New wavelet preconditioner for solving boundary integral equations over nonsmooth boundaries

Stuart C. Hawkins^∗ and Ke Chen^¶ Department of Mathematical Sciences, University of Liverpool, Liverpool, L69 7ZL, UK.

Abstract Matrices obtained by wavelet discretisation of partial differential equations or boundary integral equations (BIEs) are typically sparse with a finger-like sparsity pattern, in contrast to matrices obtained by traditional single scale discretisation, which are dense. In some cases diagonal preconditioning is sufficient, but there are effective preconditioners that can be used when this is not the case. Here we consider the particular case of BIEs whose boundary has a geometrical singularity, and propose a new preconditioning strategy based on permutations of the unknowns. The strategy’s performance is analysed and compared with related techniques for the double layer equation for Laplace’s equation.

Keywords: Preconditioning, continuous wavelet discretisation, boundary integral equation, permutation, geometric singularity.

© Internationa Journal of Computer Mathematics (2004), Vol 81 (2), 353-360.

∗Email: stuarth@liverpool.ac.uk ¶For correspondence, Email: K.Chen@liverpool.ac.uk, Web: http://www.liv.ac.uk/maths/applied/

1 Introduction

Many classes of important partial differential equations defined over the interior or exterior of a particular region can be reformulated into a boundary integral equation (BIE) defined over the boundary of the region. Examples include the Helmholtz equation from wave scattering and Laplace’s equation from potential theory [8]. While the traditional boundary element method using a single scale basis leads to dense matrices, using a wavelet basis will lead to nearly sparse matrices [3, 7, 10, 14]. Although the traditional boundary element method may be combined with the effective (matrix-free) fast multipole method [13, 18], we concentrate here on the wavelet approach, particularly on the iterative solution of the resulting linear system and on the necessary preconditioning.

Solution of a BIE using a traditional single scale boundary element method produces a linear system with a dense matrix having n^2 nonzero entries, where n is the number of unknowns. In contrast, a wavelet method produces a sparse matrix with only O(n log^k n) nonzeros, with k a generic constant depending on the operator and wavelets used. Wavelet discretisation schemes and their convergence have been heavily studied. Beylkin, Coifman and Rokhlin [3] showed that the use of a wavelet basis, in a non-standard form, produces elegantly a sequence of matrices that have many small entries and whose entries decay away from the diagonal. Under a suitable threshold these matrices are sparse. Developments by Dahmen, Kleemann, Prössdorf and Schneider [10], Rathsfeld [16, 17], and Harbrecht and Schneider [14] yield sophisticated wavelet discretisation and compression methods with the key properties: (1) the matrix has O(n log^k n) nonzero entries, for some small integer k; (2) the asymptotic order of convergence of the method is not changed by the compression. Property (1) reduces the cost of matrix vector multiplication when solving the system iteratively. Also, the pattern for the nonzero entries is known in advance so the cost of generating the matrix can be reduced to O(n log^k n), compared with O(n^2) for traditional single scale boundary element methods (without combining with a fast multipole method). Rathsfeld [17], in particular, presents families of biorthogonal trial and test wavelets for use in a Petrov-Galerkin scheme for the double layer BIE formulation for Laplace’s equation on a polygonal boundary.

In this paper we are concerned with preconditioning the linear system obtained with a wavelet discretisation. Norm equivalence results for the wavelet basis mean that there exists a diagonal preconditioner for the linear system that yields a uniformly bounded condition number. This preconditioner would be sufficient in many cases but in practice the condition number can still be large, or irrelevant in the case of highly non-normal matrices because then fast convergence may not be related to good conditioning.

In previous work, involving discrete wavelet transforms, attention was given to preconditioning and various sparse preconditioners were proposed [7, 11, 12]. In particular, Ford and Chen [11] considered a matrix having a region of nonsmoothness. In this context we say, loosely speaking, that a matrix is smooth when nearby entries take similar values. That problem is similar to the one considered here but we propose a different approach and use continuous wavelets. We remark that Cohen and Masson [9] show that the inverse of many wavelet matrices also has a finger pattern, although computing the inverse is not trivial.

When the boundary has points at which it is not smooth, for example a corner, a strong singularity is produced in the kernel of the integral operator and it becomes necessary for the preconditioner to incorporate those entries outside the finger pattern that are produced by the presence of the corner. The theoretical basis comes from the operator splitting as shown in [5, 6]. We focus on the construction of a sparse preconditioner that incorporates the off diagonal fingers and the entries due to the corner by manipulating the sparsity pattern of the matrix using permutations.

In Section 2 we state the double layer BIE formulation for Laplace’s equation and discuss a Petrov-Galerkin solution technique. In Section 3 we briefly describe the biorthogonal wavelet bases used in the Petrov-Galerkin method and then the compression strategy applied to the matrix. In Section 4 we describe the preconditioner, whose effectiveness for boundaries with a corner is demonstrated in Section 5.

2 A Boundary Integral Formulation for Laplace’s Equation

We briefly state the double layer equation, which is our model problem and arises as a BIE formulation for Laplace’s equation [2, 15]. Our method will be applicable to other BIE formulations and equations with a geometric singularity, and generalisations to three dimensional problems are in progress.

Let D ⊆ R^2 be a bounded domain with boundary curve ∂D. Consider Laplace’s equation ∇^2u(p) = 0, p ∈ D (1) with Dirichlet boundary condition u(p) = − 1 2 g(p), p ∈ ∂D. Then (1) can be reformulated [15] ρ(p) − ∫ ∂D K(p, q)ρ(q)dq = g(p), p ∈ ∂D, (2) where u(p) = ∫ ∂D K(p, q)ρ(q)dq with K(p, q) =^1_π^∂_{∂nq} G(p, q) where G(p, q) is the Green’s function for (1), and n_q is the unit outward normal to ∂D at q.

Let γ : R → ∂D be a periodic mapping with period 1. Then, abusing our previous notation, we can write (2) in the form ρ(t) − ∫ [0,1] K(t, s)ρ(s)ds = g(t), t ∈ [0, 1]. (3) For brevity denote by A the operator on the left hand side of (3). We seek a solution of the weak form of (3), that is, we seek ρ ∈ L_2([0, 1]) so that ⟨Aρ, v⟩ = ⟨g, v⟩, ∀v ∈ L_2([0, 1]), (4) where ⟨·, ·⟩ denotes the inner product ⟨u, v⟩ = ∫ [0,1] u(s)v(s)ds. The Petrov-Galerkin solution is obtained by replacing the trial space L_2([0, 1]) by some AV_h ⊆ L_2([0, 1]) and the test space L_2([0, 1]) by some^T V_h ⊆ L_2([0, 1]) in (4) to seek ρ ∈^AV_h so that ⟨Aρ, v⟩ = ⟨g, v⟩, ∀v ∈^T V_h. (5) Writing A_h = ⟨A^AV,^T V⟩, g_h = ⟨g,^T V⟩ where^T V and^AV are bases for^T V_h and^AV_h respectively, yields the linear system A_hρ_h = g_h.

In general the matrix A_h will not be symmetric (or Hermitian in the complex case) because it is obtained using a Petrov-Galerkin method.

3 Wavelet Bases, Matrix Assembly and Compression

In this section we first describe the two wavelet bases used for the Petrov-Galerkin solution of our model equation (3) before discussing how to determine a priori the location of the nonzero entries. The compression strategies that we apply are hybrids of those of Rathsfeld [17] and Petersdorff and Schwab [22]. The trial wavelets have two vanishing moments, that is, they are orthogonal to all polynomials of degree less than 2. The test wavelets have four vanishing moments, that is, they are orthogonal to all polynomials of degree less than 4. First wavelets on R are constructed. These wavelets are then made periodic so that they are suitable for application to (3). The construction is described in detail in [1, 17].

Define the trial mother scaling function and wavelet respectively by Aϕ(t) = max{0, 1 − |t|} Aψ(t) = 1 2 Aϕ(2t) −^Aϕ(2t − 1) + 1 2 Aϕ(2t − 2). Then for level j ≥ 0 and integer k we have

Aψ^j_k(t) = 2^{j/2 A}ψ(2^j t − k), j ≥ 0, Aϕ(t), j = −1, which defines the family of wavelets on R. Periodic wavelets are derived by

Per^Aψ^j_k(t) = ∑ n∈Z Aψ^j_k(t − n).

Denote by δ_0(t) the Dirac distribution, which has the property ∫ f(t)δ_0(t)dt = f(0). Define test mother scaling function and wavelet respectively by Tϕ(t) = δ_0(t), Tψ(t) = − 1 16 Tϕ(2t + 1) + 1 4 Tϕ(2t) − 3 8 Tϕ(2t − 1) + 1 4 Tϕ(2t − 2) − 1 16 Tϕ(2t − 3). Then for level j ≥ 0 and integer k we have

Tψ^j_k(t) = 2^{j/2 T}ψ(2^j t − k), j ≥ 0, Tϕ(t), j = −1.

Let Λ_N = {(j, k) | −1 ≤ j ≤ N, k = 0, . . . , η(j)} for some N > −1, where η(j) = 2^{max{0,j}} is the number of basis functions at level j. The trial space and the test space respectively are defined by

AV = span { Per^Aψ^j_k : (j, k) ∈ Λ_N } ,^T V = span {_T ψ^j_k : (j, k) ∈ Λ_N } . We now consider practical aspects of constructing the Petrov-Galerkin matrix representing the BIE operator A with respect to the wavelet basis. In particular we describe how to efficiently compute the compressed matrix by computing a priori where the nonzero entries will be. Different compression strategies are used for the two boundaries considered.

Let A_Λ be the Petrov Galerkin matrix for A obtained from (5) with^T V_h =^T V and^AV_h =^AV . This matrix is dense, though it has very many small entries that can be discarded. Consider the case where ∂D is an ellipse. We obtain the compressed matrix by applying ( ~A_Λ ) (j,k)(j^′,k^′) = 0, for d_γ (^Aψ^j_k,^Tψ^{j′}_k′ ) > B_{jj}′ , (A_Λ)_{(j,k)(j}′_{,k}′_) , otherwise, (6)

where d_γ (^Aψ^j_k,^Tψ^{j′}_{k′} ) = min p ∈ γ(supp^Aψ^j_k) q ∈ γ(supp^Tψ^{j′}_{k′} ) ‖p − q‖

and B_{jj}′ = c max{2^{−j} , 2^{−j′} } where c is a constant depending on ∂D. This is a simplification of the strategy of Petersdofff and Schwab [21]. Since (6) can be used to compute a priori which entries in A_Λ are to be discarded in ~A_Λ, those entries neeed not be computed at all. This facilitates fast computation of ~A_Λ.

Consider the case where ∂D is a tear drop, whose corner is at γ(0). The corner must be considered in the compression strategy. We obtain the compressed matrix by applying ( ~A_Λ ) (j,k)(j^′,k^′) = 0, for d(^Aψ^j_k,^Tψ^{j′}_{k′} ) > B^1_{jj}′ and^Ad(^Tψ^{j′}_{k′} ) > B^2, (A_Λ)_{(j,k)(j}′_{,k}′_) , otherwise, (7)

where d(^Aψ^j_k,^Tψ^{j′}_{k′} ) = min s ∈ supp^Aψ^j_k t ∈ supp^Tψ^{j′}_{k′} d_{[0,1]}(s, t),

Ad(^Tψ^{j′}_{k′} ) = min_{t∈suppTψj′} k′ d_{[0,1]}(t, 0), with d_{[0,1]}(s, t) = min{|s − t|, |s − t + 1|, |s − t − 1|}. Also B^1_{jj}′ = c^1 max{2^{−j} , 2^{−j′} } and B^2 = c^2 where c^1 and c^2 are constants depending on ∂D. This is a simplification of the strategy of Rathsfeld [17].

4 The Preconditioner

In this section we describe an effective sparse preconditioner for the sparse matrix ~A_Λ arising from our wavelet discretisation. Note that in our previous studies where discrete wavelet transforms are used, obtaining the sparse matrix ~A_Λ is not a cheap process because a dense matrix has to be formed first. Here, as shown, the matrix ~A_Λ is computed directly by integrating wavelet basis functions in a cheaper procedure.

Our idea is to reorder the rows and columns of ~A_Λ so that most of its nonzero entries lie close to the main diagonal or close to the bottom or right hand side of the matrix. Then incorporating only those entries into the preconditioner allows the preconditioner to be effectively inverted by an LU factorisation with minimal fill in. This improves on previous work [7, 11] not only by using continuous wavelets, but also by taking into account the location of any geometric singularities (corner induced non-smooth features), and we expect the new preconditioner to outperform that described in [7].

In contrast to previous work where explicit matrix permutation is carried out, we simply re-order the wavelet basis functions. Observe that the wavelets exhibit a tree structure and that each wavelet has two children. Representing the family of wavelets by a tree and each wavelet by a node in the tree we seek to reorder the wavelets by ordering the nodes in the tree.

Let ∂D have a corner located at γ(z) for z ∈ [0, 1]. Let w be a wavelet and denote by c_w the centre of the support of w. Define a metric on the wavelets by s_z(w) = d_{[0,1]}(c_w, z). If w_i and w_j are wavelets with the same parent and s_z(w_i) ≤ s_z(w_j ), then we say w_i ⪯ w_j . Under ⪯ the tree is organised by proximity to the corner. Define an ordering ⊴ of the wavelets by

1. if w_i ⪯ w_j then the descendants of w_i ⊴ the descendants of w_j .

2. if w_i is an ascendant of w_j then w_i ⊴ w_j.

This is a preorder ordering of the tree [4]. The purpose of Step 1 is to implement the so-called centering idea as in [7], while step 2 takes into account proximity to the singularity.

We summarise our method to compute the new preconditioner as follows:

Algorithm 1

1. Obtain an ordering i_1, i_2, . . . , i_n such that w_{ij} ⊴ w_{ij+1} ;

2. Order the wavelets using the ordering from Step 1 and compute ~A_Λ;

3. The new preconditioner with an arrow type sparsity pattern is obtained from ~A_Λ by retaining the k-diagonal part of ~A_Λ, augmented with the bottom b rows and right b columns of ~A_Λ.

Remark 1 The ordering is easily extended to the case where there are several corners. Replacing the corner z by a set of corners Ω, we define s_Ω(w) = min_{z∈Ω} d_{[0,1]}(c_w, z). The ordering follows on substituting s_Ω for s_z in the discussion above.

5 Numerical Experiments

In this section we present results demonstrating the effectiveness of the new preconditioner for problems where the boundary possesses a corner. We compare the new preconditoner, which for convenience we refer to by STT, with banded preconditioners based on the Per ordering [7] and on no reordering. Two specific boundaries are tested here.

Firstly consider the case where ∂D is a tear drop shape with a corner at γ(0) with internal angle 5π/9. An adaptive wavelet discretisation [17], which uses high level wavelets only close to the corner is used.

Figure 1 (a) shows the number of preconditioned GMRES [19, 20] iterations required to reduce the residual norm by a factor of 10^{−8}. Figure 1 (b) shows the number of preconditioned CGNL [19] iterations required to reduce the residual norm by a factor of 10^{−8}. In both cases the number of iterations are presented as a function of bandwidth. The border width for the STT preconditioner is fixed at 45; smaller values were tested with slightly more iterations observed but the results presented are typical.

(a) (b) Figure 1: Number of iterations plotted against bandwidth for the tear drop (a) GMRES (b) CGNL. The boundary for this problem possesses a corner.

For this problem, where the boundary possesses a corner, the STT preconditioner is more effective than the Per and band preconditioners.

Secondly consider the case where ∂D is the ellipse {(x, y) | x^2/a^2 + y^2/b^2 = 1} where a = 1.1 and b = 1. This boundary is smooth everywhere.

Figure 2 (a) shows the number of preconditioned GMRES [19, 20] iterations required to reduce the residual norm by a factor of 10^{−8}. Figure 2 (b) shows the number of preconditioned CGNL [19] iterations required to reduce the residual norm by a factor of 10^{−8}. As before, in both cases the number of iterations are presented as a function of bandwidth, and the border width for the STT preconditioner is fixed at 45; smaller values were tested with slightly more iterations observed but the results presented are typical.

For this problem, where the boundary is smooth, the band and Per preconditioners are slightly more effective than the STT preconditioner but in all cases the performances are comparable.

6 Conclusions

We have introduced a new preconditioning strategy for finger pattern matrices arising from wavelet discretisation of BIEs with a geometric singularity caused by a corner in the bound-

(a) (b) Figure 2: Number of iterations plotted against bandwidth for the ellipse (a) GMRES (b) CGNL. The boundary for this problem is smooth.

ary. The strategy is based on sparse approximation of the matrix after reordering the basis functions by proximity to the corner. The new preconditioner is shown numerically to be more effective than the Per [7, 11] and band preconditioners. For a problem where the boundary is smooth, the preconditioner is shown numerically to be comparable to the Per [7, 11] and band preconditioners.

References

[1] B. Alpert, G. Beylkin, R. Coifman, and V. Rokhlin. Wavelet-like bases for the fast solution of second-kind integral equations. SIAM J. Sci. Comput., 14:159–184, 1993.

[2] K. E. Atkinson. The Numerical Solution of Integral Equations of the Second Kind. Cambridge University Press, 1997.

[3] G. Beylkin, R. Coifman, and V. Rokhlin. Fast wavelet transforms and numerical algorithms I. Comm. Pure. and Appl. Math., 37:141–183, 1991.

[4] Bernard Carré. Graphs and Networks. Oxford University Press, 1979.

[5] K. Chen. Efficient iterative solution of linear systems from discretizing singular integral equations. Electron. Trans. Numer. Anal., 2:76–91, 1994.

[6] K. Chen. On a class of preconditioning methods for dense linear systems from boundary elements. SIAM J. Sci. Comput., 20:684–698, 1998.

[7] K. Chen. Discrete wavelet transforms accelerated sparse preconditioners for dense boundary element systems. Electronic Transactions on Numerical Analysis, 8:138–153, 1999.

[8] K. Chen and P. J. Harris. Efficient preconditioners for iterative solution of the boundary element equations for the three dimensional Helmholtz equation. Appl. Numer. Math., 36:475–489, 2001.

[9] A. Cohen and R. Masson. Wavelet methods for second-order elliptic problems, preconditioning and adaptivity. SIAM J. Sci. Comput., 21:1006–1026, 1999.

[10] W. Dahmen, B. Kleemann, S. Prössdorf, and R. Schneider. Multiscale methods for the solution of the Helmholtz and Laplace equations. Unknown, 1996.

[11] J. Ford and K. Chen. Wavelet-based preconditioners for dense matrices with non-smooth local features. BIT, 41:282–307, 2001.

[12] J. Ford, K. Chen, and D. Evans. On a recursive Schur preconditioner for iterative solution of a class of dense matrix problems. Int. J. Comput. Math., 80:105–122, 2003.

[13] L. Greengard and V. Rokhlin. A fast algorithm for particle simulations. J. Comput. Phys., 73:325–348, 1987.

[14] H. Harbrecht and R. Schneider. Wavelet Galerkin schemes for 2D-BEM. Technical report, Technischen Universität Chemnitz, 2000.

[15] R. Kress. Linear Integral Equations. Springer-Verlag, 2nd edition, 1999.

[16] A. Rathsfeld. A wavelet algorithm for the solution of the double layer potential equation over polygonal boundaries. Journal of Integral Equations and Applications, 7:47–98, 1995.

[17] A. Rathsfeld. On the stability of piecewise linear wavelet collocation and the solution of the double layer equation over polygonal curves. Technical report, Weierstraß-Institut für Angewandte Analysis und Stochastik, 1997.

[18] V. Rokhlin. Rapid solution of integral equations of classical potential theory. J. Comput.

Phys., 60:197–207, 1983.

[19] Y. Saad. Iterative Methods for Sparse Linear Systems. PWS, 1996.

[20] Y. Saad and M. H. Schultz. GMRES: A generalized minimal residual algorithm for solving nonsymmetric linear systems. SIAM J. Sci. Stat. Comput., 7(3):856–869, July 1986.

[21] T. von Petersdorff and C. Schwab. Wavelet approximations for first kind boundary integral equations on polygons. Technical Report BN-1157, Institute for Physical Science and Technology,University of Maryland, 1994.

[22] T. von Petersdorff and C. Schwab. Fully discrete multiscale BEM. Technical Report 95-08, Seminar fr Angewandte Mathematik, Eidgenssische Technische Hochschule, Zrich, Switzerland, 1995.