation condition lim_{r→∞} r ( ∂ϕ ∂r − ikϕ ) = 0. (2)

Since the above exterior problem cannot be easily solved by discretising the infinite domain using finite differences or finite elements, we choose to reformulate the problem as an integral equation over the surface S; see [2, 14, 13]. However, domain methods based on infinite elements or coupled finite and infinite elements have been devised; see [18, 19] for example.

— — — — Page 2/17 — — — — (JCAM 2003)

2 BIM Formulation and the collocation method

The reformulation as an integral equation can be done by either representing the solution in terms of a surface potential function (the indirect method) or by an application of Green’s theorem to get a relationship between the acoustic pressure and its normal derivative (the direct method). It is the direct method which will be used here.

A simple application of Green’s second theorem leads to ∫ S ϕ(q) ∂G_k(p, q) ∂n_q − G_k(p, q) ∂ϕ(q) ∂n_q dS_q = {_1 2 ϕ(p) p ∈ S ϕ(p) p ∈ D_+ (3)

where G_k(p, q) = e^{ik|p−q|} 4π|p − q| (4) is the free-space Green’s function, or fundamental solution, for Helmholtz equation and n_q is the unit outward normal to S at q. If the normal derivative of the acoustic field is given on the surface S then (3) for p ∈ S gives a Fredholm integral equation of the second kind which can be solved for the surface pressure ϕ. The acoustic pressure can then be computed at any point in D_+ using (3). However, it is well known that (3) does not possess a unique solution for certain values of the wavenumber, called characteristic wavenumbers. This is a manifestation of the integral equation formulation as it can be shown that the underlying differential problem has a unique solution for all real and positive values of k [5].

The Burton and Miller method [4] for overcoming the non-uniqueness problem consists of differentiating (3) along the normal at p to give ∫ S ϕ(q) ∂^2G_k(p, q) ∂n_p∂n_q − ∂G_k(p, q) ∂n_p ∂ϕ(q) ∂n_q dS_q = 1 2 ∂ϕ(p) ∂n_p (5) and then taking a linear combination of (3) and (5) in the form − 1 2 ϕ(p) + ∫ S ϕ(q) ( ∂G_k(p, q) ∂n_q + α ∂^2G_k(p, q) ∂n_p∂n_q ) dS_q = α 2 ∂ϕ(p) ∂n_p + ∫ S ∂ϕ(q) ∂n_q ( G_k(p, q) + α ∂G_k(p, q) ∂n_p ) dS_q (6)

where α is a coupling constant. It can be shown that provided that the imaginary part of α is non-zero then (6) has a unique solution for all real and positive k, and it has been further shown by Amini and Harris [1, 2] that by choosing α =^i_k then the condition number of the integral operator is close to its minimum value. However, this formulation has introduced the kernel function^{∂2Gk(p,q)}_{∂np∂nq} which has a^1_{|p−q|3} singularity. Using finite part interpretation of hyper-singular integrals, some workers have generated special quadrature rules for interpretating integrals involving the second derivative of the Green’s function, but such rules will not be considered here.

— — — — Page 3/17 — — — — (JCAM 2003)

To implement the collocation method, it is possible to use the result (refer to [2, 25]) ∫ S ∂^2G_k(p, q) ∂n_p∂n_q dS_q = k^2 ∫ S G_k(p, q)n_p · n_q dS_q, (7) in order to write ∫ S ϕ(q) ∂^2G_k(p, q) ∂n_p∂n_q dS_q = ∫ S (ϕ(q) − ϕ(p)) ∂^2G_k(p, q) ∂n_p∂n_q dS_q +k^2ϕ(p) ∫ S G_k(p, q)n_p · n_q dS_q. (8)

Then ϕ and^{∂ϕ}_{∂n} are approximated by ϕ(q) = m∑ j=1 ϕ_jψ_j (q), ∂ϕ(q) ∂n = m∑ j=1 v_jψ_j (q) (9)

where {ψ_1, ψ_2, . . . , ψ_m} are a set of linearly independent piecewise polynomial basis functions of degree τ; τ ≥ 0. Substituting (9) into (6) and (8), and applying the collocation method at points {p_1, p_2, . . . , p_m} yields m∑ j=1 ϕ_j [ − 1 2 ψ_j (p_i) + ∫ S ( ψ_j (q) ∂G_k(p_i, q) ∂n_q + α(ψ_j(q) − ψ_j (p_i))

∂^2G_k(p_i, q) ∂n_p∂n_q ) dS_q

+ψ_j(p_i)αk^2 ∫ S G_k(p_i, q)n_p · n_q dS_q ] = (10) m∑ j=1 v_j [ α 2 ψ_j (p_i) + ∫ S ψ_j (q) ( G_k(p_i, q) + α ∂G_k(p_i, q) ∂n_p ) dS_q ] . If the basis functions are chosen to give a piecewise constant approximation to ϕ (and ∂ϕ ∂n ) then all the integrals appearing in (10) are at worst weakly singular. However, if a higher order approximation is used then the term involving the second derivative becomes a Cauchy Principal Value integral which is difficult to evaluate. Hence, the piecewise constant approximation collocation method has been widely used in practise.

3 The high order Galerkin method

We now present an alternative way of using high order methods via the Galerkin formulation to solve the integral equation (6). Essentially our method reformulates the hyper-singular integral equation into a weakly-singular one. As the operator in (6) is not Hermitian, we don’t have to construct complex basis functions because the resulting linear system will not be Hermitian. Therefore in our Galerkin method, we shall use the well-known real trial basis functions ψ_j (p) ∈ H^{τ −1/2}(S) and construct interpolation functions with complex coefficients as in (9).

— — — — Page 4/17 — — — — (JCAM 2003)

Taking the inner product of (6) with each basis function in turn gives m∑ j=1 ϕ_j ∫ S ψ_i(p) [ 1 2 ψ_j (p) + ∫ S ( ψ_j (q) ∂G_k(p, q) ∂n_q + αψ_j (q) ∂^2G_k(p, q) ∂n_p∂n_q ) dS_q ] dS_p = m∑ j=1 v_j ∫ S ψ_i(p) [ α 2 ψ_j (p) + ∫ S ψ_j(q) ( G_k(p, q) + α ∂G_k(p, q) ∂n_p ) dS_q ] dS_p (11)

where the last integral on the first line ∫ S ∫ S ψ_i(p) ψ_j (q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p (12)

is hyper-singular while all other integrals are weakly singular.

The main result of this section, which gives a formulation where we only have to evaluate integrals which are at worst weakly singular, is now stated as follows.

Lemma 1 For piecewise polynomial basis functions {ψ_j} of any order τ, ∫ S ∫ S ψ_i(p) ψ_j (q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p = 1 2 ∫ S ∫ S [ψ_i(p) − ψ_i(q)] [ψ_j (q) − ψ_j (p)] ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p +k^2 ∫ S ψ_i(p) ψ_j (p) [∫ S n_p · n_q G_k(p, q) dS_q ] dS_p, (13)

where all the integrals on the right-hand side are weakly singular.

Proof. First reformulate the integral (12) as ∫ S ∫ S ψ_i(p) ψ_j (q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p = ∫ S ∫ S [ψ_i(p) − ψ_i(q)] [ψ_j (q) − ψ_j (p)] ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p

+ ∫ S ∫ S ψ_i(p) ψ_j (p) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p (14)

+ ∫ S ∫ S ψ_i(q) ψ_j (q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p − ∫ S ∫ S ψ_i(q) ψ_j (p) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p.

— — — — Page 5/17 — — — — (JCAM 2003)

Now note that the first integral on the right hand side is weakly singular and so can be evaluated using suitable quadrature rules. Using (7), the second integral on the right hand side is seen to be non-singular as ∫ S ∫ S ψ_i(p)ψ_j(p) ∂^2G_k(p, q) ∂n_p∂n_q dS_qdS_p = ∫ S ψ_i(p)ψ_j (p) [∫ S ∂^2G_k(p, q) ∂n_p∂n_q dS_q ] dS_p = k^2 ∫ S ψ_i(p) ψ_j (p) ∫ S n_p.n_q G_k(p, q)dS_qdS_p. (15)

We note that^{∂2Gk(p,q)}_{∂np ∂nq} =^{∂2Gk(p,q)}_{∂nq ∂np} =^{∂2Gk(q,p)}_{∂nq ∂np} and so it follows that by reversing the order of integration the following relationships hold: ∫ S ∫ S ψ_i(q) ψ_j (p) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p = ∫ S ∫ S ψ_i(p) ψ_j(q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p, (16) ∫ S ∫ S ψ_i(q) ψ_j (q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p = ∫ S ∫ S ψ_i(p) ψ_j(p) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p. (17) Therefore equation (14) takes the interesting but elementary form: ∫ S ∫ S ψ_i(p) ψ_j (q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p = ∫ S ∫ S [ψ_i(p) − ψ_i(q)] [ψ_j (q) − ψ_j (p)] ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p + 2k^2 ∫ S ψ_i(p) ψ_j (p) ∫ S n_p.n_q G_k(p, q) dS_q dS_p − ∫ S ∫ S ψ_i(p) ψ_j(q) ∂^2G_k(p, q) ∂n_p ∂n_q dS_q dS_p, from which the required result follows by solving for the hyper-singular integral.

Hence we have successfully derived a Galerkin formulation that enables us to use basis functions of any order τ without having to construct special quadrature rules to deal with the hypersingular integrals. The reformulated form of (11) is the following m∑ j=1 ϕ_j ∫ S [ ψ_i(p) ( − 1 2 ψ_j (p) + ∫ S ψ_j (q) ∂G_k(p, q) ∂n_q dS_q ) + 1 2 α ∫ S ( (ψ_i(p) − ψ_i(q)) (ψ_j (q) − ψ_j (p)) ∂^2G_k(p, q) ∂n_p∂n_q ) dS_q

+ αψ_i(p)ψ_j (p)k^2 ∫ S G_k(p, q)n_p · n_q dS_q ] dS_p = (18) m∑ j=1 v_j ∫ S ψ_i(p) [ α 2 ψ_j (p) + ∫ S ψ_j (q) ( G_k(p, q) + α ∂G_k(p, q) ∂n_p ) dS_q ] dS_p.

— — — — Page 6/17 — — — — (JCAM 2003)

4 Solution of the linear system of equations

Discretizing the integral equations described above using either the collocation or Galerkin method will yield a matrix equation of the form Ax = b, (19) with A ∈ C^{n×n}, x, b ∈ C^n. Although it is possible to solve this system using a LU decomposition for large n, it is more efficient to use an iterative technique with a suitable preconditioner.

The idea of using operator splitting to precondition an integral equation with a singular or weakly-singular kernel was previously discussed for 2D problems in [8, 9, 10], and applied to the 3D case in [13] for a simple collocation method. Two mesh neighbours based ideas were tested in [13]; here we consider how to generalise these ideas to the Galerkin case.

Denote a bounded integral operator equation such as (6) by Au = f. (20) Then a suitable splitting of A as far as effective preconditioning is concerned is the following A = A_1 + C_1, (21)

where C_1 is a compact operator and A_1 is thus a bounded operator. The choice of A_1 and C_1 via the domain decomposition is such that A_1 leads to a sparse matrix on discretization. In this approach, the preconditioned operator equation is

A^{−1}_1 Au = (I + A^{−1}_1 C_1)u = A_2u = A^{−1}_1 f, (22)

which will have a clustering distribution of eigenvalues and, more importantly, the normal operator A^∗_2A_2 (and the normal matrix for the discretized case) also have a clustering distribution of eigenvalues. By ‘clustering’, we mean that most eigenvalues are contained in a small interval; for a precise definition, see [11]. Therefore the resulting linear system is better suited to iterative solution; in fact we have found that most conjugate gradient solvers are efficient for the preconditioned system.

To apply the operator splitting idea to the Galerkin case, we first use the surface non-overlapping domain partition S = ⋃_N j=1 S_j to decompose the operator

A = A_{1,1} A_{1,2} A_{1,3} · · · A_{1,N} A_{2,1} A_{2,2} A_{2,3} · · · A_{2,N} A_{3,1} A_{3,2} A_{3,3} · · · A_{3,N} . . . . . . · · · . . A_{N,1} A_{N,2} A_{N,3} · · · A_{N,N} (23)

where in element S_i operator A_{i,ℓ} is the restriction of A over surface S_ℓ. We assume that the boundary S does not admit any geometric singularities; otherwise singularities

— — — — Page 7/17 — — — — (JCAM 2003)

Figure 1: Relation of node associated basis functions and near domain neighbours. Left: Middle node ∗ shared by two domains; Right: Vertex node • shared by all six near neighbouring domains.

must be isolated in the above splitting and incorporated into further preconditioners as suggested in [6, 7] and [12]. Then a suitable splitting of the form (21) is the following

(A_1)_{ij} = { A_{ij}, if S_j is a neighbour of S_i, 0, otherwise.

Here operator A_1 is sparse and the exact sparsity pattern depends on how the surface triangles are ordered; in the one dimensional case, A_1 is of the tridiagonal form. If we assume that the original operator A is non-singular, then repeatedly using the result that a compact perturbation of a non-singular operator is still non-singular can establish that operator A_1 is non-singular. Hence A_1 is admissible.

Note that in S_i, although we can use any high order elements, the quadratic interpolation function adopted is

ϕ_i(p) = 6∑ j=1 ϕ^{(j)}_i ψ^{(j)}_i (p)

where ψ^{(j)}_i (p) is the jth node based quadratic basis function; three nodes are vertexes and three mid-points of the underlying triangle. Therefore, on discretization using the Galerkin method, each operator A_{ij} involves all 6 rows and columns of matrix A_{n×n}, where n is the total number of nodes (i.e. basis functions).

The above neighbouring information refers to local stiffness matrices and we need to work out the preconditioner in the globally assembled stiffness matrix A because we only need to discretize A in (21) — not A_1 and C_1 separately. To this end, we note that form Figure 1 that there are 2 types of nodes: the middle nodes (such as “*”) and the vertex nodes (such as “•”). Thus the construction of preconditioning matrix M becomes essentially an identification task for neighbouring elements in matrix A: Algorithm 1 (Operator splitting preconditioner) Set the preconditioning matrix M := 0. For row i = 1, · · · , n:

— — — — Page 8/17 — — — — (JCAM 2003)

Figure 2: Sparsity of preconditioner M_1 based on a simple node ordering for test problem 1 in Section 5 with n = 290 nodes.

Figure 3: Duff’s spiral ordering for test problem 3 in Section 5 (left plot) and Sparsity of preconditioner M_1 based on Duff’s spiral ordering for test problem 1 in Section 5 (right plot).

— — — — Page 9/17 — — — — (JCAM 2003)

1. Work out an index list L(i, :) = [i_1, · · · , i_{ri} ] from the surface elements, where i_j denotes the jth neighbouring node’s global index number. Define L(i, 1) = i i.e. the present node is in the first position of neighbouring nodes. Note that r_i is the total number of basis functions involved in the immediate neighbouring elements. This depends whether i refers to a middle basis or a vertex basis — with ‘*’ in Figure 1 r_i = 9 and with ‘•’ r_i = 19 (number of nodes in neighbouring elements).

2. Set element M(i, i_j ) = A(i, i_j ) for j = 1, 2, · · · , i_{ri} .

3. Finally solve Ax = b by CGN or GMRES using the preconditioner M^{−1} i.e. solve M^{−1}Ax = M^{−1}b.

Here for a typical well-balanced surface mesh (which we consider to be a mesh where either 5 or 6 elements coming together at each vertex and which is made up of triangles which are almost equilateral triangles), r_i ≤ 19. Therefore the sparsity of M is assured. However there is no guarantee that a preconditioning step Mx = y can be solved cheaply. Indeed, a naive finite element mesh will not be sufficient; see Figure 2 for a typical example of M which is difficult to invert.

One ideal situation is to order the nodes in such a way that neighbouring elements are always numbered near each other, giving rise to a global banded matrix. But in general this is not possible to achieve. Therefore it is not surprising that the use of the reverse Cuthill-McKee algorithm [16] produces a banded-like matrix with a very large band width. This suggests that a global and optimal index minimization ordering is difficult to realize. After careful testing of several ordering ideas, we have found that the spiral ordering [17] (refer also the earlier work of [15]) of elements gives an almost optimal solution in the sense that the resulting preconditioner is nearly of a doubly-bordered block diagonal form; see the right hand plot of Figure 3 for a typical example. We believe that this algorithm is suitable for this context because S is a closed 3D surface. As a general and black box algorithm for sparse matrices, the spiral ordering may not be effective. Overall, the spiral ordering will define our first preconditioner.

To present a second preconditioner, we use a ordering free preconditioning method based on [28, 13, 11]. This is the approximate inversion method advocating a cheaper inversion of M. Here this new preconditioner will be names as M^{−1}_2 , approximating A, that has the same sparse pattern as M above. That is

M^{−1}_2 = [m_1, m_2, · · · , m_n], (24)

where column vector m_i (for i = 1, · · · , n) satisfies

m_i(j) = { m_{j,i}, if j ∈ L(i, :) = {i_1, i_2, · · · , i_{ri} }, 0 otherwise.

Minimising the usual Frobenius norm

min_{M −12} ‖AM^{−1}_2 − I‖^2_F = n∑ j=1 min_{mj} ‖Am_j − e_j‖^2

— — — — Page 10/17 — — — — (JCAM 2003) leads to a n × r_j least squares problem for each column j. The near neighbour method from [28, 13, 11] recommends the reformulation of the least squares problem into a squares matrix problem by solving the approximate problem

min_{m̃j} ‖ ~A_jm̃_j − ẽ_j‖^2

where ~A_j is the r_j × r_j principal submatrix of A induced by the index set L(j, :). Note ẽ_i is a compact vector of e_i and m̃_j of m_j.

Algorithm 2 (Approximate inversion preconditioner) Set the preconditioning matrix M_2 := 0. For column i = 1, · · · , n:

1. Identify the index list L(i, :) = [i_1, · · · , i_{ri} ] for i as in Algorithm 1 (corresponding to the basis function ψ_i(p)).

2. Assign matrix ~A_i(k, j) = A(i_k, i_j) and vector ẽ_i(k) = 0 for k, j = 1, 2, · · · , i_{ri} . Set ẽ_i(1) = 1.

3. Solve the small linear system ~A_im̃_i = ẽ_i to obtain column i of preconditioner M_2.

4. Finally solve Ax = b by CGN or GMRES using the preconditioner M_2 i.e. solve M_2Ax = M_2b.

We remark that the effectiveness of a full sparse approximate inverse (SPAI) preconditioners is determined by the a priori sparsity pattern used. Here with the pattern defined by geometrical information, M_2 is quite sparse so the resulting preconditioner may not be efficient. However the above adopted strategy, although an approximate solution of a least square problem is sought, can be shown to have implicitly implemented a diagonal operator splitting and, when this happens, Algorithm 2 is more effective than the full SPAI method using near neighbour information; see [11]. Here matrix ~A_j is invertible due to the presence of a hyper-singular operator in operator A and the assumption on the closed boundary S. For other type of problems e.g. first kind operator with geometric singularities, this matrix may not be invertiable so one may have to use the usual SPAI method.

5 Numerical Results

The Galerkin method described in Section 3 and the iterative solution methods described in Section 4 have been applied to a number of test problems. In each case the surface was approximated by six-noded quadratic triangular elements and both the surface pressure and its normal derivative were interpolated using the same quadratic basis functions (isoparametric elements). The surface data was generated by placing a number of point sources inside the surface and using these to compute^{∂ϕ}_{∂n} on the surface. The solution ϕ is simply that due to the point sources.

The individual test problems considered are outlined below

— — — — Page 11/17 — — — — (JCAM 2003)

1. A unit sphere with point sources at (0, 0, 0.5) and (0.25, 0.25, 0.25) with strengths 2 + 3i and 4 − i respectively.

2. A ‘peanut’ shaped surface defined by x = √ cos 2θ + √ 1.5 − sin^2 2θ sin θ cos γ y = √ cos 2θ + √ 1.5 − sin^2 2θ sin θ sin γ z = √ cos 2θ + √ 1.5 − sin^2 2θ cos θ

0 ≤ θ ≤ π 0 ≤ γ < 2π

with point sources at (0.2, 0 , 1) and (0, 0.2, -0.75) with strength 2 + 3i and 4 − i respectively.

3. A cylinder of length 0.537 and radius 0.2685 with point sources at (0, 0, 0.15) and (0.25, 0.25, 0.25) with strengths 2 + 3i and 4 − i respectively.

We note that second test problem is for a surface which is not convex, and that the third test problem is for a non-smooth surface in the sense that it does not possess a unique normal at every point.

The relative L_2 error, defined by E = ||ϕ − ϕ̃||_2 ||ϕ||_2 (25)

where ||ϕ||_2 = √∫ S |ϕ(q)|^2 dS_q and ϕ and ϕ̃ denote the exact and approximate solution respectively, is the measure of the error used here. Figures 4 gives a typical comparison of the relative L_2 error (expressed as a percentage) on the surface of a sphere for different values of the wavenumber. In all cases tested, the quadratic Galerkin method performs much better than the constant collocation method, but the error increases with the wavenumber with either method as expected because solution resolutions are linked to the frequency.

In all of the remaining experiments the following two meshes were used:

• Mesh I; 576 elements and 1154 nodes.

• Mesh II; 2304 elements and 4610 nodes.

For the range of values of k considered here the relative errors in the computed solution mesh I ranged from 0.079% to 6.1% and using mesh II the errors range from 0.039% to 2.8%. In both cases the error in the solution on the cylinder (test example 3) were worse than those on the sphere or peanut (test examples 1 and 2). This is probably due to the geometric singularities which require more specialised treatment than that given here.

The results of using both preconditioners (from Algorithms 1 and 2 and denoted by A and B respectively) and Mesh I with the CGNR method are given in Table 1, whilst the

— — — — Page 12/17 — — — — (JCAM 2003)

Figure 4: The relative L_2 error in the computed solution for the test problem on the surface of a unit sphere.

corresponding results for the GMRES(25) method are given in Table 2. Here the columns headed n gives the number of iterations and those headed t/t_d gives the CPU time t relative to the time t_d needed to carry out a full LU decomposition on the matrix. The results of using Mesh II instead of Mesh I are given in Tables 3 and 4. For both meshes the stopping criterion are based on the relative residule being less than 10^{−6}. It is clear that both iterative methods are offer a considerable time-saving over the LU decomposition method. Of the two iterative methods GMRES(25) performs much better, taking less than 1/10 of the time needed for the LU decomposition. Other GMRES methods, such as GMRES(5) and GMRES(40) were tried, but offered no significant increase in performance. Although the preconditioners constructed here are for the hyper-singular integral equation on a smooth convex surface, these results suggest that they are equally effective when applied to problems involving non-convex surfaces and surfaces with geometric singularities.

6 Conclusions

The well-known approach for solving the exterior Helmholtz problem in 3D is the collocation method using piecewise constant elements. High order collocation and Galerkin methods are not available due to the presence of the hypersingular integral operator involving the second derivative of the Green’s function. In this paper we have proposed a high order Galerkin method and tested it using quadratic elements. Moreover we have developed two preconditioners based on operator splitting and experimented their effectiveness, generalising the previous work in the subject. Preliminary results are successful.

— — — — Page 13/17 — — — — (JCAM 2003)

Table 1: Mesh I: The number of outer iterations and relative CPU time when using the GMRES(25) method with preconditioners A and B to solve the final linear system of equations.

SPHERE PEANUT CYLINDER A B A B A B k n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d 1 1 0.0548 2 0.0777 2 0.0915 2 0.0815 2 0.0904 2 0.0808 2 2 0.0892 2 0.0784 2 0.0914 2 0.0816 2 0.0902 2 0.0808 3 2 0.091 2 0.0809 2 0.0914 2 0.0816 2 0.0897 2 0.0804 4 1 0.0529 2 0.082 2 0.0915 2 0.0816 2 0.09 2 0.0808 5 1 0.0528 1 0.0452 2 0.0927 2 0.0822 2 0.0902 2 0.0811 6 1 0.053 1 0.0454 2 0.0911 2 0.0824 1 0.0527 1 0.0457 7 1 0.054 1 0.0463 1 0.0533 1 0.0458 1 0.0524 1 0.0456 8 1 0.054 1 0.0466 1 0.0533 1 0.0458 1 0.0525 1 0.0455 9 1 0.0537 1 0.0464 1 0.0533 1 0.0458 1 0.0525 1 0.0457 10 1 0.0532 1 0.0458 1 0.0535 1 0.0458 1 0.0527 1 0.0457

Table 2: Mesh I: The number of iterations and relative CPU time when using the CGNR method with preconditioners A and B to solve the final linear system of equations. SPHERE PEANUT CYLINDER A B A B A B k n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d 1 41 0.2083 65 0.2874 46 0.2296 74 0.3236 46 0.232 77 0.3354 2 27 0.1472 43 0.1966 37 0.1898 61 0.2692 32 0.1671 52 0.2326 3 23 0.1325 33 0.1556 32 0.1686 49 0.2212 27 0.1453 40 0.1849 4 19 0.1142 26 0.1272 30 0.1602 40 0.1842 23 0.1278 33 0.1547 5 18 0.1081 22 0.111 28 0.1512 36 0.168 22 0.1232 27 0.1301 6 16 0.0989 18 0.094 26 0.1448 34 0.1599 21 0.1189 23 0.114 7 15 0.0941 16 0.0857 23 0.1293 30 0.1432 20 0.1146 22 0.1099 8 14 0.0899 15 0.0829 22 0.1251 28 0.1353 20 0.1147 22 0.11 9 14 0.0896 15 0.0818 22 0.1247 25 0.1227 19 0.1101 21 0.1078 10 14 0.0897 15 0.0818 23 0.1295 25 0.1249 19 0.1109 20 0.1014

— — — — Page 14/17 — — — — (JCAM 2003)

Table 3: Mesh II: The number of outer iterations and relative CPU time when using the GMRES(25) method with preconditioners A and B to solve the final linear system of equations.

SPHERE PEANUT CYLINDER A B A B A B k n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d 1 2 0.039 3 0.053 3 0.047 4 0.06 3 0.048 4 0.067 2 2 0.036 3 0.049 3 0.047 4 0.06 3 0.048 4 0.06 3 2 0.036 3 0.05 3 0.048 3 0.046 3 0.049 3 0.047 4 2 0.037 3 0.051 3 0.048 3 0.046 3 0.048 3 0.046 5 2 0.036 2 0.034 3 0.048 3 0.046 3 0.048 3 0.046 6 2 0.036 2 0.034 2 0.034 3 0.046 2 0.032 3 0.045 7 2 0.036 2 0.034 2 0.034 3 0.046 2 0.032 2 0.031 8 2 0.036 2 0.034 2 0.034 2 0.032 2 0.035 2 0.033 9 2 0.036 2 0.034 2 0.034 2 0.032 2 0.035 2 0.033 10 1 0.02 2 0.034 2 0.034 2 0.032 2 0.035 2 0.033

Table 4: Mesh II: The number of iterations and relative CPU time when using the CGNR method with preconditioners A and B to solve the final linear system of equations. SPHERE PEANUT CYLINDER A B A B A B k n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d n t/t_d 1 79 0.072 133 0.12 95 0.069 165 0.11 95 0.088 163 0.14 2 54 0.048 89 0.073 75 0.055 130 0.09 65 0.049 110 0.077 3 43 0.039 70 0.059 61 0.046 102 0.071 49 0.04 87 0.061 4 33 0.031 53 0.045 51 0.039 86 0.061 40 0.031 70 0.05 5 29 0.027 46 0.039 47 0.036 75 0.053 36 0.029 58 0.042 6 26 0.025 39 0.034 43 0.034 68 0.048 33 0.026 50 0.036 7 23 0.022 33 0.029 39 0.031 58 0.042 30 0.024 43 0.031 8 22 0.022 30 0.026 39 0.031 57 0.041 29 0.027 39 0.033 9 20 0.02 26 0.023 37 0.03 51 0.037 27 0.025 36 0.03 10 20 0.02 24 0.021 35 0.028 48 0.035 26 0.024 32 0.028

— — — — Page 15/17 — — — — (JCAM 2003)

References

[1] Amini S. (1989), On the choice of coupling parameter in boundary integral formulations of the exterior acoustic problem. Appl. Anal, 35, pp75-92.

[2] Amini S., Harris P. J. and Wilton D. T. (1992), Coupled boundary and finite element methods for the solution of the dynamic fluid-structure interaction problem. Lecture Note in Engineering Vol 77, Ed. C. A. Brebbia and S. A. Orszag, Springer-Verlag, London.

[3] Baglama J., Calvetti D., Golub G. H. and Reichel L. (1998), Adaptively preconditioned GMRES algorithms, SIAM J. Sci. Comput., 20, pp. 243-269.

[4] Burton A. J. and Miller G. F. (1971), The application of integral equation methods to the numerical solution of boundary value problems. Proc. Roy. Soc. Lond. A232, p201-210.

[5] Burton A. J. (1973), The solution of Helmholtz equation in exterior domains using integral equations. NPL Report NAC 30, National Physical Laboratory, Teddington, Middlesex, UK.

[6] Carpentieri B., Duff I. S. and Giraud L. (2000a), Experiments with sparse preconditioning of dense problems from electromagnetic applications, CERFACS report TR/PA/00/04 from http://www.cerfacs.fr/algor/reports/2000/TR PA 00 04.ps.gz

[7] Carpentieri B., Duff I. S. and Giraud L. (2000b), Sparse pattern selection strategies for robust Frobenius norm minimization preconditioners in electromagnetism, J. Numer. Linear Alg. Appl., 7, pp. 667-685.

[8] Chen K. (1994), Efficient iterative solution of linear systems from discretizing singular integral equations, Elec. Tran. Numer. Anal., 2, pp. 76-91.

[9] Chen K. (1997), Preconditioning of two dimensional singular integral equations, in:

Domain decomposition methods in sciences and engineering, eds. P. E. Bjorstad et al, (Domain decomposition Press, Bergen, Norway), pp. 390-396.

[10] Chen K. (1998), On a class of preconditioning methods for dense linear systems from boundary elements, SIAM J. Sci. Comput., 20, pp. 684-698.

[11] Chen K. (2001), An analysis of sparse approximate inverse preconditioners for boundary integral equations, SIAM J. Matr. Anal. Appl., 22, pp. 1058-1078.

[12] Chen K. and Amini S. (1993). Numerical analysis of boundary integral solution of the Helmholtz equation in domains with non-smooth boundaries, IMA J. Numer. Anal., 13, pp. 43-66.

— — — — Page 16/17 — — — — (JCAM 2003)

[13] Chen K. and Harris P. J. (2001), Efficient preconditioners for iterative solution of the boundary element equations for the three dimensional Helmholtz equation, J. Appl. Numer. Math., 36 (4), pp. 475-489.

[14] Colton D. and Kress R. (1983), Integral equation methods in scattering theory. John Wiley and Sons, New York.

[15] Duff I. S., Erisman A. M. and Reid J. K. (1976), On George’s nested dissection method. SIAM J. Numer. Anal., 13, pp. 686-695.

[16] Duff I. S., Erisman A. M. and Reid J. K. (1986), Direct Methods for Sparse Matices, Claredon Press, Oxford, UK.

[17] Duff I. S. and Meurant G. A. (1989), The effect of ordering on preconditioned conjugate gradients. BIT, 29, pp. 635–657.

[18] Gerdes K. and Demkowicz L. (1996), Solution of 3D-Laplace and Helmholtz equations in exterior domains using HP-infinite elements. Comp. Meth. Appl. Mech. Engng., 137, pp. 239-273.

[19] Gerdes K. (1998), A summary of infinite element formulations for exterior Helmholtz problems. Comp. Meth. Appl. Mech. Engng., 164, pp. 95-105.

[20] Giroire J. and Nedelec J. C. (1978), Numerical solution of an exterior Neumann problem using a double layer potential. Math. Comp., 32(144), pp. 973-990.

[21] Graham I. G., Hackbusch W. and Sauter S. A. (2000), Hybrid Galerkin boundary elements: Theory and implementation. Numer. Math., 86(1), pp. 139-172.

[22] Harris P. J. (1992), A boundary element method for the Helmholtz equation using finite part integration, Int. J. Comp. Meth. Appl. Mech. Engng., 95, pp. 331-342.

[23] Hackbusch W. (1995), The integral equation method. Birkhauser Verlag.

[24] Lai C. H. and Chen K. (1998), Solutions of boundary element equations by a flexible elimination process, Contemp. Math., 218, pp. 311-317.

[25] Meyer W. L., Bell W. A., Zinn B. T. and Stallybrass M. P. (1978), Boundary integral solution of three dimensional acoustic radiation problems. J. Sound Vib., 59(2), pp. 245-262.

[26] Nachtigal N. M., Reddy S. and Trefethen N. (1992), How fast are nonsymmetric matrix iterations?, SIAM J. Matr. Anal. Appl., 13, pp. 778-795.

[27] Saad Y. (1996), Iterative solution for sparse linear systems, PWS Int. Thompson Pub. (ITP).

[28] Vavasis S. (1992), Preconditioning for boundary integral equations, SIAM J. Matr.

Anal. Appl., 13, pp. 905-925.

— — — — Page 17/17 — — — — (JCAM 2003)