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Abstract The total variation semi-norm based model by Rudin-Osher-Fatemi (in
Physica D 60, 259-268, 1992) has been widely used for image denoising due to
its ability to preserve sharp edges. One drawback of this model is the so-called stair-
casing effect that is seen in restoration of smooth images. Recently several models
have been proposed to overcome the problem. The mean curvature-based model by
Zhu and Chan (in SIAM J. Imaging Sci. 5(1), 1-32, 2012) is one such model which
is known to be effective for restoring both smooth and nonsmooth images. It is, how-
ever, extremely challenging to solve efficiently, and the existing methods are slow
or become efficient only with strong assumptions on the formulation; the latter in-
cludes Brito-Chen (SIAM J. Imaging Sci. 3(3), 363-389, 2010) and Tai et al. (SIAM
J. Imaging Sci. 4(1), 313-344, 2011).

Here we propose a new and general numerical algorithm for solving the mean
curvature model which is based on an augmented Lagrangian formulation with a spe-
cial linearised fixed point iteration and a nonlinear multigrid method. The algorithm
improves on Brito-Chen (SIAM J. Imaging Sci. 3(3), 363-389, 2010) and Tai et al.
(SIAM J. Imaging Sci. 4(1), 313-344, 2011). Although the idea of an augmented
Lagrange method has been used in other contexts, both the treatment of the bound-
ary conditions and the subsequent algorithms require careful analysis as standard
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approaches do not work well. After constructing two fixed point methods, we ana-
lyze their smoothing properties and use them for developing a converging multigrid
method. Finally numerical experiments are conducted to illustrate the advantages by
comparing with other related algorithms and to test the effectiveness of the proposed
algorithms.

Keywords Staircasing effect - Denoising - Mean curvature-based model - Fixed
point iteration method - Nonlinear multigrid

Mathematics Subject Classification (2010) 68U10 - 65F10 - 65K10

1 Introduction

The presence of noise in an image is common, often arising from the image formation
process such as image recording or transmission. Denoising is perhaps the most fun-
damental image processing task which has been deeply investigated for many years.
In this paper, we mainly consider a model for removing additive, zero-mean Gaussian
type noise and focus on effective numerical algorithms. Let 2 be a bounded and open
domain in R? (without loss of generality we assume £2 is a square), f the observed
image and u the true image. The degradation model can be expressed as:

fG,y)=ulx,y)+n(x,y), ((,y)ef (1.1

which n is the unknown additive noise (see [8] for an example of other noise models).
It is well-known that u cannot be obtained uniquely from f. Rather, regularisation is
required in order to find an approximation to u, yielding the model

min{](u) = %/ (u— f)2dxdy+xR(u)}, (1.2)
u 2

where the first fitting term ensures that u is close to f, the second term R(u) is a
regularizer designed based on a priori information about #, and A > 0 is a regularisa-
tion parameter. The Total Variation (TV) regularizer R(u) = f o IVu|dxdy proposed
by Rudin, Osher and Fatemi [18] leads to the TV model. The Euler-Lagrange (EL)
equation for (1.2) is

Vu
—AV.——+ - f)=0, (1.3)

|Vl
where the Neumann boundary condition Vu - v = 0 is imposed with v the unit out-
ward normal vector. In practice the term |Vu| is replaced by |Vulg = +/|Vu |2+ B to
avoid division by zero, where B > 0 is a small parameter. This model can preserve
shape edges and contours; for smooth images, however, the TV model produces unde-
sirable staircasing effects in transforming a smooth function into a piecewise constant

function.

In order to remedy this drawback, Blomgren et al. proposed to use a different reg-
ularizer R(u) = [o, |Vu|PV4D dxdy [1] (with 1 < P <2) instead of the TV semi-
norm where P = 1. The split Bregman (SB) iteration has attracted a lot of attention in
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image denoising and deblurring [12, 17]. The fundamental idea is to transform a con-
strained optimization problem to a series of unconstrained problems by introducing
auxiliary variables. In each unconstrained problem, the objective function is defined
by the Bregman distance for a convex functional. This method converges rapidly and
visually reduces the effects of staircasing. The non-local means model by [11, 15]
also provides effective staircase reduction by defining a non-local TV (involving all
first order variations) in a neighborhood of each pixel. Recently many researchers
have turned to higher order models. The total generalized variation (TGV) model [2]
uses a semi-norm defined by a nontrivial mixing of first and second order varia-
tions to improve on the TV model. Here we are concerned with the particular model
using mean curvature as a regularizer, shown to be effective for denoising by Zhu
and Chan [28] and Brito and Chen [4]. The resulting EL partial differential equation
(PDE) is highly nonlinear and of fourth order. The method uses a gradient descent
algorithm and is consequently slow to converge. The stabilization method adopted by
[4] was a major improvement but it has severe limitation in regularising the nonlinear-
ity. Below we first review the mean curvature-based model and the existing numerical
algorithms. Then we present our new algorithm.

The contributions of the paper include the following: (i) our work improves on
Brito-Chen [4] in better treatment of the nonlinearity; (ii) it improves on the staircas-
ing effect of the TV model; (iii) it provides a fast realisation of the mean curvature-
based model; and (iv) it improves on the augmented Lagrangian implementation (AL)
following Tai et al. [20] in restoration quality. Although SB, AL and TGV all outper-
form the TV, the improvements by AL and TGV are more than by the SB while the
TGV is the best of the three methods. The proposed algorithm will perform similarly
to the TGV and slightly better than it in some cases.

Mean curvature-based model The mean curvature-based model of Zhu and Chan
[28] and Lysaker-Osher-Tai [16]

min{](u):%/ (u—f)zdxdy+)L/ @(K)dxdy}, (1.4)
u 2 2

is known to be better than the TV model in image denoising [4, 16, 28], where « (1) is
the mean curvature of the image defined as k (u) =V - (Vu/|Vul). Here @ (k) = K2
or @ (k) = |k| or is a combination of both. Below we take @ (k) = k2, 50 (k) = 2.
Note that in [28] an image is understood as a surface represented by (x, y, z) where
z=u(x,y).In that case x (u) = V - (Vu/+/|Vu|? + 1). Here the more common form
kW) =kgw) =V -(Vu// |Vu|? + B) is adopted [16]. B is a small parameter intro-
duced to mitigate potential instability as | Vu| becomes small. In fact smaller 8 corre-
sponds to stronger nonlinearity and slows down the convergence of many numerical
methods. We are interested in obtaining a numerical algorithm that converges even
for small B; note that previous methods simply do not work for small 8.
The EL equation for (1.4) is the following

v, (VCD/(K) V-V (x)

u SEIE Vu)—l—u—f:O in 2 (1.5)
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with boundary conditions Vu - v =0, x =0 on 92 and v is the unit outward normal
vector. Model (1.4) is equivalent to finding a piecewise smooth surface to approxi-
mate the image surface [28]. It can remove noise efficiently and, at the same time,
maintains corners, edges and grey scale intensity contrast. A time marching (gradient
descent) method [28] can be applied to the parabolic form of (1.5):

du . <V¢/(K) _ Vu- V&' (k)

i Vi S Vu) +u—f (1.6)

with initial condition u (x, y, 0) = f(x, y). This method converges very slowly due to
the stability restrictions on the time step, At ~ O ((Ax)™). An alternative Augmented
Lagrangian method for (1.4) with 8 = 1 was suggested in [29].

Brito-Chen [4] developed two new algorithms for solving (1.5): a stabilized fixed
point method and, based upon this, an efficient nonlinear multigrid (MG) method. In
developing their fixed point method, they found that various fixed point schemes do
not converge. However after a stabilizing term y N is added to both sides of (1.5),
they obtained a converging fixed point method

(k+1) (k+1) (k+1) (k+1) (k)
_le.’j —AV. (DZ(u)i,j (Vu)l-’j ) —+ ui,j = gi,j , 1.7
where
1 Vu-Vveo’
Dl == —’ D2 == 7’;’
|[Vulg |Vu|‘ﬂ

k k k y
g =fij -V (Dl(u)f’;(VCP/);;) - N,

and N =TV(u) =V - (Vu/|Vul) provided that g is large enough (e.g. § > 1072).
This method is called the stabilized fixed point (SFP) method. It has been proven to
be very efficient as a smoother for a nonlinear MG by local Fourier analysis, as long
as B is not too small. It is our intention to develop a new algorithm that does not
impose such a strong assumption on f.

The rest of the paper is organised as follows. Section 2 introduces our iterative
method for solving (1.4) on a single grid. Section 3 uses the developed iterative
method as a smoother for a nonlinear multigrid method. Since previous methods do
not converge for small 8, our tests will focus on cases of small 8. Section 4 gives
numerical experiments, contrasting the performance of the proposed algorithms as
compared to other approaches in the literature. As expected, our method does con-
verge for the mean curvature model with small parameter 8 and it shows some degree
of robustness with respect to the choice of 8.

2 A new iterative method for a mean curvature model
In this section, we present a new augmented Lagrangian method related to the mean
curvature-based model (1.4). As we shall see, though simple and efficient, our new al-

gorithm will be as accurate as [4, 28] and more importantly more robust with respect
to B than [4]. In order to solve (1.4), we change it into a constrained minimization
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problem by introducing a new auxiliary variable w = (w1, @) and by using an oper-
ator splitting technique. The auxiliary variable permits the derivation of a system of
second order PDEs in contrast to the fourth order PDE obtained without the auxiliary
variable.

Then with w, the constrained minimization problem can be expressed as:

min{E(u,a)):[ (u—f)2dxdy+x/ (V-a))zdxdy}
. 2 2

Vu

s.t., w= .
[Vulg

2.1)

The constraint condition can be reformulated as Vu — w|Vu|g = 0, yielding the
quadratic penalty method for (1.4)

min{E(u,w):/ (u—f)zdxdy+A/ (V- w)?dxdy
@ 2 2

+y/ ||Vu—a)|Vu|,g||2dxdy}, 2.2)
2

where || - || denotes L, norm, and X and y are positive regularisation parameters. We
first derive the formal EL equations for (2.2).

2.1 The EL equations

We shall assume the image to be reconstructed is smooth enough, such that u, w €
Whi@2)={ue L'(22): D'u e L'(£2)}, and V - w and Vu are well defined.

Lemma 1 The Euler-Lagrange equations for the functional (2.2) are:

Vu-ow
u—f—yV-(Vu—|Vu|ﬁw——Vu—l—(w-w)Vu):O
|Vulp (2.3)

—y|VulgVu — AV (V - ) + y|Vuljo =0,

where the boundary conditions are V- w =0, Vu -v=0,and w - v =0.

Proof Let v, ¢1, ¢ : R? —> R e CL(£2) (first-order continuous functions). Taking
¢ = (¢1, P2), from (2.2), we have

d
SE(u,w) = d—E(u—i—ev,w—i—eqb)
€

e=0

=i(f (u+ev—f)2dxdy+)\f (V~a)+eV-¢)2dxdy)
de 0 2

e=0

|

=0.

e=0

d
+ y/ | (Vi + Vo) — (@ + €9)|(Vu + Vo) | dxdy
2

I
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We now simplify I, I, respectively as
I =2/ (u—f)vdxdy+2)»f V.-V -¢dxdy
Q Q
:2/ (u—f)vdxdy—ZA/ V(V'a))~¢dxdy+2)L/(V-w)(v-¢)dS
2 Q r

= 2/ (u — fHudxdy — ZX/ V(V-w)-¢pdxdy
9} 2
(after we impose the first boundary condition V - @ = 0) and

I :2)// (VuVv —|Vulgw - Vv — |[Vu|gVu - ¢p)dxdy
2

Vu-Vvu
u

+ (w-w)Vu - Vv)dxdy.
[Vulg

+2y/ (|W|§w.¢— (Vu - )
2

Imposing boundary conditions Vi - v =0 and w - v = 0, Green’s first formula simpli-
fies I as

Vu -
L= —2)// A (Vu — [Vulgw — MVM + (- a))Vu)vdxdy
fe) [Vulg

+2y /Q(|Vu|%a)— |VulgVu) - pdxdy.
Then from I; + I, =0, we obtain the EL equations (2.3). O

Since w = (w1, w2), we can rewrite (2.3) as three coupled partial differential equa-
tions

Vu-w

|Vulg
~yVulpiy = 10x(V - @) +y | Vulfor =0,

u—f—yV~<Vu—|Vu|ﬂw— Vu+(a)~a))Vu)=0,

(2.4)

—y|Vulguy — 13y (V - ) + y|Vulgwr = 0.

Next we briefly discuss the discretisation of (2.4) and then present an efficient
solver.

2.2 Numerical discretization

Without loss of generality, we assume £2 is approximated by a discrete domain £2” =

(i, y)) €2 i =ihe — 12, yj = jhy—1/2, i=1,2,...,m,j =1,2,...,n},

where h,, h, are the mesh sizes in x, y directions respectively, and ul = ulhj =

ul (xi,y j) is the discrete form of u defined on 2" For simplicity we will take m = n,
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hy = hy = h. To approximate the term V - V = (V1) + (V2), at pixel (i, j) for any
V = (Vq, V»), central differences can be used as follows:

(Vl)i+%,j _(Vl)i_%’j (V2)i,j+% _(VZ)i,j—%
h h

(V-V)ij= (2.5)

Partial derivatives in x are given by the central differencing of two adjacent whole
pixels as

(“x)i+%,j = Ujt1,j — Ui j)/ h,
(x); 1 ;= Wiy —ui-1,j)/h,

(a)l)l’_l’j + (0)1),'4_%_,_1,]' - 2(6‘)1),'_,_%’/'
i+3. = h2

0l

(V- o)

(w2)i+1,j+% + (wZ)i,jf% - (wZ)i’j+% - (wZ)H»l,jf%
h? '

Partial derivatives in y are given by the min-mod at two adjacent whole pixels defined
by
. 1 1
(uy),»%,j = min-mod ﬂ(“iJrl,jH —Uitl,j-1), %(ui,ﬁrl —uij-1) ),
. 1 1
(uy)l‘_%,j = min-mod E(“i,/’-&-l — Ui j—1), E(”i—l,]—i—l —ui-1,j-1) ).

Here, as noted in [18], the min-mod functions defined as follows help with recovery
of sharp edges

-1 x<0,
b
min-mod(a, b) = wminﬂm, b)), sen(x)=140 x=0, (26)
1 x> 0.

The values for (uy); j11/2, (uy)i, j+1/2 are obtained similarly and

(@2); ;_1+(@2); i 1., —2w); ;1
i,j—5 iL,jt+7+ i,j+3

WV ), ;1= n2

(wl)i—l-%,j—t-l + (wl)i_%’j - (wl)i+%,j - (wl)i—%,j+l
h? -

Then

Vil = J@h, 02y B,

— 2 2
|Vu|i’j+% = \/(uX)i,j-i-% + (uy)i,j—i-% + 8.
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530 L. Sun, K. Chen

Fig. 1 This is a staggered grid,

u; ; are defined on e-nodes, (i—1,))
. . L]
(w1 )i+%.j are defined on . -
X-nodes and (wy). ., | are (i —1/2,j)
Lj+5
defined on [J-nodes
(i.j—1) (i) (i,j+1)
. ] * @ °
(i,j +1/2) (i, +1/2)
(i +1/2,))
. L ] L ]
(i +1,j)

and the Neumann boundary condition on 952 leads to

Ui,0 =Uui1, Ujn+1 = Uin, uo,j =uit,j, Um+1,j = Um,j-
Finally, the discretization of (2.4) is obtained as
uj, j —)/(V- V)i,j+yV- (|vu|/3w)i,j Zfi,ja (2.7a)

—y(IVulpus), 1 ;= 40c(V @)y 5+ y(|W|§w1)i+%J =0, (2.7b)

_y(|W|ﬂuy)i,j+% — (Vo) 1+ y(qul%wg)i’j_k% =0, (2.7¢)
where V =Vu — (Vu - o/|Vulg)Vu + (o - @) Vu.

In the above equations, we note that at each pixel (i, j), not all of the three un-
knowns are available. In particular, as depicted in Fig. 1, unknowns u; ; are defined
on e-nodes, but (w1)i41,2,; and (w2);,j+1/2 are defined on X-nodes and [-nodes,
respectively. Although average operators can be used to calculate values of w; at
[J-nodes and w; at X-nodes, that is:

(wl)i_‘_%’j + (wl)i+%,j+l + (wl)i_%’j + (wl)i—%,j—}-l

@), 43 = 2 . (2.8)
(@2); i1+ (@2); 1+ (w2), i1+ (@), 1
(w;)H—%’j _ i,j+3 i,j—3 . i+1,j+5 i+l,j—5 7 (2.8b)

these will introduce additional errors and more importantly satisfying the boundary
conditions will be less straightforward. An alternative is to use a staggered grid.

2.3 Discretization on a staggered grid

To maintain coupling between u and w, it is convenient to use a staggered grid system
as shown in Fig. 1. Then in (2.7a)—(2.7c), all three unknown quantities in a compu-
tational box are directly available. Now we consider how to handle the boundary
conditions on the staggered grid.

On the boundaries we have (w1)1-1/2,; = (WDm+1/2,; =0, j=1,2,....n
and (@2)i,1-1/2 = (@2)in+12=0,i=1,2,...,m. The values of (w2)1-1/2,; and
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(w2)m+1/2,j can be obtained from (2.7¢) discretised on points (1 — 1/2, j) and
(m—+1/2, j), thatis

(@) < uy ) (uy ) 4
2:J Vul /i1 luyl )it 1

from

_y(|Vu|uy)i+%’j - X(E)y(V . w))i+%,j + V(|Vu|20)2)i+%yj

=~y (IVuluy +y(IVul*w,) 0, i=0,m

)i—i-%,j i+l

(when [Vu| =0, [Vulg #0, 50 (@2)i+1/2,j = 0). Similarly,
@D 1_1 = (@1); 1 =EL

To find points near the boundaries we apply the exact boundary condition V - v =
0. At the top boundary (i = 1) and bottom boundary (i =m), (@); j+1,2 is obtained
from (2.7¢) using i = 1, m, respectively, instead of from (2.8a). Likewise at the left
and right boundaries, j = 1, n, respectively, (w);+1/2,; is obtained from (2.7b) in-
stead of from (2.8b).

Therefore, the staggered grid system provides us a convenient way of satisfying
the boundary conditions for u, .

2.4 Numerical algorithms on a single grid

We now present two algorithms for solving (2.7a)—(2.7c) on a single grid before de-
scribing their use in the context of a nonlinear multigrid method.

Newton’s method is a natural algorithm to solve nonlinear equations such as
(2.7a)—(2.7¢), but convergence is not assured if starting from the initial guess
u® = f. Unfortunately, experiments demonstrate that a simple fixed point scheme
such as

ul(fc/grl) — (V- V(k+1))i,j +y(V- |Vu<k+1)|ﬁw(k+l))i,j = fij,

_y(|vu(k+l)|ﬂu)(fk+l))i+%,j — A0, (V . w(k+1))i+%,/’

+ y(|Vu(k+1)|%a)§k+l))

—y(|Vu(k+1)|ﬂu§k+”)

i+d =0, 2.9

_ o (k+1)
ij+1 AB},(V w )i,j+%

ij+% =0,

+ y(|vu(k+l)|/23w§k+l))

is neither stable nor convergent (unless g is set large to reduce singularities). Based
on a convexity-splitting idea by Yuille and Rangarajan [26] and Eyre [9, 10], we
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propose instead a stable numerical method for (2.7a)—(2.7¢c) given by
wij—y(V- D(w)VM),-’j = (fD)ij»

2
_y(|Vu|5uy)l.’j+% — A0y (V- "))i,j+% + y(|Vu|ﬁw2)i’j+% =0,
where D(w) = 1+ (w-w),and (f1);,j = fi,j — v (V-(Vu-0/|Vu|g) Vu+|Vulgw); ;.
In order to address linearisation in the nonlinear system (2.10), we consider the fol-
lowing two methods:

(1) The global Gauss-Seidel. By ‘global’, we mean to linearise (2.10) by freezing
all coefficients and right hand side terms at all pixels for outer iteration k, yielding
the linear equations for update k + 1 given by

iy = (V- D) VutD), = (1)
_V(‘V“(k)‘ﬂ“;kﬂ))ﬁ%,j —23:(V - w(k+l))i+%»j

+y([Vu® oY), =0, Q.11
~y(|vu® ‘5“§*k+l))i,j+% —23y(V- “’(kﬂ))i,ﬁ%

+ y(|w(">|§w§"“))i’j+% =0.

The linear equations (2.11) can be solved efficiently by a wide range of linear iterative
methods, such as the Jacobi or Gauss-Seidel methods. Here we use the Gauss-Seidel
(GS) iteration, hence our terminology that this is a ‘global GS* (GGS) method. Let
p denote the inner iteration of the GS solver, then superscript (k, p) denotes outer
iteration k and inner iteration p. The inner iteration update to level p + 1 is given in
matrix form as

s 0 0
FUVulp) s By (VuBR), i
%(|Vu(k)|ﬂ) A %+y(|vu(k)|/23)

ij+3 n? ij+3

(k,p+1)
ui’j
(k,p+1)
w
( l)i+%,j
(k,p+1)
(w2).")
l,]+§

X

(81,
= (82)1'_’_%’]' (2.12)
(g3)i,j+%
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where
_(rk (k) (k,p) (k) (k,p+1) (k) (k,p)
(gl)i,j_(fl) +C 1 uz+1 j+C 1 ul—l J +Ciyj+%ui,j+l
(k) (k p+D)
J’_Cl ],, lj 1
Yiv,® RS (k. p+1) (k.p)
(82),+ ] |VM |l+ j l+1 ] + 1’12 ((CD ) +( ) +1+2’ .
(k (k. p+1) k.p+1 @.13)
\p) P+ (k,p+1)
+ (@), Hr(w).j_% — (@2 )+lj 1)
4 (k) (k p) (k p+1) (k,p)
(g3)l ]+, IVM |l ]+* l j-‘rl + ((0) ) +( )l ]+1+
(k,p) (k,p+1) (k,p)
@DV @) = () ,+1)

(k) (k) (k) (k) _ )y, )
Here §; 7 =1+C;ly p j+Ci 70 . J"‘Cz /+1/2+Cl 12 Ciy1y0,; = D@Oigipa.j/

h?, and C (k)l /2.5 Cl(kj) +1/2 and Ci(,kj)—l /o are defined similarly. Note that when calcu-
(k [7+l) ( )(k ,p+1) ( )(k’P"l‘l) (k,p+1) (k p+1) ( )(k,[?-i-l)

®1)jt172,j0 \@2); 41720 i—1,j Hij—1 ®1)i_1/2,j°
(w2 )Ekl.‘_’ T/lz) and (wz)fi’f jl)l /o are used, hence the use of GS instead of the Jacobi to
describe the process. Algorithm 1 describes the overall GGS solver.

lating u, the updated u;

Remark An alternative approach could be to use a global Jacobi method where
the nonlinear coefficients are frozen globally followed by local Jacobi iterations.
Our tests have shown that while this method works equally well for large g (e.g.
B > 1072), it fails to converge for 8 < 10~2. Therefore if one is content with large
B and parallel implementation is necessary, this global Jacobi method is feasible.
Since our purpose in this paper is to demonstrate the advantages of being able to

Algorithm 1 z;, < GGS (i, w, 1, y, B, & and ¢), where u and w are initial values, A
and y are regularisation parameters, 8 is the stabilizing parameter, £ is the number
of outer iterations and ¢ is the number of inner iterations

1: Initialization: u®, w°, A, y,B,&and ¢.
2: Fork=1toé&

(k) (k) (k) (k) ky. .
3 compute C e Ci_%yj,Ci’H%, Ci,j—% and (f{)i,j,
4 For p =1 to g“
5: Fori=1,. =1,.
6 compute u(k p+ ) , (w ) ,1) and (wz)Fkﬁp-‘l_l) from (2.11).
+2 J L,j+5
! (keng o d(k ) (k+1) (k,) (k+1) (k,)
. + NS +) _ e +1) _ Ns
8wy = ()= (1) 7 (@2), ! —(wz)i’j#
9: end
10: end
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solve the mean curvature model with a small 8, we shall not discuss this method

further.

(2) Local Gauss-Seidel method. As an alternative to the above GGS, we now con-
sider linearising the nonlinear system (2.10) only locally at each pixel. So the frozen
coefficients will be updated in a Gauss-Seidel fashion. We can rewrite (2.7a)—(2.7¢)

as
Nl( l(ngll)’ (@ )(k+1) (w )l(k_J;lJ)_i_%’ u(k+1) (w1 )l(lj_zl)j’
(@2 )(Hl ul(ﬁ-)l J’ (wl)z(]j-)l+ J’ (@ )z(lj-)l j+i ) =0,
Nl o ol )
@)l @0 @) =0,
Na(. ut (o )(k+1) (@ ),Qj,l;Jr%’u(k*‘) ( )l(i+1)J
(e )(Hl t(ljr)l J’ (@) )1(121+ J’ » (@ )z(ljr)l jt+i ) =0.

(2.14)

Then to obtain the three local quantities u(k'H) (w§k+l)),~+1 /s2,j and (a)ng)),-, j+1/2

in the above nonlinear system

Nl( l]
N2( l]
N3( i,j

k—+1,14+1 k+1,14+1 k—+1,14+1
M(+ +)( )(+ +)( )(+ +1)

(k+1 I+1) (@ )(k+11+1) (@ )(k+1 J+1) _“):0

i,j+3

(LD (o )(k+1l+1) ( )(k+1 J+1D) .“):0

z]+

we use a local fixed point method (after a local linearisation), yielding

Si,j 0
FAVu®tPig) 1 d
A

%(W“(k’l’p)w)i,]ur% %

where dr =

@ Springer

Byt d

0 (k.Lp+1)
i .

i | | n®hry ((g)l)”f
hZ i+3.] il GRS
(g3)i,j+%

kil p+1
s (wz)g .+’i )

= By (VPR

(2.15)

(2.16)
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(k,0) (k.1 17) (k) (k, l P) (k+1) (k ) p) (k)
(gl)i,j - (f )z J CH__ t—H J +C 3 u;_ 1,j +C lj+l

C(k A 17) (k+1)

-3 lj 1
_ Yo klp) LD A (k+D) *)
(gZ)i-i-%,j |V” | L%, + h2 (( ) +( ) i+1+4,)
(2.17)
(k) (k+1) (k)
@ @ - 2)i+1,,--%)’
7 (k.l,p) u® (k ) (k)
(g3)i,j+% |Vu |1 /+ lj+l + ((w ) (wZ)i,j—i-l-i-%
(k) (k+1) (k+1)
+(0)1)’.+%’j+1 (wl)i—%,j (@ ) 1+1)

and S; j =1+ Cl(i{/g)j + Cl(kT/l% ;T Cl(k]if}z + Cl(k;rll)/2 This Local Gauss-Seidel
(LGS) method is described in Algorithm 2.

It is shown later that LGS and GGS are convergent on a single grid. We now
consider accelerating the solution of (2.7a)—(2.7c) by using a nonlinear multigrid

method with GGS and LGS as smoothers.

Algorithm 2 z;, < LGS (u,w, A, y, 8, &, ¢ and n), where u and w are initial values,
A and y are regularisation parameters, f is the stabilizing parameter, & is the number
of outer iterations, ¢ is the number of middle iterations (for operator splitting) and n
is the number of inner iterations

1: Initialization: u®, 0°, A, v, B, &, & and n.
2: Fork=1toé&
3 Fori=1,...m,j=1,...n
4: Forl=1to¢
(k1)
5: compute (f;" )i},
6: Forp=1ton
7: compute all coefficients,
8:

compute (u(k LPED (g )(k o p]+1) and (@ )(k LPED from (2.16).
2

9: end

10: l(kjl+1) _ ”z(k,l " (w ﬁ““))l+ ;= (w(k,l’n))ﬁ%,j’ (wy)®HD =
(cz)(/ﬁl,??))l_d__'_l

11: end

2 uf T =ul50, @D = @) L@ = @Y,

13: end, end 2

14: end.
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3 Solution by a nonlinear multigrid algorithm

The aim of this section is to develop a nonlinear multigrid (NMG) algorithm for the
solution of (2.7a)—(2.7¢c). Multigrid (MG) methods [3, 5, 21, 22] have been applied
to many fields of image processing such as restoration, segmentation and registra-
tion. These include high order models [4, 7, 13]. However for a nonlinear problem,
convergence is not automatic and it is essential to construct a suitable smoother.

3.1 The nonlinear multigrid algorithm

A nonlinear multigrid (NMG) algorithm [3, 6, 21, 22] contains three ingredients: an
iterative relaxation method as the smoother, a restriction operator to transfer solu-
tions and residuals from a fine grid to a coarse grid, and an interpolation operator to
interpolate the correction vectors back to a finer grid.

Here denote our coupled system of three nonlinear PDEs from (2.7a)—(2.7¢) by
N (Zh) = gh on a fine grid Q" with size h, that is,

Ni(Z") =gl NA(ZM)=gb.  N3(2")=4, 3.1)

where Z" = (uh, a)’f a)é’) and on the finest grid gh = (flh, 0,0). Assume Z" is an
iteration obtained from applying a suitable smoother. The basic idea is to design an
effective smoother (technique) which efficiently reduces the high frequency compo-
nents of the fine grid errors. Then the coarse grid equation is N2 (Z?") = g?*. A two-
grid full approximation algorithm is shown below in Algorithm 3 (repeated use of the
idea leads to the full NMG). Here R,zlh and Izhh [19] are to be discussed below. The
relationship between the fine grid and the coarse grid is shown as in Fig. 2. There are
three equations u, w1, wy that are applied with Rih and Izhh as transfer operations.

Here we consider GGS and LGS as smoothers. Transfer operations for # on a
standard coarsening of grids are straightforward [3, 4, 21] as shown below.

The restriction operator for a grid function (uh)i,j =u"(x;,y j) at a coarse grid
point (i, j) = (x;, ¥j) € 2% is expressed as:

u2h uh
2h | on

O | =R |21 ]
2h i

(,()2 0)2

Fig. 2 Relationship of the fine I I
grid and coarser grid : }
. [i] . m . I:%] . i
———t—¢ ’—%—[]—%—%%{5{———
. %1 e qm e 'F e
o %
. [:1 o I e [‘r'l e
T T I .
e b e m e D e o
X X
I \
| \
I \
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Algorithm 3 (FAS cycle). Z" < NMG(Z", g", x, y, B, &, &1, &), where Z" and g"
are initial values at the hth level, A and y are regularisation parameters, 8 is the
stabilizing parameter, &y is the number of steps of the coarsest grid, &1 is the number
of steps of presmoothing on the coarser grid and &; is the number of steps of the
postsmoothing on the coarser grid

1: If 2" = is the coarsest grid, solve (2.10) accurately by using Algorithm 1 or
Algorithm 2 do & steps and return. Else continue the following step.
Presmoothing: Do £/ steps of Z" <— LGS or GGS (2", g", 1, v, B).

Restriction to the coarse grid, Z%" < R Z".

Set the initial solution for the next level Z%" < Z".

Compute the new right-hand side

gZh (_Rih(gh _ Nh(Zh)) +N2h(22h),

Implement (Z2") <~ NMG(Z?", g*" %, v, B, &0, &1, &2).

7: Add residual correction, Z" < Z" + I, (22" — Z?1).

8: Postsmoothing: do & steps of (Z") < LGS or GGS (Z", g, i, y, B).

4

where

”:2;} = [“gi—l,zj—l + ugi—l,Zj + ugi,Zj—l + “gi.Zj]/“"

(w%h)i,j = [(w}ll)Zifl,ijl + (wi’)Zifl 2 T 2(“’]11)21‘,2;71
+2(w?)2i,2j +(“)]11)2l+1 2j ( )21+1 2j— 1]/8

(w%h)i,j = [(wg)Zi—l,Zj—l +( )2, 2j-1 (w )2i—1,2j

+2(‘“3)2;,2J‘ + (wg)zl 2j+1 (“) )21 1 2/+1]/8

Similarly the interpolation operator for the staggered grid discretisation is ex-
pressed as

uh u2h
h h 2h

wl = o a)l y
h 2h

) )

with
h 2
u2i,2j = [9 +3( Uiy, j +ul j+1) +ut+l j+1]/16’
h 2 2
Upiy1,2j = [9”z+1 j +3(u uj; +”z+1 /+1) +u; }+1]/16’
h
Upinjtl = [9”1 41 +3(u}) i +“z+1 ]+1) +”z+1 ]]/167

ugi+l,2j+l [9“z+1 j+l +3( Uiy +u; j+1) +“ ]/16;
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(@)1, ,

(@1)212j11 = [3(@1); 11 14

(@1) 11,25 = B@h); ; +3(@)iyj + (@), gy + (@141 5 l/8

(@) 1,241 = [(@1); ;4 (@1) 15 +3(@1); 1 +3(@1) 40,51 1/8:
and

(@5)5127 = [3(@2);.; + (@2)0 ;174

(@) i 41 2j = [(‘03) +3(‘”2);+1 174

(@5) 212711 = [3(@5), ; +3(h); 1+ (@5) 1y + (@3)i 11178,

(@5) 212751 = [@2); +(@3); 1 +3(00) 11 +3(05) 00 1 /8-

3.2 Local Fourier analysis

Although we have decided to use GGS and LGS as smoothers, their smoothing prop-
erties which crucially determine the convergence of the underlying MG algorithm
are as yet unknown. The most useful tool for analyzing the smoothing property of a
smoother is the Local Fourier Analysis (LFA). As remarked in [21, 23, 24], one needs
to freeze the nonlinear coefﬁcients. Define the error functions e’l‘ =i — uk, elz‘ =
w] — a)l, and eg =wy — a)2 where (u, w1, wy) are the true solutions of (2.10), and
(uk wl, ) are the results at the kth step of the GS iteration. Then the local error
functions can be expanded in a Fourier representation as follows:

’ 91Xi+92>'j
[elf]i,j = Z 901 P
¢2:—§
: O1%iqp12102y)
[elﬁ]i+1/2,j = Z [@lz(]m,(pzel g ) (3.2)
b1,.92=—7%

n

2 01%i+02yj+1/2

[elg]i,j+l/2: Z [¢§]¢1,¢zei " )

—_n
d1.2=—7%

where 6 = (01,6,) € ® = [—n,n)z, 01 =2np1/n, 6 =2m¢y/n, and i = /—1.
Then the local amplification matrix M(¢1, ¢») is given by:

k, 1 k,

[(,01( - )]¢1 [q)} p)]¢1,¢2
k,p+1 k,

W57 g0 [ =M@1.02) | 16515100 | - (33)
(k,p+1) (k,p)

[(P3 7 Ig1.¢ [¢3 P I1.¢
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with the smoothing rate for this nonlinear framework defined as the spectral ra-
dius at (i, j), Wi ; = maxy, 4, 0(M(¢1, ¢2)) in the high frequency range (¢1, ¢) €
[—n/2,n/2]\[—n/4, n/4]. The overall rate for one iteration is

p=maxW; ;. 3.4)
i

LFA for the GGS method 1t is useful to rewrite the GGS iteration with respect to a
difference stencil representation. Specifically,

0 _Ci(k)l j 0 0 0 (19)
~1
_CFk? 1 Si(k') 0| u®rth = (flk)i,j + 0 0 C,-,H% u&:p)
L]—7 " 0 C(k) 0
0 0 0 i+l

for the first equation of (2.11);

0 0 0 0 -z 0
0 FIVu®l 1 0 furthp o fl—é+ylvu<k>|f+%7j 0 | (w)®r*D
0 0 0 0 0 0
0 0 O
F|-Z B of@yrrty
200
0 0 0 0O 0 O
=10 0 0|u®P 410 0 0 (w)*»
0 %|Vu(k)|i+%,j 0 0 i—)g 0
0O 0 O
+10 0 0] (wy)®r
0 i—é 0

for the second equation of (2.11); and

0 0 0 0 -% 0
0 %qu(k)|”+% 0 u(k,P+1)+ 0 i_)i 0 ((1)1)<kp+1)
0 0 0 0 0 0
0 0 0
b =2 24y vu®PR 0| (ks
Wt
0 0 0
00 0 00 -%
=0 0 Fvu®p o lu®P 410 0 L | (@)
00 0 00 0
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(@)

o O O
[
=

0
+10
0

for the third equation of (2.12). To find M; ;(¢), we substitute these relations into the
local error functions (3.2), yielding

M; j(é1, P2)
. . -1
S8, e o 0
7] ij
= %Wu(k)li_,_%J 52 }?—2(1 — e7102 4 (i01=62))
FIVa®, 51— ) 5
C(k) 191 + C(k) le 0, 0 0
1+2 j i,j+3
Y (k) i0; A L0 2 L0 |,
RVl e 2 € n2¢
Y k 9 A (00 i(0,—0 YA 7
|Vu( )|[j+ 2 h_z(elz_el(z 1) h_zelz

where s, = % + y|Vu(k)|l_2+%’j — }f‘—ze_iel, §3 = Z—;‘ + y|Vu(k)|ij+% — hize_iez.

LFA for the LGS method From (2.14)—(2.17), we know that the difference between
LGS and GGS is the updating of the coefficients and the right hand side terms. Thus
M;, ;(¢) for LGS is given by

M; j(é1, ¢2)
5] 0 0 -1
_ %|vu(p)|i+%,j % 4 V|Vu(p)|i2+%,j _ h%e—iﬁl ;_2(1 — o702 i01—62)y
%'V”(mh.ﬁ% h%(l — 1) % + 7/|Vu(p)|i2’j+% _ hizfm
C.(p)1 A0 4 C(k) eiez 0 0
i+3, j J+2

%|Vu(1’)|i+%’jei6| 2_zei6| hk_zeiel ,

%|VM(P)|i’j+%ei92 h%(eiﬂz — (i02—0) hizeiez
where 5| = S(p) Cl(f)l/ e 10— C(p) e 0,

To give an 1nd1cat10n of the effecnveness of the above GGS and LGS smoothers,
we take the left image in Fig. 3 as an example and compute the smoothing rate p for
B= 104, where scattered points denote W; ; > 0.95. From Fig. 3, we note that there
are fewer scattered points for LGS than for GGS, implying that a LGS smoother is
better than the GGS smoother. We also note that all dots appear in plain areas without
edges. In Table 1, we compute rates with different values of 8 and observe that for
B > 1073 GGS and LGS are reasonably effective smoothers. However for 8 < 1074,
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Fig. 3 Example of the behavior of the smoothing rate p when 8 = le — 4. On the left the denoised image
after one MG step, in the middle the smoothing rate using GGS and on the right the smoothing rate using
LGS. The red points indicate the points where W; ; > 0.96 (Color figure online)

Table 1 The value of p from

(3.4) for different 8 and an noise level value of p for GGS p for LGS
image of size 64 x 64
5 % noise B=le—-2 0.4761 0.4772
B=1le—-3 0.7164 0.7163
B=le—4 0.9629 0.9628

they become less effective, e.g. when g = 10~ with noise level of 5 %, o =0.9629
which implies that one needs 20 iterations to reduce a high frequency error by 0.4695
since 0.9629%° & 0.4695. Although the evidence from the LFA suggests that LGS
is better than GGS, one may see that the smoothing rate indicated by p does not
completely describe the overall efficiency of the smoother in this context.

To provide further evidence, we define an accumulated smoothing rate that takes
care of the nonlinearity of the underlying equations. Let the usual rate matrix at itera-
tion £ be W© and the usual smoothing rate at iteration £ be py = max; Wé?. Then
the accumulated smoothing rate after & iterations will be

Sk — r]?’g}x(1\4;’;)”,)1.’1. (3.5)
where Mgﬁ.i.u = l.(l.) Wi(i.) e Wi(]}). Here our assumption is that the location of the
maximum of each’ Pe problem’is not necessarily fixed at the same place. Then
Rl < p1pa ... pr serves as a better indicator of smoothing efficiency for a nonlin-
ear problem with coefficients depending on (i, j).

From Tables 2, 3, one observes that the accumulated rate p by (3.5) is relatively
smaller for all 8 than the traditional rate p by (3.4). This suggests that our new
smoothers will be efficient for solving our model by a NMG.

4 Numerical results

In this section, the primary aim is to illustrate the effectiveness of our new Algo-
rithm 2 and show that it is the best among existing implementations for the mean
curvature based denoising model (1.4). A secondary aim is to compare with other
models that were also proposed to reduce the staircasing effect of the total variation
model [18] and thus to assess the competitiveness of Algorithm 2 in a wider context.
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Table 2 Comparison of p, p for GGS with different g for an image of 64 x 64 and noise level of 5 %

B m o, 2 B 4 ps !

1072 04683 04683 05287 02476 0.5226 0.1279 05210 0.0665 0.5218 0.0347
1073 0.6883 0.6883 0.6883 0.4736 0.6883 0.3260 0.6883 0.2244 0.6883 0.1544
1074 09578 09578 0.9580 009173 0.9580 0.8787 0.9580 0.8418 0.9580 0.8065

Table 3 Comparison of p, p for LGS with different g for an image of 64 x 64 and noise level of 5 %

g AN, P2 s B P s BB

1072 0.4920 04920 05315 02564 05492 0.1395 05604 0.0782 05641 0.0441
1073 0.6921 0.6921 0.6922 04791 0.6922 03316 0.6922 02295 0.6922 0.1588
1074 09586 0.9586 0.9586 0.9189 0.9586 0.8808 0.9586 0.8443 0.9586 0.8093

However it must be said that comparing different models with varying parameters
cannot be done without using some heuristics for choosing feasible and non-optimal
parameters; such conclusions are for reference only and taken with caution.

To measure the quality of the restored images, the relative residual, Signal-to-
Noise Ratio (SNR) [18] and the peak Signal-to-Noise Ratio (PSNR) [5] are used.
They are respectively defined by:

Nz _
ReRes = ”Z()7g||27
INz” — gll2
lu— umean”% 2552
SNR = 1010g10(7~2) and PSNR = 1010g10<1~72>,
llu — ull3 o it — ull3

where u and & are the true image and the restored image respectively, and ueqn
is the mean value of the original image. Higher SNR/PSNR values indicate a better
restoration. Of course, in a real life situation, the latter measures are not possible
when u is not known. The initial values are set to be the observed image, that is u° =
foo=Vu®/|Vu?| g- The methods to be tested and compared are listed in Table 4.
The AL method introduced in [20, 25, 29] can be adopted here to solve (1.4)

. 1 2
mmf(u,m,n,p;kl,kz,la)=—/(u—f) +A/ @(V-n)
2J)a Q
+V1f(lpl—m-p)+/ A1(lpl —m-p)
2 22

+£f|p—Vu|2+/Xz~(p—Vu)
2 Jo 2

+ﬁ/ |m—n|2+/ A3 - (m—n) 48 (m),
2 Jo Q
@.1)
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Table 4 Test methods for numerical experiments

Method full name parameters
AL The AL Method [20] A V1 V2, V3
TV Rudin-Osher-Fatemi [18] A B

TGV Total Generalized Variation [2] o, o

SB Split Bregman [12] i

MG Stabilized smoother based MG method of Brito-Chen [4] rYL B
NMG1 NMG of Sect. 4 with GGS smoother A Y, B
NMG2 NMG of Sect. 4 with LGS smoother AV, B

where 84 (m) denotes a characteristic function

0 mecZ%,
+00 otherwise,

S (m) = {

for other details; see [14].

Parameter settings Table 4 has indicated the parameters involved in each model.
Although it is a challenging or impossible task to obtain the optimal choices (except
for the TV case [27]), numerical tests can be used to establish the operational ranges
for a practical but non-optimal choice. Below are the specific ranges and choices for
our tests (except when stated otherwise):

1. AL: Xpax = 1, Amin = 0.001, (¥1)max = 100, (¥1)min = 0.1, y» =0.05, y3 =
0.05.

2. TV: Amax = 1, Appin = 0.001.

3. SB: ttmax = 1. tmin = 0.001.

4. MG: Apax = 1, Apin = 0.001, yax = 1000, ypaxr = 100; €9 =300 and &) =&, =

10.

TGV: (@0)max =1, (@0)min = 0.001, (a1) =1, Appax = 1, Apin = 0.001.

6. NMGI1 and NMG2: Apax = 1, Apin = 0.001, yax = 100, Ypmax = 0.1; & = 300
and %‘1 = Sz =10.

e

These heuristically obtained choices give relatively good results for each model. For
other examples or improvement, fine tuning might be needed. However, since the
primary purpose of this paper is to present a new method for solving model (1.4) for
a small 8, further fine tuning of other parameters is a secondary concern. All the tests
are stopped when ReRes < 1073,

4.1 Comparisons with two previous methods for model (1.4)
No fast solvers existed for (1.4) before the work of [4] i.e. MG. This MG and the
method AL are the two viable methods to be compared with our new algorithms

NMGI1 and NGM2. Two specific comparisons are for sensitivity of A and 8. Other
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parameters (shown below) are taken from their feasible ranges as given above. As the
same model is solved, it is natural that we use the regularisation parameter A in all
tests.

M- dependence test  We first compare the sensitivity of all four methods with respect
to varying the regularisation parameter A. The test image used is the “triangle” image
of size 256 x 256. In Table 5, we compare the restoration quality (via SNR and PSNR)
and efficiency (va ‘Iteration steps’ and ‘CPU”) of all methods. There, y is taken as 100
and B is taken as 1072 in all cases. For the AL algorithm, y; = 100, y» = y3 = 0.005
are taken. Usually, the regularisation parameter A needs to be increased as the level
of noise gets higher. From this table, one can see that, at the same level of noise, both
our new algorithms NMG1/2 and MG perform similarly, and AL is the worst in A
sensitivity. Evidently NMG1 performed better than NMG2.

Table 5 A-sensitivity . . .
comparison using the “triangle” parameter A method  SNR PSNR  iteration  CPU time

image of size 256 x 256 with

varying A and other fixed A=0.1 AL 30.31  38.05 133 4

parameters, the standard MG 30.39 38.11 2 51
deviation of noise o = 10

NMGI 32.03 39.78 2 16

NMG2  31.68 39.42 2 49

A=0.01 AL 17.48  28.22 236 25

MG 32.68  40.43 2 51

NMG1 32.11  39.85 2 16

NMG2 3198 39.72 2 49

A =0.001 AL 1247  20.28 130 16

MG 27.16  34.90 2 51

NMG1 29.16  36.90 3 32

NMG2 3029 38.03 2 49

Table 6 S-sensitivity
comparison using the “peppers” parameter 8  method SNR PSNR iteration  CPU time

test image with size 256 x 256,

varying 3, other parameters p=1 MG 22.05 3032 2 49
ﬁxedi gnd the standard deviation NMGI 2117  29.44 ) 16
o=
NMG2 21.16 2943 1 28
B=10"2 MG 26.76  35.03 2 49
NMG1 2724 3551 2 16
NMG2 2723 3550 1 28
B = 1074 MG * * * *
NMG1 2755 3581 3 23
NMG2 27.54 3581 4 137
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Table 7 Performance of

NMG1/2 for a “triangle” image method S nxn SNR PSNR MG cycles CPU
A =0.01 and y = 10. Here we
list results of SNR and PSNR NMGI 1072 128x 128 26.14 37.68 3 8
with different g, the standard 256 x 256 30.97 3872 3 23
deviation o = 10 512x 512 31.52 3927 1 33
1024 x 1024 31.62 3936 1 131
NMGI 1074 128x 128 27.85 3823 6 17
256 x 256 33.75 4150 5 38
512 x 512 36.62 4436 5 138
1024 x 1024  38.03 45.78 3 355
NMG2 1072 128 x 128 2521 3295 2 13
256 x 256 31.23 3898 1 27
512 x 512 31.74 3948 1 112
1024 x 1024 31.84 39.59 1 446
NMG2 1074 128 x 128 2533 33.07 3 18
256 x 256 33.65 4146 2 49
512 x 512 35.55 4329 2 199
1024 x 1024  38.01 45.73 1 446
Original image Noisy image. PSNR=34.18
200
150
100
50
0
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BN
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AKX XKEE NS
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XN
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Fig. 4 The “hemi-sphere” test image: (a) the original image; (b) the noisy image with the standard devi-
ation o = 5; (¢) surface plot of (a); (d) surface plot of (b)

@ Springer



546 L. Sun, K. Chen

B-dependence test 'We next compare the sensitivity of three methods with respect
to varying the stabilizing parameter §. We do not include the AL algorithm since
it does not involve the parameter 8 and it is not as good as MG as known from Ta-
ble 5. As mentioned in the introduction, the method MG does not work for g < 1072,
Hence this set of tests has 2 purposes: (i) comparison of performances of NMG1/2
against MG for B > 1072; (ii) comparison of convergence of NMG1/2 for g < 1072,
Therefore, this second test is our top priority and the first S-sensitivity test is a lesser
concern as the main competitor MG dos not even work for 8 < 1072,

The test image used is the “peppers” image of size 256 x 256 (as in [4]). The sta-
bilizing parameter 8 varies from 1 to 1074, Here A = 0.01 is fixed in all algorithms,
y =100 in the MG and y = 2 in the NMG1 and NMG2. The numerical results are
shown in Table 6, where ‘*’ means no convergence. From Table 6, evidently, our new
algorithms NMG1/2 perform well for 8 = 10~* (and also for even smaller 8). From
this table, when the other parameters are fixed, we gets more better quality of recov-
ery as B gets small, but the cost increases due to increased nonlinearity. Thus we can
conclude that our new algorithms still converge for small S.

Table 7 shows some test results with varying the sizes of the “triangle” image,
in order to further compare the efficiency of NMGI1 and NMG2 where A = 0.01
and y = 10 are fixed for all tests. From the Table 7, one can see although NMG2

TV. PSNR=40.44 SB. PSNR=40.49

TGV. PSNR=45.07 NMG1. PSNR=45.08

200

Fig. 5 Mesh plots of magnified regions. (a) restoration by TV; (b) by SB; (¢) by TGV; (d) by NMG1
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Table 8 Comparison of performance of staircasing reduction methods for three test images

image noise method PSNR parameters
“hemi-sphere” o=5 TV 40.44 2=0.13,8= 1073
SB 40.49 n=0.13
TGV 45.07 A=0.1,09=350a;=1
NMGl 45.08 A =0.008,y =19, =107
“triangle” o=10 TV 37.37 A=0.1,=107
SB 37.40 nw=0.1
TGV 38.74 A=0.06,00 =08, a1 =1
NMGI1 38.37 A=0.002,y=5p8=10"%
“pepper”’ o=15 TV 34.99 1 =0.06, B =107
SB 35.08 n=0.07
TGV 35.32 A=0.04,00=08,a; =1
NMGI 35.55 A=0.007,y =8, =104
TV SB

30 10

(©

250

200

150

100

30 10

(@

Fig. 6 Mesh plots of magnified regions. (a) restoration by TV; (b) by SB; (¢) by TGV; (d) by NMG1
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norm(l-TV)=18.11, norm(I-SB)=17.84 on line 20

T 5 T T
150 - — true |
/\\ —ly
/ N\ SB
N

50 - / AN B

()

150 - — true
— T\/

NMG1

100 -

50~

=4 1 1 1 1 1 1
0 10 20 30 40 50 60
(b)

Fig. 7 Comparison results plotted along a line: (a) the TV model; (b) higher order models

sometimes achieves better quality than NMG1, the convergence speed is slower as
the size of image gets larger. So here NMGl is our recommended solver for the mean
curvature- based model (1.4).

4.2 Comparisons of model (1.4) with three other models

We finally compare our recommended NMG1 algorithm with the TV, the SB and the
TGYV; the latter two have staircasing reduction capability and they are known to per-
form better than the TV. The test images taken are a synthetic semi-hemisphere image
(Fig. 4), anon-smooth image (Fig. 8) and a natural image (Fig. 11) contaminated with
Gaussian noise of different standard deviations o'.

In Table 8, we show results for the four algorithms for all test images.

— In Fig. 5, we present surface plots of the restored results. For clear visual inspec-
tion, we show in Fig. 6 zoomed plots of one small surface region from Fig. 5. In
Fig. 7, we compare four restored results along a line.
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Original image Noisy image. PSNR=28.10
20
40
60
80
100
120 120
2‘0 40 éO éO 160 1 éO éO 40 60 80 100 120
(2) (b)

Fig. 8 The “triangle” test image: (a) the original image; (b) the noisy image with the standard deviation
o=10

TV. PSNR=37.37 SB. PSNR=37.40
20
40
60
80
100
120 1 120
20 40 60 8 100 120 20 40 60 8 100 120
(a) (b)
TGV. PSNR=38.74 NMG1. PSNR=38.37
20
40
60
80
100
120 1 120
20 40 60 80 100 120 20 40 60 80 100 120
(©) (d)

Fig. 9 Comparison of restoration: (a) by TV; (b) by SB; (¢) by TGV; (d) by NMGl1

— From Fig. 8 to Fig. 13, we show the performance of the “triangle” image and
“pepper” image. We can see TGV and NMGI] efficiently reduce the staircas-
ing effects both on smooth and non-smooth images, as illustrated in Figs. 10
and 13.
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norm(1-TV)=39.91, norm(I-SB)=38.90 on line 40

200 B
150 - ——— f{rye ]

——— TGV
100 L e NMGT ||
50 B
of H ]

! ! 1 ! ! !

20 40 60 80 100 120

(@)
norm(I-TGV)=30.05, norm(I-NMG1)=30.77 on line 40

T
250 ' =

200 - b
150 - — trye B
TGV
100 s NMG1 |
50 [ b
°L W ]
I I I I I I
20 40 60 80 100 120

(b)

Fig. 10 Comparison results along a line: (a) the TV model; (b) the higher order models

From Table 8 and Fig. 5-13, one can see that

— TGV/NMGI1/SB are better than the TV as expected and NMGI1/TGV give much
better quality restorations than SB;

— both NMG1 and TGV can avoid undesirable staircasing effects and remove noise
effectively;

— Our NMG1 produces a restoration quality comparable to that of the TGV.

4.3 Conclusions

In this paper we proposed a new solution method for solving the mean curvature-
based model for image denoising using an AL formulation. Two stabilized fixed
points algorithms (global GS and local GS) are developed and analyzed as suitable
smoothers for a nonlinear multigrid method. Instead of using the usual Neumann
boundary conditions, we derived and implemented the precise boundary conditions
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Original image. Noisy image. PSNR=24.58

50
100
150
200
250 "

50 100 150 200 250 50 100 150 200 250
(@) (b)

Fig. 11 The “pepper” test images: (a) the original image; (b) the noisy image with the standard deviation
o=15

TV. PSNR=34.99 SB. PSNR=35.08
50
100
150
200
250 ¢ -
50 100 150 200 250 50 100 150 200 250
(a) (b)
TGV. PSNR=35.32 NMG1. PSNR=35.55

50 100 150 200 250 50 100 150 200 250

() (d)

Fig. 12 Comparison of restoration: (a) by TV; (b) by SB; (¢) by TGV; (d) by NMG1

using staggered grids and locally coupled iterative solvers. Numerical results have
shown that the new algorithm can deliver better quality of restoration than the previ-
ously fast method [4], use less regularisation of the nonlinearity and obtain a compa-
rable restoration quality to the TGV model [2].
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norm(I-TV)=65.09, norm(I-SB) =63.77 on line 200.

T T
220 - — true
—— T\/

200 - —— SB ]

180 -

160 -

140 -

100 -

80 -

50 100 150 200 250
(@)

norm(I-TGV)=57.92, norm(I-NMG1)=52.63 on line 200

T T T
220 - N — tryc
200 |- — TGV B
s NMGH1
180 - b
160 b
140 - i
120 - b
100 b
80 - b
1 1 1
50 100 150 200 250
(b)
Fig. 13 Comparison results along a line: (a) the TV model; (b) higher order models
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