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Multilevel Algorithm for a Poisson Noise Removal
Model with Total-Variation Regularization

Raymond H. Chan* and Ke Chen'

Abstract

Many commonly used models for the fundamental image processing task of noise removal
can deal with Gaussian white noise. However such Gaussian models are not effective to
restore images with Poisson noise, which is ubiquitous in certain applications. Recently Le-
Chartrand-Asaki derived a new data-fitting term in the variational model for Poisson noise.
This paper proposes a multilevel algorithm for efficiently solving this variational model.
As expected of a multilevel method, it delivers the same numerical solution many orders of
magnitude faster than the standard single-level method of coordinate descent time-marching.
Supporting numerical experiments on 2D gray scale images are presented.

AMS subject class: 68U10, 65F10, 65K10.

Keywords: Image restoration, Poisson noise, regularization, nonlinear solvers,
multilevel methods, sharp edges.

1 Introduction

Noise removal is a fundamental task in digital image processing. In many commonly used
models [10], images with additive Gaussian white noise have been considered and adequately
modeled. In imaging applications where images are generated by photon-counting devices such
as computed tomography (CT), Magnetic Resonance Imaging (MRI) and astronomical imaging,
Poisson noise rather than Gaussian noise is frequently present. Poisson noise is not additive,
and it is image pixel-intensity dependent, i.e. bright pixels are statistically more corrupted than
dark pixels.

Although the well-known variational ROF model [31] is effective for restoring a noisy image
z = z(z,y), (x,y) € Q, with Gaussian noise [5, 10, 31, 34] by

a,/u%—i—ug—i-;(u—z)Q] : (1)
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this model is less effective to restore u = u(x,y) when z contains Poisson noise as shown in
[20, 21].

In the literature, there were a lot of previous work on modeling of and algorithms for the
Poisson noise removal; see [3, 15, 14, 16, 23, 24, 11, 19, 20] among others. Here we shall consider

the particular total variational model

m&nJ(u), J(u):/Q[a,/u%—i—ug—i—(u—z)logu , (2)

proposed by Le-Chartrand-Asaki [21] recently, which is within the same model framework of
[1, 23, 27, 28]. The total variational (TV) regularization used in (2) using rotationally-invariant
TV semi-norm is known to be better than the non-rotationally-invariant semi-norm associated

with Markov random field models
min Ja(u), Jo(u) = / [a(!uﬂ + |uy|) + (u — z) log u|, (3)
u Q

as done in [1, 23, 27, 28]; see [10, 9].

As is widely known, although fundamentally more accurate than linear filtering methods,
non-linear variational models are computationally expensive to apply. Multigrid (or multilevel
or multi-resolution) methods are well known to exhibit optimal performance whenever they
converge. Although their standard variants have convergence difficulties for the highly nonlin-
ear and oscillatory coefficients in these models, we wish to overcome these difficulties for the
particular class of models under consideration.

Recently for solving the ROF Gaussian noise model [31], we have proposed robust multilevel
methods [8, 9]. For solving Markov random field models for Poisson noise (3), multigrid methods
with coarse level functionals using residual information via first order condition on the fine level
(along similar lines of [4, 26]) have been considered in [27, 28], where computational efficiency
has been achieved. However as remarked in [9], optimization based multigrid methods using first
order condition require assumption of the differentiability of the underlying objective functional,
hence limit the range of models that can be solved. In fact, once differentiability is assumed,
efficient multilevel methods exist; see [12, 32] and the references therein. One also notes that to
solve Markov random field type models the graph-cut method [13, 30] may offer a competitive
multilevel solution. Such a method does not apply to the TV regularization (2).

Our main attention in this paper is focused on developing a fast and optimization-based
multilevel algorithm that can solve the TV regularization and does not involve differentiating
the non-smooth functional. Thus we attempt to generalize our recent work of [8, 9] from Gaussian
noise removal to Poisson noise removal. We remark that one may develop a different variational
model for Poisson noise removal using the Anscombe transformation [2]: y = 24/x + %, where x
is a Poisson distributed random variable and y is a an approximate normal distributed random
variable [25, 22]. However, the variance will be very large after the transformation.

The plan is to review our recently proposed multilevel method [8] for the Gaussian noise

removal for (1) in Section 2. Section 3 presents details of implementation of a multilevel method



for model (2). Numerical results are reported in Section 4, where the advantages of (2) over (1)

and the efficiency of our multilevel method are highlighted.

2 Review of a multilevel method for optimization

We first review the multilevel method proposed in [8] for solving the Gaussian noise removal

problem. The method solves the discretized version of the standard TV model (1):

n—1 n
. 1
LJin Wi(w),Ni(u) =a Z \/(uz',j = ig1)? + (Ui — tir1g)? + 5 Z (wij = zi4)%,  (4)
1,j=1 1,j=1
with a = @/h, h = 1/(n — 1) and z € R®*". For simplicity, we shall assume n = 2F.
Let the standard coarsening be used giving rise to L + 1 levels k = 1 (finest), 2,..., L, L +
1 (coarsest). Denote the dimension of level k by 7 X 7 with 7, = n/2k*1. Consider the

minimization of (4) by the coordinate descent method on the finest level 1:

Given u(®) = (u(o)) = (2,5) with m =0,

173
Solve U(Zn) = argmin,, epJjoe(uiy) fori,j =1,2,....n (5)
Set wm+1) = (UET)) and repeat the above step with m =m + 1
until a prescribed stopping step on m,
where
Noc(Uiy) = a[\/(uz',j - §T1)j)2 + (uig — w2+ \/ (uij —ut™ )2+ (™) —ul™ )2
1

.7
+ \/Uu u 1) 2+(u§?11—“z(;n1),j—1)2} + (Uw zij)%-

For u; ; at the boundary, Neumann’s condition is used, see [8]. Note that each subproblem in
(5) is only one dimensional.

What one may find surprising is that method (5) converges quickly but unfortunately to
some non-stationary solution (i.e. stuck) near the true solution. It turns out that the presence
of local constants in the solution w is responsible for the stuck minimizer—this is related to the
hemi-variateness of u, see [9, 29].

To introduce the multilevel algorithm, it is of interest to rewrite (5) in an equivalent form:

Given ul® = (ul(g)) = (2i5) with m =0,

Solve ¢ = argminceRJloc(uZ(»?) +0), uZ(T;L) = u( ™ 4 ¢ for i ,j=1,2,.

Set u(m+h) = (uz(r?)) and repeat the above step with m =m+1
until a prescribed stopping step on m.

Here each subproblem can be interpreted as finding the best correction constant at the current

(m)
0.

Likewise one may consider a 2 x 2 block of pixels with pixel values denoted by the current

approximate u; ;° on level 1.

approximate u. We propose to look for the best correction constant to update this block so that



the underlying merit functional (relating to all four pixels) achieves a local minimum. One sees
that this idea operates on level 2. If we repeat the idea with larger blocks, we arrive at levels 3
and 4 with respective 4 x 4 and 8 x 8 blocks.

If we write down the above idea in formulae, it may appear complicated but the idea is
simple. On level k, set b =21 my = (i — )b+ 1, mg = ib, £y = (j — )b+ 1, ¢y = jb. Let
¢ = (cij). Then the (i,7)"" computational block (stencil) involving the single constant ¢; ; on

level k can be depicted in terms of pixels of level 1 as follows

Umg—1,L0+1 T Ci—1j+1 | Umy bo+1 T Cij+1  **° Umg o+l T Cijt+1 | Umg+104+1 T Cit1 j+1
Umy—1,6, T Ci—15 Umy by T Cij ot Umyty T Cij Umy+1,6, T Cit1,j
. . (6)
Umy—1,6, t Cim1,5 Um0y + Cig T Umgy G Umy+1,6, T Cit1,j
Umy—1,60-1 T Ci—15-1 | Umy,0—1 F Cij—1 **° Umgty—1 T Cij—1 | Umg+1,6,—1 F Cit+1,5—1

Clearly there is only one unknown constant ¢; ; and we shall obtain a one-dimensional subprob-
lem. After some algebraic manipulation [8, 9], we can rewrite min, ; J(u + Pgc; ;) (with Py an

interpolation operator distributing ¢; ; to a bx b block on level £ as illustrated) as min,, ; G(c;;):

mao—1

2
G CZ,J = o Z \/ CZ?J m1_17£)2 + ,Um171,€ + o Z \/(Cl’] - fUm7£2) + hm 82 +
=t m=msi
lo—1 mo
2
a Z \/ Cij = hma0)? + 02, , +a Z \/(Ci,j —Um-1)® +hif g g+
{=0y m=mi

m
af\/ Ci] Um2€2) + mgfg Z Z(Cmﬁ_zmﬁ)

m=mji {={y

2 mo—1

=a) \/(Cz‘,j —hy 10?05 g, @ Y \/(Cm‘ — Umgy)? + Ry, +
(=01 m=mi
lo—1 mo (7)
ad \/(Cz',j — g )2 F 02, @ Y \/(Cz‘,j — Uy -1)? FhY g F
1=ty m=m;
_ 2 -2 b2 ~ 2
aAV2\/ (¢ij = By 0)? + Py 0y + 5 (€ij = Wij),

where we have used the notation:

my
Zmt = Zmp — Umye, Wi; = mean <Z(m1 mo, {1 : > = b2 E E (m,0),
m=mj1 f={; (8)
Uml = Um+1 — Um0, hm £ = Um—l—l ¢ — U 2

anQ,ZQ +h*m2,£2 Umg Lo — hm2,[2

Vma, by = 2 ) th Lo =

The solution of the above local minimization defines ¢; ;.



The proposed piecewise constants based multilevel method for solving (4) will repeatedly

update (starting from u = z initially)
u=u-+ Pkcl-,j,

across all levels k. Refer to [8, 9, 7.

3 The Poisson noise model and a multilevel method

A commonly-used technique to model Poisson noise is to use an expectation-maximum (EM)
algorithm [3, 15, 14, 16, 18, 17, 23, 24, 11, 19, 20, 33]. Let u;; = u(x;,y;) be the true image
gray level at position (i,7). Then the observation noisy value z; ; of Poisson distribution with

mean u; ; obeys the conditional probability

s s %
n N e Wiyt

P(flu) = T P(fijluiy) = ] ——=

Zi -
ij=1 ij=1 J

Then an EM algorithm to solve max,, P(f|u) is equivalent to

n

m&n Z zi ! —log P(f|u) = Z (u” — z; jlog u”)

i,j=1 i,j=1

The continuous formulation for this data-fitting step is the following for u = u(x, y)

min/ (u—zlogu).
v Jo

Direct reconstruction solution of this problem does not give good quality images as with all

inverse problems. Combined with the TV regularization, the following was proposed in [21]

muin/Q [a\Vu] + (u — zlogu)} , (9)

where it is solved by applying a time-marching method to its Euler-Lagrange equation:

@:v.v“ 1 ou

5 wa gt~ o= =o. (10)

o0N

Our task is to solve (9), instead of (10), using a multilevel method. For this purpose, we

consider the solution of a discretized form of (9):

n—1 n
min J(u), Ju) =a) \/(Um —wiji1)? + (g — wir1 )2+ Y (wij — zijloguiz). (11)
Uu nxn

i,j=1 i,j=1

As before, level k has 75, x 73, blocks with each block having b, = 2*~! pixels. We should remark
that in all of the above equations for the Poisson model we need to impose the constraint

u = max(u,vg) for some small quantity vy (for simplicity assume vy = 1072%).



3.1 Coordinate descent method

For problem (11), the coordinate descent method on the finest level 1 defines the iterations:

Given E )) (uw 53-)) = (%5) with m =0,
Solve w; ;" = argntln)u GRJIOC(UU) fori,j=1,2,...,n (12)
Set (m‘H) = (u/]n ) and repeat the above step with m =m + 1
until a prescribed stopping step on m,
where u; ; > 0 and
Jlloc(uz‘,j) = a[\/(“m‘ ETI)])Q + (uij — “Hlj )? + \/ (uij — uze 1)+ (u §m1)g ung),jJrl)Q

+ \/ (uig — ™ 2+ @7 — T )2 } + (uiy — 2ijloguiy).
As we know, the coordinate descent method alone does not lead to a correctly converged solution
[9, 6]. Next we consider a multilevel algorithm.
3.2 Coarse level problem and solver

Let @ be a current approximate solution. On a general level k, with each block of size b = 2F~1,
assume b < n (otherwise the coarsest level is reached). Define integers my,ma, ¢1, 2 as in the
previous section.

Consider the local minimization on the (i, )" computational block of size b x b:
c;j = argmin,, GRJloc(uW + Pycij) (13)

where Py, is as defined by (7) and

n

Jloc U, 1) Z \/ (e — Um1,0)? + (Ump — U eg1)? + Z (um,g — Zmy log umg)
m,l=1 m,l=1
Term 1: to use formula (7) above Term 2: to simplify further below

The local problem (13) involves one dimensional minimization for ¢; j—we hope to simplify
this formulation. From (6), we know that for the total variation term (Term 1), variable ¢; ; is
only present along 4 sides of the (4, j) computational block as in (7) because for interior nodes,
the ¢; ; cancels out. For the data-fitting term (Term 2), all pixels of the (4, j) block will involve
Cij

n

mo n
Z [(ﬂm7g+PkCi7j)—2m’g log(@m75+PkCi7j)] = b2ci7j Z Z Zm.e log umz + C” Z ﬂmyg.

ml=1 m=mj {={; m =1

Part of Term 2 Elrepending on ¢; j



The above are combined to give the following equivalent minimization min, ; H(c; ;) to (13):

mo—1
H(cij)=a)_ \/(Ci,j — Py 10202, @ Y \/(Cm‘ —Ump)? Hh2
{=01 m=mi
lo—1 mo
@ Z \/ Cij — m2,€)2 + U?ﬂa,ﬁ + o Z \/(Ci’j B Um7g1_1)2 + h%@,&—l + (14)
{=0 m=mi

ma
_ —2
04\/5\/(% ~Timt)? + Py g, +02Ci = Y Z Zm 0 10g (U e + Ci ),
m=mj {={1
where v, ¢, Pun gy Dmy.ty, and A, 4, are defined in (8).
To further put (14) into a more compact form, define ¢ = 2(f2 + mo — my — £1) + 3 =
4b— 1, q2:(52—€1+1)(m2—m1—|—1):b2,

am=a, m=1,...,q1 —1; aqlza\/i

Then paCk all quantities U’ml—l,f? hm,€27 Umz,fy hm7€1—17 Emz,ﬁz and hm1—17€7 Um,f27 hmg,éa Um,h—la
Uy o i (14) respectively into two vectors a = (a,,) and b = (by,). Finally pack elements
Zm 0, Um,¢ in block (4, j) respectively into vectors Z = (Zy,), @ = (Un,). We can represent (14) as

q1

q2
H(cij) = Z amy/ a2, + (cij — bm)? + bQCm' - Z Zm 10g(Upm, + ¢ 5) (15)

m=1 m=1

To solve (15), notice that its first order condition is

oOH u (Cij — bm)am 9 12 Zm
+b° — — = 0. 16
aci»j Zl \/a2 cz,] m)Q mzzjl (Um + Ci:j) ( )

As the second sum in (16) is a high degree polynomial for ¢; ;, one may naturally propose

the Richardson type smoother

a1 C(“‘l) b, q2 _
G Jom +b? — A—iﬁwyzzo, (=0,1,2,.... (17)
m=1 \/agn + (CE? — bm)2 m=1 (Um + Cz])

This smoother converges to the non-stationary solution, as shown in Figure 1 where the vertical
dotted line shows the converged solution (wrong) from using (17).
What we find useful is the following Richardson type smoother

(e+1) (+1) | —
I (e ) = bm)am +Z ij

m=1 \/aﬁl + (Cg? — bm)2 m=1 (Um + Cij

= 0, (=0,1,2,.... (18

3.3 Coarsest level solver

On the coarsest level, we look for the best constant ¢ that can be added to the current solution
. Hence we solve
min TV (4 + ¢) + Z [uij +c—zijlog(a;+¢)] st G;+c>0

ceR —
z’]



Figure 1: Tllustration of the effectiveness of the local smoothers: (17) in vertical dotted lines
(inaccurate) and (18) in vertical solid lines (accurate). Here the top plot shows the curve of
F(c) = J(u+ cez,19) and the bottom of F'(c).

Local functional J'Ze\gl:\](um) = F(c)

Root of  J/o ¢ = F'(c)

| I
coo
® o
T T T 1
TR B |

v @ R

Figure 2: Hlustration of the non-unique solutions on the coarsest level when constraints are not
used. Here the bottom plot shows the curve of F(¢) = J(u + ¢1) with 1 a vector of ones and
the top of F'(c).
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which, because of the Neumann boundary condition, is the same as

min Y [u;; + ¢ — zijlog(i,; + c)] = n*c — Z zijlog(ty; +¢) st U j+c¢>0.
ceR 7 i

Different from the case of the Gaussian denoising [8], the solution to the above problem from
solving
Zi7]

U; i + ¢
iy i T

—n?2=0

is not unique due to multiple roots of the underlying polynomial in ¢, see Figure 2. Fortunately
the constraints ; j +c¢ > 0 can be used to work out an unique solution. In our implementation,
we find such an unique solution from using Newton solver with the particular choice 0 =

max(zm — {Li,j)-



3.4 Local patch constants

Whenever the TV semi-norm is used, the solution will allow local constants. Such local constants
lead to the hemi-variateness of the solution, which may prevent local minimizations reaching the
global minimizer [29, 9]. Practically if the coarse mesh does not match up with such constants
(patches), the solution near such patches may not be correct.

Following [9], we first detect such patches using the current solution u and then design a
special coarse mesh to update each particular constant on a patch. The detection is done by

comparing the neighboring consecutive pixels (i, j;) of pixel (i, 7) i.e.
patch = {(ir, jeo) | |wi,j, — wijl <e} for some small ¢ (usually ¢ = 1073).
Assume, at pixel (7, j), the detected set is
S={(m,0) | mi <m <mg, {1 <L < 1ls}.
Then the local minimization on the S block of size by x by proceeds similarly to (13)
cij = argming, crJ), (Ui + Pscij) (19)

where P; on set S (of size by X by) is defined similarly to Py on a set of size b x b before. That
is, all formulations for updating u on a regular block b x b are applicable to this new block with

only minor changes, e.g. b® will become b;bs.

3.5 Multilevel algorithm

The overall multilevel algorithm proceeds as follows:

Algorithm 1 Given an image z containing Poisson noise, set up L+1 levels and assume u = z

s an initial guess:
1. Let up = u.
2. Smooth the approzimation on the finest level 1, i.e. solve (12) fori,j =1,2,...,n.

3. On coarse levels k =2,3,..., L+ 1:
— compute Z =z —u
— Compute the minimizer ¢ of (14)
— Add the correction, u = u + Pjc.

4. On level k =1, find each patch set S and solve for ¢ (19).
Add each correction uw = u + Psc as with Step 3.

5. If ||u — woll2 is small enough, exit with w = u or return to Step 1.



Complexity. For z € R™" let N = n?,n = 2! [ < L,,. To estimate the complexity of

Algorithm 1, we need to estimate the number of terms in (18) using by, = 21, 7, = N/b%.
Firstly the coefficients a,,, by, in functional H(c; ;) on level k require 4by, flops to compute and

secondly the flop count for s steps of the Richardson smoother is 6sq1 +4g2 = 6s(4b, — 1) + 4sbi.

Hence we can estimate the complexity of one cycle of Algorithm 1 as follows

L+1 L+1

4N 24sN
Z (4bk7k + 68(4bk — 1)Tk + 48()27}) ~ Z <2kl + 216771 + 48N>
k=1 k=1

~ 8N +48sN +4sNlog N ~ O(N log(N)),

which is expected of a multilevel method.
Convergence of the algorithm can be established using the classical theory of local minimiza-
tions (as in [9]), if the local constraint w > 0 is satisfied on all fine levels. It remains to be done

for the general case.

4 Numerical experiments

In this section we present some numerical experiments of the proposed multilevel (ML) Algorithm

1 to demonstrate the followings:
e our new results restore images better than the standard ROF model [31].
e practical performance of our ML algorithm for a range of problems.

Restoration performance is indicated by the mean absolute error (MAE)

1
MAE = MAE(r.u) = — > lrig — il
,J

where r; ; and u; ; denote the pixel values of the restored image and the original image respec-

tively, with u,r € R™*"

. Here we assume z; j,7;;,u;; € [0,255].

Firstly we consider the Poisson denoising problem as shown in the left plot of Figure 3 (as
considered in [21]). With a fixed parameter apyisson = 1/4 (see (11)), we vary the parameter «
for the ROF model in (4) and compare the restoration results of our adopted model and those of
the ROF [31] for Gaussian noise. The results are displayed in Figures 4-5, where one observes

that, although the ROF results are comparable to the Poisson result in terms of MAE values,

i) if a is small, the ROF model respects low gray values more and leaves too much noise near
large gray level values (see zoomed-in locations on the right of Figure 4 and also the top
of the middle plot);

ii) if a is large, the ROF model tends to lose features at low gray values but recovers well

near large gray level values (see zoomed-in locations on the right of Figure 5).
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Figure 3: A Poisson noise problem (z on the left and the true image teyqe¢ On the right.
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Table 1: Restoration errors of ML with 4 cycles for different problems in varying sizes

Problem Size n MAE(r,upr) | Problem Size n. MAE(r, upr)
1 64 7.05 2 64 4.98
128 5.62 128 3.60
256 5.41 256 2.93
512 3.93 512 2.46
1024 3.38 1024 2.08
3 64 14.2 4 64 9.98
128 9.01 128 6.00
256 4.76 256 3.03
512 3.53 512 3.70
1024 3.71 1024 2.25

In contrast, the Poisson model treats noise more proportionally with gray level values. This was
also observed in [21].

Next we consider four more real-life examples with Poisson noise (see the left plots of Figures
6 and 7). We apply our ML algorithm 1 with 4 cycles and display the MAE values of the restored

images in Table 1. Clearly ML restored results (using only 4 multilevel cycles) are of good quality.

5 Conclusions

We have generalized an optimization-based multilevel method previously proposed for the stan-
dard Gaussian denoising model to solve a Poisson denoising model. The main complication with
the non-uniqueness of the coarsest level optimization problem is resolved by making use of the
constraints. Our multilevel method has a nearly optimal complexity O(N log N) and is suitable

for quickly processing large images containing Poisson noise.
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Figure 4: Performance of ROF [31] with a small o = 12.5 for Poisson noise data — data with
large noise compromised.
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Figure 5: Performance of ROF [31] with a large o = 250 for Poisson noise data — data with
small noise compromised.
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Figure 6: Performance of ML for Problems 1 — 2 (left: Poisson noise vs right: restored image).

The restoration quality may be seen from the MAE values: here for Problem 1, M AE(r, z)

8.85, MAE(r,u) = 3.39 and for Problem 2, MAE(r, z) = 7.96, MAE(r,u) = 2.08.
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Figure 7: Performance of ML for Problems 3 — 4 (left: Poisson noise vs right: restored image).
The restoration quality may be seen from the MAE values: here for Problem 3, MAE(r,z) =
8.16, MAE(r,u) = 3.71 and for Problem 4, M AE(r,z) = 8.37, MAE(r,u) = 2.25.
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