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On a Variational Model for Selective Image Segmentation
of Features with Infinite Perimeter
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Abstract Variational models provide reliable formulation for segmentation of features and
their boundaries in an image, following the seminal work of Mumford-Shah (1989, Commun.
Pure Appl. Math.) on dividing a general surface into piecewise smooth sub-surfaces. A cen-
tral idea of models based on this work is to minimize the length of feature’s boundaries (i.e.,
H!' Hausdorff measure). However there exist problems with irregular and oscillatory object
boundaries, where minimizing such a length is not appropriate, as noted by Barchiesi et al.
(2010, SIAM J. Multiscale Model. Simu.) who proposed to miminize £* Lebesgue measure of
the y-neighborhood of the boundaries. This paper presents a dual level set selective segmen-
tation model based on Barchiesi et al. (2010) to automatically select a local feature instead of
all global features. Our model uses two level set functions: a global level set which segments
all boundaries, and the local level set which evolves and finds the boundary of the object
closest to the geometric constraints. Using real life images with oscillatory boundaries, we
show qualitative results demonstrating the effectiveness of the proposed method.
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1. Introduction

In the literature, a large variety of models and algorithms has been extensively proposed
and successfully applied to image segmentation, which is a process of extracting the boundaries
from a given image. Variational techniques [8,27,30] prove to be very efficient for extracting
homogenous areas and segmenting a given image compared with other models such as statistical
methods [12,13,42] or wavelet techniques [16, 24, 35].

The idea of boundary detection by minimizing a functional of a piecewise smooth repre-
sentation of the image, introduced by Mumford and Shah [27], is widely adopted and used in
different variational frameworks such as [1,4,6-8,10, 11, 14, 20]. Among the variety of techniques
including region growing [1,44], edge detection and active contours [9,17], image thresholding
[22, 33] etc., the active contour has several advantages in that it is very easy and straightfor-
ward to implement, implicitly includes the computation of curvatures, and has a parameter that

controls the smoothness of the results. Active contour methods can be classified as edge-based
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[6,17,23,31, 36,43] and region based models [9, 19, 20, 34]. Edge-based models are helped by the
image gradient to stop the contour on the boundaries of the desired object while region-based
methods utilize the image statistical information to construct constrains. Region-based meth-
ods are successful in cases of weak boundaries or even without boundaries. Variational level-set
based segmentation methods distinguish all objects in an image foreground from its background.
Such tasks, still remaining challenging for multiphases [37], have been deeply investigated by
many researchers. In operational applications requiring selection such as medical imaging of a
particular organ or CCTV monitoring of a subject, the commonly known models are not capable
of doing such a selection task. The main challenge in a selective image segmentation problem
is how to differentiate one feature from another similar (or nearby) feature or to avoid selecting
spurious features. This challenging task of selecting one feature/object among the others leads
to a new and challenging task of selective segmentation, which will be extracting a single object.

Recently several works have been proposed for the 2D selective segmentation based on
active contours method [3, 15,25, 32], which for a proper incorporation of some geometric priors
information (markers) into the image processing by the user and edge detection technique, could
lead to a good convergence to the target object. However, these models do not work in cases where
the image has oscillatory boundaries since all techniques based on the weighted penalization term
of the length, can give rise to some difficulties.

In this paper, we make use of £2 Lebesgue measure of the y-neighborhood of the contour
[5] as penalization term instead of the H! Hausdorff measure and propose a local selective
segmentation model, enabling to extract features with irregular and oscillatory boundaries.

The remainder of this paper is organized as follows. In Section 2, we describe some methods
such as the classic Chan-Vese model [8], Barchiesi et al. [5] model, and the Dual Level-set Selective
Segmentation (DLSS) model by Rada-Chen [32]. A new dual level-set selective model, which uses
the £2 Lebesgue measure of the y-neighborhood of the contour as penalization term, is presented
in Section 3. A time marching and additive operator splitting (AOS) technique is developed for
the numerical solution. In Section 4 the experimental results are presented based on artificial

and real images. Conclusions are drawn in Section 5.

2. Review of some global active contours models and the local selection
model of Rada-Chen [32]

The segmentation model by Mumford-Shah [26,27] solves, given an image ug = uo(z,y),

min Fps(u,T) = a/ |Vul2dedy + H" () + )\/ (u — up)*dxdy (1)
u,T O\l Q

for the reconstruction uw and the feature boundary set I', where ) is a bounded subset of R™
with Lipschitz boundary, the ideal image u(z,y) belonging to the space BV () the functions
of bounded variation on (£2), Vu is the approximate gradient of u(x,y), I' €  denotes the edge
set of the image u(x,y) which is the set of essential discontinuity points of u(x,y), H" ! is the
n — 1 dimensional Hausdorff measure, which in the 2-dimensional case ! denotes the length of

the curve.
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2.1 The Chan-Vese model [8]

Since the main difficulty in the study of the Mumford-Shah functional Fjss(u,T') is the
presence of the term "~ !, a natural way to approximate Fyss(u,') was introduced by Chan-

Vese [8], which implemented the piecewise segmentation
Fc2vD (F> C1, 02)

=H%m+hw/

mum—qmmwwm/ luo(x,y) — esfPdady ()
inside(T")

outside(I")
where ¢; and co are the average of ug(z,y) inside and outside (I'), respectively. The unknown

curve I' can be represented by the zero level set of Lipschitz function ¢ : 2 — R

D=0 = {(@.y) € 2| 6(z.y) = 0},
inside(T") = O = {(z,y) € Q ‘ o(x,y) > 0},
outside(I') = Qo = {(z,y) € Q ’ o(z,y) < 0},

and we rewrite the energy function in the form:

F((bv ClaCQ) :MCU/Q|VH(¢)|dmdy+)‘lcv/Q|u0(xay) - Cl|2H(¢($7y))dxdy+

Mooy /Q o (2, 9) — es]2(1 — H(é(x,)))dady, (3)

where H defines the Heaviside function

Hix) 1 ifz>0
T) =
0 ifz<0.

2.2 The Barchiesi et al. model [5]

Following a variational framework, attempting to segment an object with irregular bound-
aries, Barchiesi et al. [5] proposed a variational segmentation model replacing the length term
H1(') with the area of the y-neighborhood of the edge set I'

v-T:= ] B,(). (4)
zel
The aim is to capture rough boundaries of the main objects in the image ug while at the same
time achieving the denoising effect. For a given bounded Lipschitz open set 2 C R? representing
the image domain, the energy proposed is
Fra(T,e1,00) i= L2(y=T)+A |uo (2, y) —c1[*dady+A |uo (2, y) —co[*dzdy (5)
inside(T") outside(T")

where £? is the 2-dimensional Lebesgue measure, and ¢; and ¢, are defined as with the Chan-Vese
model (2)
H d 1-H d
c1 = 7fﬂ (¢)UO i and Cy = fQ( ((b))uo x. (6)
Jo H(¢)dzx Jo(1—H(¢))dx

In this way the £2 measure will help preserving the finely oscillating boundaries of the main

objects in the image and at the same time the model will allow for infinite perimeter segmentation.



256 Lavdie RADA and Ke CHEN

Considering fo := X[0,1], and a smooth version of it f, a positive decreasing function such

as f(t) = et or f@) = ﬁ for k > 1, the £L2(y — I') term can be rewritten as:

20— 1) e [ fo( @Dy o [ gt )y

The level set approach consists of working with level set functions ¢ that are signed distance
functions from their zero level set I', so that f(%) = f(‘%‘) To force ¢ to look like
a signed distance function, a penalization term P(¢) can be added which forces |V¢| < 1.
Different ways of forcing ¢ to look like a signed distance function can be found in the literature,
such as adding the term P(¢) = [o(|Vo| — 1)*dz (see [18]) or + [, [V¢[Pdz (for large p) or
A = ﬁ Z??j:l Guiz; Pa; Pz; (suggested in Barchiesi et al.[5,29]), or a local image fitting
energy functional, which can be viewed as a constraint of the differences between the fitting

image and the original image [41].

Remark It is known that if for a I' regular curve (e.g., a smooth curve) the Minkowski content
linoﬁz%v_r) exists and coincides with the usual 1-dimensional measure H!(T"). This means that
ghe first term of the energy function will be an approximation of classical perimeter, and on the
other hand for fixed  the £2(y — I) is smaller than 2yH*(T).

Thus by adding the signed distance function penalization term, the revised functional to be

minimized is the following

Fiog(6) = / f<'f'>+P<¢>)+A1L2 / o — e [PH (@) + Aara / luo — eal*(1 = H(9)). (8)

The above problem (8) can be solved by a gradient descent method by solving
ook

ot v

where Dp(¢) is the term derived from P(¢), 6(¢) the approximation of the Dirac delta function,

k is a large even number. Through tests, Barchiesi et al. [5] has shown that their model has

ok

(bk_lei?; + Dp(d)) — (5((;5) [)\1L2(U0 - 01)2 - )\2L2(u0 - 02)2]’ (9)

the capability of removing the noise, the cornering effect, resolution and capability of keeping
oscillatory parts of the boundaries by including 12 and Asz2 as well as the additional parameter

7, performs better in comparison with the Chan-Vese model [9].
2.3 The Rada-Chen model [32]

Though all commonly used and global models may be initialized to localize an object, none
can be robust especially for images with nearby feature of similar intensities. To address the need
of local models, an edge-based technique first proposed by Caselles at al. [6], utilizes the image
gradient as an additional constraint to stop the contours on the boundaries of desired objects.
Following this idea by including a priori knowledge (such as manually selecting a few starting
points) of the object/feature to be segmented, semi-automatic methods have been introduced
such as [3,14,32]. A dual level set selective segmentation model [32] has been proposed recently
for the selective segmentation model, where ¢ and ¢, are respectively used to carry out global
and local segmentation (the aimed selected object) of the I'¢ = 9Q¢ global curve which locates
all features of image ug and I'y, = 0Qp the local curve which will evolve and find the target
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object’s boundary. The two initial level set functions which help in the boundary extraction
process ¢r(x,y) and ¢g(x,y) are Lipschitz level sets [8,30]. Written in level set notation, the

minimization energy of this model is:

Fprss(on(z,y), oa(z,y), c1,c2)
= /Q d(z,1)g(Vuo (e, y)) IV H(b1(x, )| H (dc(z, y))dady+

B [ (961, y)] - 1)2dady+

Q
2 /Q (Vo) )|V H(de (. y))|dady-+
e}

5 [ (Véa(@,y)| - 1)*dzdy+
Q

M [ fuolay) = e H oo y)dady+

Mo [ o) = ea*(1 = H (60 (. 9))dady+

M [ fuole) = e PH (G (e g)dody+

%o [ o) = a1~ H(on ) H(G (o )dody+

" / o, y) — e2[2(1 — H(o (1)) (1 — H(éa(z, y))dady, (10)

where the two quantities, an edge detector g(ug(x,y)) and a distance function d(z,y), have the
property that they approach zero when (x,y) are near I', and is large when away from it. The
distance and the edge detector function similar to [3,6, 14] idea, are defined as follows:

- (z—ax})® (y—vu)?

d(z,y) = dist((x,y),A) = H <1 —e 272 ¢ 272 ), V(x,y) € Q (11)

i=1

where dist = distance, A is the given geometric markers set, 7 is a positive constant and

1
9(IVuo(z,y)|) = LT VG oy s mm )P (12)

is a stoping function which controls curve evolution on arrival to the boundary. Parameters

U1y ph2, MG, A2G, ML, MG, A1, A2, Ag are all positive, H(¢r(z,y)) and H(¢g(x,y)) are the
respective Heaviside functions corresponding to the local and global level set functions. Here
Go(z,y) * up(x,y) is a smooth version of wug(x,y) with Gaussian G, (x,y) = o= 1/2e | v?| /40
dealing with the cases of possible noise. The term P(¢) =[,(|Vé(z,y)| — 1)* has been used
to avoid re-initialization of both level set functions ¢y (z,y), ¢c(z,y) by automatically scaling
them. Treating the non-differentiable H function by replacing it with H. a regularized Heaviside

function as in [2, 8] and applying Green’s identity we get two equations for the global and local
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level set:

p28.06)V - (o) 0% ) + V- (1= <o) Voa ) +

e(9c) ( — W (z,y)VH(¢r) — Mg (2(z,y) — ¢1)® + Mg (2(z,y) — c2)? (13)

Ao (z(z,y) — e1)*(1 = H(or)) + As(z(2,y) — e2)?(1 — H(¢L)> =0, inQ

and

Vor
0:61)7 - (dg((Vuolf(oa) 05 ) +me¥ - (1= ) Vo )+
560 (= Aulunfin) — ) + Ma(uolip) — e0)*H(00)+ (19

A3<uo<x,y>—c2>2<1—H5<¢G>>) ~0. nQ

with 8;’9 = gﬁ =0 on 012, ¢; and ¢y computed as:

o Mg Jo #He(9c)dzdy + i [ zHe(dr)dzdy + X [ 2(1 — He(ér))He(dc)dady (15)
! Aa fQ (pa)dzdy + N1 [, H ¢L)d9€dy + X2 Jo(1 — He(¢r))He(¢pg)dady
¢ — Aag Jq #(1 = He(¢c))dady + A3 [, 2(1 = He(¢r))(1 — He(¢g))dzdy (16)

A2c fg(l — He(¢g))dzdy + Az fg(l — He(¢1))(1 — He(dc))dady

with the assumption that ¢ (z,v), ¢r(x,y) have neither empty interior nor empty exterior.
A balloon term, which controls the contours to shrink or extend, has been incorporated in

order to enlarge the capture range of the force. In this way, equations (15)-(16) are written as
woct) 17 )
e V. z,Y)—=—7 | +ucV - \Y%
0. (06)V - (a(e) 25 ) + eV - (1~ o)
de(oc) ( — W (2, y) [VH(S1)| — Mg (2(2,9) — 1) + Aog(2(2,y) — e2)?~

o(z(z,y) — c1)(1 — H(pr)) + A3(z(z,y) — c2)*(1 — H(¢L))) + ag(z,y)|Voe| =0, in Q

(17)
and
Vaor, 1
8. (609 - (ale ol Vuol o) o ) + ¥ - (1= b ¥ )+
5.(61) <  M(uo(m,y) — e1)? + Aa(uo(zs y) — o) 2H. (60)+ (18)

A3 (uo(z,y) — c2)*(1 — He(qbc))) + ad(z,y)9(|Vuo||[Vor| =0, inQ

O¢c _ O0dr __
where & = = =0 on 0.

We remark that there exist other ways of defining geometric constraints and corresponding
selective models; see [28] and the references therein for details. However it remains to generalize
such methods to model infinite perimeter problems.

3. A new dual level set model for infinite perimeter

To obtain satisfactory segmentation results for image features with oscillatory boundaries,
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we now equip our variational model with a new length term for regularization using H' with
the y-neighborhood area of the contour I'. For this reason, replacement of the weighted length

term in the equation (10) with the area of the y-neighborhood area of the edge set T' is the key.
_ ok
In our model we consider £?(y —T) = [,e  F

, for a large and even number k, which is an
approximation of the y-neighborhood area in a given image ug(x,y). Similar to the level set
selective segmentation models [3, 14, 15,32,40] as dipicted in Figure 1, for defining geometrical
points in a set A = {w = (af,yf) € Q, 1 <i<ny} CQ, consisting of ny distinct points near
the object, we hope to detect the features that are defined in a closed domain and to be closest
to A. The quantities d(z,y) and g(z,y), respectively the distance and edge detection functions,
and their property of approaching zero when we are near the I' boundary and big when away

from it, can be used as a stoping function for the curve evolution.

Figure 1 The numerical solution of (15) with n =4,m =2

3.1 The new model

In this work, we are particularly interested in the case of separating a feature of ug that has
similar or identical image intensities (near some value ¢1) to neighbouring features. Where an
interested feature has distinctly different intensities from all neighbouring objects, past models
[3,14] are already satisfactory. As mentioned, we also assume that our image wuo has features
with irregular and oscillatory boundaries.

Using the Lipschitz level set function the energy function of our new model can be written:

min Frprss(¢r, ¢a,c1,c2)
oL (z,y),¢c(x,y),c1,c2

- / d(z,1)9(Vug)e )" H(gg) + L / (IVor| — 1)*dady+
Q 2 Q

PG \k
MQ/ Q(VU0)67(§) 4 M?G (|V¢G($ay)| - 1)2dl‘dy+
Q Q
Ale / luo(2,y) — e1*H (¢ (z, y)dedy+
Q
/\2(;/ luo(z,y) — c2|*(1 — H(¢pg(z,y))dzdy+
Q

A / o) — e H (o, (2, y)dardy +
Q
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Mo / oz, ) — e 2(1 — H) (61 (. y)) H(d (2, y)dedy+

A3 . luo (@, y) — c2*(1 — H) (61 (x,))(1 — H(¢c(x,y))dzdy (19)

where ¢L7 ¢Ga C1, C2, U1, K2, )\1G7 )\QGv ML, UG, )‘17 )\27 >\37 H(¢L>v H(¢G) are defined as for (10)
Here the terms A1, A1g, A2 allow the total freedom of the level set functions so that ¢ will not

pick up spurious features nearby.

Different regularized Heaviside functions can be used e.g.

0, z < —€
Hl={ 31+ + Fsin()], 2l <e
1, zZ > €,

HT = %(1 —l—erf(z))7 HIT = %(1 + %arctan(z)),
where erf(z) is twice the integral of the Gaussian distribution with 0 mean and variance of 1 in
the form erf(z) = % f; e~tdt. HI and H!T and their corresponding delta function 6! and §/7
have a smaller support in the interval [—¢, €], while H!?! and its corresponding 6/!! are different
from zero everywhere. This observation suggests that H/! may be suitable for global feature
extraction, while H!, or H!! are to be used for the selective segmentation. In this way the model

can be written:

min F ,0aG,c1,C
b1 o) BBy eres | 1PESS(PL0Ga 1, €2)
(2L K
— 1 [ dwy)g(Vuo)e ) Hooa) + 5 [ (Voul - 1)dady+
Q Q

¢ .
uz/ 9(Vug)e (5" +M7G/(|V¢G(fc,y)\ — 1)*dady+
Q Q

MG / luo(, ) — 1 Ho(dc (2, y)dady+
Q
N / o () — eaf?(1 — He(da(x,y))dudy+
Q
M / o (2, ) — 1| He(1 (2, y)dady+
Q

A [uo(,y) — e1* (1 — He(¢r(x,y)) H (¢c (@, y)dody+

[ fuola) = eaP(1 = H(6n ) (1 = Ho(G (o )dady. (20)
By keeping ¢; and ¢¢ fixed and deriving with respect to ¢; and ¢y, we get equations for
computing ¢; and cs:
. Ma JouoHe(opa)dzdy + A1 [ uoHe(¢r)dady + As [, uo(1 — He(or))He (P )dxdy (1)
! MG [o He(pc)dzdy + M [o, Ho(¢r)dady + o (1 — Ho(pr))He(dg)dzdy

o AaG Jouo(1 — He(¢a))dady + A3 [, uo(1 — He(¢r))(1 — He(dpg))dady
27 g [o(1— He(og))dady + Xs (1 — Ho(61))(1 — He(¢g))dady

(22)
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and by keeping c1 and ¢y fixed we get the equations for ¢¢ and ¢y,
k—1,—(%9)" _
Mzg(vuo) e +paV (( Voo |)V¢G)
PL Nk
be(dc) ( - Mld(%y)g(vuo)@*(T) — Mg (uo(2,y) = e1)? + Aog (uo (2, y) — c2)* =

Ao (uo(z,y) — c1)*(1 = H(¢r)) + As(uo(z,y) — c2)*(1 — H(¢L))> +ag(z,y)[Voe| =0, inQ
(23)
and

" w k k 1 7( L 1
pde,0)g(Vuo) 0 H(oa) 4V (1= ) Von )+

dc(or) < — M (uo(z,y) — 1)® + Aa(uo(x, y) — e1)* He(da)+ (24)

As(zuo(x, y) — c2)?(1 — He(¢c))> + ad(z,y)9(Vuo)|Vér| =0, inQ

with 8{;59 = {aﬁ = 0on 99Q. The terms ad(z,y)g(Vue)|Vor| and ag(z,y)|Veg| are the balloon
term force. The approximation can be done by introducing an artificial time step ¢ and getting
the gradient descent method. Thus for ¢; and ¢y, which will be updated at each step according

to the above formula and solving

9 o
00 —ag(Vuo) ol e oV - (1= ) Ve )+
56(¢G)(_“1d($7y)9(VU0)€(%)k = Mg (uo(@,y) — e1)? + Aog (uo (@, y) — c2)?~

Xa(uo(z,y) — c1)*(1 = H(dr)) + As(uo(2,y) — c2)*(1 = H(¢L))) +ag(z,y)|Vea| =0

(25)
and
0L (e, o(Vu0) ok (o) + a0 - (1 )V )+
5.(61) ( At y) — e1)? + Aaluo( ) — 1) H (66)+ (26)

alzun(a ) ~ x)(1 = Hi(c) ) + ad(z. )a(Tu) oz =0,
After solving these equations, the local level set ¢ < 0 will define the selected object.
3.2 An additive operator splitting algorithm

To develop a fast and a low computational cost method for solving equations (25) and (26),
we can use the idea of the additive operator splitting (AOS) method (similar to the classical
operator splitting methods), proposed by Tai et al. [21] and Weickert [39] and widely applied to a
diffusion equation, such as [3,15, 38]. The main idea of the method is to transfer a semi-implicit
linear system into an additive solvable linear system. To implement this method in our algorithm
we first make the discretization of the diffusion equation, form a semi-implicit linear system and
develop the iterative approximation scheme which solves a diagonally dominant tridiagonal linear

system.
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In order to develop an additive operator splitting (AOS) method for (25) and (26), we
consider the following related parabolic equations with 8‘“ ‘%G | aq =0

a(;if =uLV - (ELVeér) + fr. = unL(0.(ELd.¢1) + 0y(ELdyér)) + fi, o
aéitc = MGV : (EGV¢G) + fG = ,U/G(az(EGaa:(bG’) + &,(Egayqbg)) + fG»

i lon =

where
fr Zd(fﬂvy)g(vuo)%¢Izﬂ€_(%)k1—{e(¢c) + 55(¢L)( — M (uo(z,y) — c1)*+

Xa(uo(2,y) = c1)*He(éa) + As(uo(z,y) — c2)*(1 - He(¢c))) + d(x,y)g(Vuo)|Vorl,

b1 \k

k ko1 _(tayk (L
e =n9(Vuo) oty e 5" 10.(06) ( — mla p)g(Vuo)e™ H = g (ol v) )+

Ao (uo (@, y) = c2)? = Xa(uo(x,y) — 1)*(1 — H(¢r)) + Aa(uo(x,y) — e2)*(1 — H(¢L)))+
O‘g(x’y”vd)GL

1
w :d(a?,y)g(Vuo), EL =1-

1
— Eg=1—- —/——.
Voo ¢ Vg

It suffices to consider how to solve a general equation:

¢
i 1(0z(EDy @) + 0y (E0y¢)) + f. (28)
The equation can be rewritten in the matrix-vector form:
¢n+1 ¢n m

= 2 4@ + (),

1=1
where At is the time step size, m is 2 since we are dealing with two dimensions, n denotes the
" iteration and A, is diffusion quantity in I direction (I = 1 and | = 2, respectively, for z and y
direction for the two dimensional case). We can rewrite the above equation in the semi-implicit
form:
m
¢t = (I =AY Ay(¢m) 7! ¢ for I = 1,2 and ¢" = ¢" + Atf(,y)
=1
which by employing the AOS scheme can be split additively as shown below to define the AOS

solution
m

6 = ST - mAA() (29)

=1

Here for equation (28), A; for | = 1,2 are tridiagonal matrices derived using finite differences:

() = (0n(E0,0741) )
0,J
E?+1/27j(am¢n+l)i+l/2,j - E?,l/g,j(az¢n+1)i—1/2,j
by

n n +1 +1 n n +1 +1
El, ,+EY; (¢;1+1,j_¢?,j ) EY;+E (¢n -7 Lj)
2 he 2 he
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E" ., .+ E". Er' +E" .
i+1, i, n n i, i—1, n n

= p—r (P — i) — =52 T (@77 =i,

(a0 = (0,(50,67))

i\j

1 1
. ’uEz'Tfj-H/z(ay‘anr )i,j+1/2 - E;fj_l/z(@qu”* )i7j—1/2
hy
Bl tE (ﬁﬁrﬁf ) — B +E (d’?;l*q&;l,;‘ril)
2 ha 2 Py
Yy
n n n mn
_ Eivj+1 + EiJ n+1 n+1 El}j + Ei,j—l n+1 n+1
=p— (P — b ) — (O] — o)

2h2 2h2
The following iteration procedure has been designed for the model:
Step 1. Define the markers and associated parameters based on the image being considered;
Step 2. Calculate the edge based and distance function;
Step 3. Design the initial level sets ¢, and ¢g;
Step 4. Compute ¢y, and ¢ according to (29);

ntl _ n
lor” ~¢%ll o 1f satisfied, stop. Otherwise, go back to Step 3.

Step 5. Check convergence 5l
L

4. Experimental results

To verify the performance of our new method, experiments were carried out on images with
oscillating boundaries. First we present experimental results demonstrating our segmentation
method results for segmenting a selective object. Next, we present the comparison of the new
model with the DLSS model in some experimental results. Lastly, we present experimental
results of a more challenging problem, where the object shapes have oscillatory boundaries.

Our method is based on the same user defined information, such as the markers, and some
parameters which need to be adjusted according to the given image, such as a smoothing factor
and the balloon force coefficient. In our numerical experiments, for the AOS algorithm, h = 1 (the
step space), At = 1 (the time step), a = —0.01, 7 = 4, up, = pg = 1073. Different image sizes
have been tested n = 128, 180, 256, 512. Different values for A\s = Aig = dog = A1 = A2 = A3
have been chosen and show that the method performs well and gets similar results. For the
following experiment we will show results of choice for ugs and As such that:

As=AMg=Xg=A1 =X =A3 =300, us = 1 = p2 =1 or

As = A1g = dag = A1 = Ao = A3 = 300, ps = pg = pe = 200 or

As=Ag=Xg=A =X =X3=80, s =1 = pz =1l or

As = Aig = dag = A1 = Xa = A3 = 300, ps = g = pz = n?/10.

Other different ps and A\ have also been chosen and we found that the results are similar. The

initial global level set, placed as a circle, has the form

8% = (@ — 222 + (v — 48)? — 1%

(where (2%, y2) is the center of the circle), and the initial local level set is placed similarly to the

time marching algorithm, previously mentioned in Section 3. Since Hs. has a bigger support in
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the interval [—e, €], which means that with it a moderately large e may lead to spurious results,
in our experiments for the local level set, as approximations for the heaviside function we use
Hi. or Hy. with e = h =1, and for the global level set Hz. with e = h = 1.

4.1 Test Set 1-robustness of the new model

In this section, we demonstrate the ability of recognizing specific objects by our infinite
perimeter segmentation algorithm on some synthetic and real life images.

First, in Test Set 1, Figures 2 and 3 present experimental results using the time marching
algorithm for the new dual level set model. The algorithm is based on contracting or expanding
the initial curve, therefore the initial curve has to be nearby (inside or outside) the given object.
As prior information is given (markers) they can be used in the construction of the local level set.
The initial local contour can be a circle such that the center and the radius are wo = (xg,yo) =
(n% Yok, n% Yot y¥) and 7 = min; |[w} — wo|, respectively, where wi = (27, yF). In cases the
objects are near (which happens often in such processes), the shape is irregular or we want to start
with a better nearby level-set, a distant function level-set constructed with the polygon of the
given markers can be used. This initialization has been found as more proper in our experiments.
Figure 3 shows the local and global level-set initialization. The images chosen for the experiments
have different sizes such as n = 128 (i.e., 128 x 128), n = 180 (i.e., 180 x 180), and n = 256 (i.e.,
256 x 256), and the parameters tested are k = 8, v = 10, Ay = Ao = A3 = Aig = A2 = 100,
T=4h=1, 4 =ps =1, ur = pg = 0.0001, v =5, ¢ = 1 and At = 0.01. Other parameters
for Ay = A1 = Ao = A3 = Mg = Ao, and us = pp = po can be chosen and it can be shown that
the results of the method are similar. To speed up convergence, the AOS algorithm has been
used as a faster solver compared with time marching. In this case comparing with explicit time

marching, At (the time step) is not required to be particularly small.

(a) Initial local (yellow) and global (cyan) (b) Real life image successfully selected (n = 180)
level sets (n = 180);
Figure 2 Successful segmentation with the time marching algorithm for infinite selective segmentation
model of the vase with markers set in the boundary of second vase (aimed object).
Next, we are showing here the numerical results of our new method for segmenting 7 different
images applying time marching or the AOS method. In Figure 2(b), we show that the model
works satisfactorily with the time marching algorithm for a real life image. Similar to Figure 2,

Figure 3 has been processed with the time marching algorithm in four different test results, from
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which the first two images show that the model works satisfactorily for cases where the features
are nearby, meanwhile Figures 3(c) and (d) show the successful segmentation of biological and
medical images. The images of Figure 3 give similar results when processed with the AOS
method, and for the sake of brevity we do not show them again. Images in Figure 4 show the
results obtained using the AOS method. Figure 4(b) shows results obtained from segmentation of
images with strong additive noise of the trees image. Figures 4 (c) and (d) show the segmentation
of a leaf collection picture with different shapes and close to each other. All of these figures show
that by giving some points in the object the model does not get attracted to the other object
with the same intensity.

sof- 4
a0
1001 4

100

1201

(a) Geometric image with the markers set (b) Successful segmentation of the spirals with

in the corner of the rectangle (n = 256) the time marching (n = 126)

160!

160

50 100 150 200 250

(c) Cells embryo successfully selected (d) Successful selective segmentation of blood

(n = 256) vessel in an repeated image (n = 180)

Figure 3 Successful segmentation with the new algorithm for infinite selective segmentation model
4.2 Test Set 2—comparison with the previous Rada-Chen model [32]

We now compare our model with the DLSS method [32] for 4 easier problems, as shown in
Figures 5-8. In the case of Figures 5 and 6, we can see that for the testing examples, both models
give almost the same result. For the test results in Figures 7 and 8 both models give almost the
same result except for the fact that the new model is showing the empty place between the leafs

much more accurately.
4.3 Test Set 3—improvement of the new model over Rada-Chen [32]

Test problems 3 are more challenging due to the oscillatory boundaries of the objects.

In particular, we consider the problem of segmenting brush-like pine trees which clearly have
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oscillatory boundaries; here the cornering effect of the model can be observed. The results of
our new segmentation method are shown in Figures 9, 11, 13, 15, 17 and 19, which appear to be
quite accurate despite the low-quality data. In these cases, the previous models from [32] will
lose some details. Figures 9, 11, 13, 15, 17 and 19 and the respective cropping Figures 10, 12, 14,
16, 18 and 20, show better results when oscillatory boundaries are present. In each case, the left
row image shows the results of [32] and the right image shows the correctly segmented results

by our new model.

5. Conclusions

In this paper we presented a new variational model with two level set functions (one for
global segmentation and the other for local and selective segmentation) for reliable and localized
segmentation, improving on previous work. A Lebesgue measure which leads to no limitation
of the perimeter segmentation has been incorporated. The selective segmentation is based on
optimization of a distance function, an edge detection function, and the region information.
We derived the curve evolution equations for the problem posed in the variational framework
and demonstrated the effectiveness of the resulting algorithm in segmenting a variety of images.
Numerical experiments show that the new model delivers similar results for general problems to

old models and improved results for the problems where the boundary has oscillation.

250

(a) Real life image (n = 180) (b) Real life image with 10% additive noise (n = 180)

&) 4\‘*

e
ALY .

100

15017

250

200

(c) Real life image (n = 250) (d) Real life image (n = 250)
Figure 4 Successful segmentation with the AOS infinite selective segmentation model, with dt = 1,

s =1, As = 300
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Figure 5 First row old model with H! Hausdorff measurement, dt = 1, p. = 1, As = 80; second row

new model with L? measurement, dt = 1, s = 1 As = 80

Figure 6 First picture: old model with H' Hausdorff measurement, dt = 1, us = mn/10 X\s = 300;

second picture: new model with L? measurement

Figure 7 First picture: old model with H' Hausdorff measurement, dt = 1, pus = mn/10 As = 300;

second picture: new model with L? measurement

ek

2ok

2
120]
x

Figure 8 First picture: old model with H' Hausdorff measurement, dt = 1, pus = mn/10 As = 300;

second picture: new model with L? measurement
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,T'

Figure 9 First picture: old model with H* Hausdorff measurement, dt = 1, ps = 1 As = 300; second

100 150 200 250

picture: new model with L? measurement

Figure 10 First picture: old model with H* Hausdorff measurement, dt = 1, p, = 200 A = 300; second

picture: new model with L? measurement (cropping)

50 10 150 200 20 30 30 400 450 500

Figure 11 First picture: old model with H' Hausdorff measurement, dt = 1, pis = 1 A\s = 300; second

picture: new model with L? measurement

Figure 12 First picture: old model with H' Hausdorff measurement, dt = 1, u = mn/10 A = 300;

second picture: new model with L? measurement (cropping)
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Figure 13 First picture: old model with H'

picture: new model with L? measurement

Figure 14 First picture: old model with H' Hausdorff measurement, dt = 1, us = mn/10 A = 300;

second picture: new model with L? measurement (cropping)

350 400 200 250 300 a00

Figure 15 First picture: old model with H' Hausdorff measurement, dt = 1, ps = 1 A, = 300; second

picture: new model with L? measurement

Figure 16 First picture: old model with H' Hausdorff measurement, dt = 1, us = mn/10 \s = 300;

second picture: new model with L? measurement (cropping)
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100
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Figure 17 First picture: old model with H' Hausdorff measurement, dt = 1, p, = nm/10 As = 300;

second picture: new model with L? measurement

Figure 18 First picture: old model with H' Hausdorff measurement, dt = 1, ps = mn/10 As = 300;

second picture: new model with L? measurement (cropping)

Figure 19 First picture: old model with H' Hausdorff measurement, dt = 1, us = mn/10 \s = 300;

second picture: new model with L? measurement

Figure 20 First picture: old model with H' Hausdorff measurement, dt = 1, us = mn/10 \s = 300;

second picture: new model with L? measurement cropping
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