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Abstract

The next-to-next-to-leading order (NNLO) corrections in massless perturbative QCD are derived
for the parton distributions of the photon and the deep-inelastic structure functions F,” and F;'.
We present the full photonic coefficient functions at order aas and calculate the first six even-integer
moments of the corresponding O(aa?) photon-quark and photon-gluon splitting functions together
with the moments of the aa? coefficient functions which enter only beyond NNLO. These results
are employed to construct parametrizations of the splitting functions which prove to be sufficiently
accurate at least for momentum fractions « 2 0.05. We also present explicit expressions for the
transformation from the MS to the DIS,, factorization scheme and write down the solution of the
evolution equations. The numerical impact of the NNLO corrections is discussed in both schemes.



1 Introduction

The hadronic structure of the photon, in particular the deep-inelastic structure function F,’, has
attracted interest since the early days of perturbative QCD. Indeed, the leading-order (LO) correc-
tions to the ‘pointlike’ parton-model result [1] were derived twenty-five years ago in ref. [2], and the
next-to-leading order (NLO) contributions followed a few years later [3]. These results, obtained
in the framework of the operator product expansion (OPE) [4], were recast in the language of
evolution equations for the photon’s quark and gluon momentum distributions in refs. [5] and [6].
An error in the NLO photon-gluon anomalous dimension was corrected ten years ago [7, 8]. Unlike
the case of lepton-nucleon deep-inelastic scattering (DIS) [9—15], the next-to-next-to-leading order
(NNLO) QCD corrections have not been addressed for the photon structure up to now.

So far the measurements of F},' have been performed using the process ete™ —ete™ + hadrons
at electron-positron colliders; see refs. [16] for recent overviews. While data from LEP have greatly
improved the situation, an accuracy comparable to that achieved in lepton-hadron DIS can only be
envisaged if ey collisions will be realized via laser back-scattering [17] of one of the electron beams
of a future linear collider [18, 19]. Important information on the photon structure can also be
expected from photoproduction of jets at HERA, which has been treated at NLO thus far [20—23].
The extension to NNLO is under way, e.g., the two-loop matrix element required also for hadronic
collisions have been derived in refs. [24] using the pioneering results [25] for the scalar double box
diagrams; the corresponding results with one external photon will be available soon [26].

In this article we present, with one qualification concerning the splitting functions, the NNLO
corrections for electron-photon DIS and the evolution of the parton densities of the photon in
massless perturbative QCD. In Sect. 2 we extend the OPE analysis of the photon structure [2, 3] to
the required accuracy: The partonic forward amplitudes for the scattering of a virtual photon (and
of a fictitious scalar directly coupled only to gluons) off a real photon are expressed in terms of the
anomalous dimensions and coefficient functions up to second order in the strong coupling constant.
Our calculation of these amplitudes for the lowest six even-integer values of the Mellin variable,
N = 2, ..., 12, then facilitates the extraction of the corresponding anomalous dimensions (up
to NNLO) and coefficient functions (up to the next-to-next-to-next-to-leading order, N3LO). The
results for these quantities in the MS scheme are presented in Sect. 3 in numerical form, together
with a brief discussion of the actual computation which closely followed the lines of refs. [11, 12].
The analytic expressions for these results can be found in Appendix A.

In Sect. 4 we switch to the parton language and specify the dependence of the photon-parton
splitting functions and the photonic coefficient functions on the renormalization and factorization
scales. After recalling the general factorization-scheme transformation, we then derive the NNLO
corrections in the DIS, scheme [8] and discuss the ‘physical” kernel for the non-singlet evolution
of the structure functions at large values of the Bjorken variable x. The NNLO solution of the
evolution equations is also given in this section. Explicit z-space expressions for the photonic
coefficient functions and the photon-parton splitting functions up to NNLO are presented in Sect. 5.
For the splitting functions we have to rely on our finite-N results of Sect. 3, thus we can only
provide approximations analogous to those derived in refs. [13, 14, 15] for the three-loop QCD
splitting functions. For the NNLO coefficient functions and the corresponding transformation
of the splitting functions to the DIS, scheme we present, besides the exact results (deferred to
Appendix B for the latter quantities), also compact approximate expressions. In Sect. 6 we finally
illustrate the numerical effect of the NNLO corrections on the evolution kernels and on the solution
of the evolution equations. Our conclusions are presented in Sect. 7.



2 Moments: formalism and method

The subject of our calculation is inclusive hadron production in unpolarized electromagnetic (e.m.)
deep-inelastic electron-photon scattering,

e(k) +7(p) — e(k)+X , (2.1)

where ‘X’ stands for all hadronic states allowed by quantum number conservation. The hadronic
part of the corresponding amplitude is given by the (spin-averaged) tensor
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Here |I', p) denotes the physical photon state (including a non-perturbative hadronic component)
with momentum p, and J, represents the e.m. quark current. ¢ = k — &k’ is the momentum
transferred by the electron, @ = —¢?, and x = Q?/(2p - q) is the Bjorken variable (0 < z < 1).
The longitudinal structure function Fp, is related to the structure function Fy by Fp = Fs — 2z F7.

The optical theorem relates the tensor W, in Eq. (2.2) to the forward amplitude T}, for the
scattering of a virtual photon off a real photon,

T3 (o) = i [z (L T(Ju(2)9,(0)) L) - (24

This quantity represents a convenient starting point for practical calculations, due to the presence
of the time-ordered product of currents to which standard perturbation theory applies. In fact,
the operator product expansion for this product and the subsequent application of a dispersion
relation to Eq. (2.4) very closely follow the procedure for standard lepton-hadron deep-inelastic
scattering discussed, for example, in refs. [10, 11, 27] to which we refer the reader for details. In the
leading-twist sector addressed in this article, the only, but crucial difference to the lepton-hadron
case is the presence of the spin-N twist-2 photon operators [2, 3]

ijuu"w#zv} — primpra . pENo1 RNy (2.5)

and their coefficient functions C’]\Q in addition to the usual quark (flavour non-singlet and singlet)
and gluon operators, Oys, Oq and Oy, and their respective coefficient functions. D* in Eq. (2.5)
denotes the covariant derlvatlve, and FM represents the e.m. field strength tensor. The spin-
averaged matrix elements of these (renormalized) operators are given by

(O, pl O P py = plen iy AN (1%) . a =ns,q,8 7, (2.6)

where p stands for the renormalization scale. It is understood in Egs. (2.5) and (2.6) that the
symmetric and traceless part is taken with respect to the indices in curved brackets.



Following the procedure for lepton-hadron DIS [10, 11, 27], the even-integer Mellin-N moments
of the structure functions F,,’ and F,’ in Eq. (2.2)

1 1
FNQ) = [ dea B @) . @) = L B 2.7
can then be expressed in terms of the parameters of the OPE,
N2 N (@ N (2 :
Fz‘% (Q7) = Z Cz’,a —5 Qs; Qem AF,a(:U ) 1=2,L. (2.8)
a=ns,q,g,Yy M
Here and throughout the whole article we use the notation
Q Q@
as = ﬁ » Gem = - (2.9)

for the strong and electromagnetic coupling constants. The present study addresses the higher—
order QCD corrections to the photon structure functions F.,’ 51, at the leading order of QED, al
Consequently the quantities entering the r.h.s. of Eq (2.8) are only needed at their respective lowest
e.m. orders, i.e., Ap, and C;,, (p =ns,q,g) at al,, and Arp, and C;, at al,

em’

The operators O,, in Eq. (2.6) mix under renormalization. Expressing the renormalized opera-
tors in terms of their bare counterparts, this mixing can be written as

Oa = Zag O™ . (2.10)

Here and in the next two equations the summation convention is used, and the range of all indices
is as specified in Eq. (2.6) above. The anomalous dimensions 7,4 governing the scale dependence

of the operators Oy,
d
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are connected to the mixing matrix Z,3 in Eq. (2.10) by
d -1
’)/alg = — WZQQ/ (Z )O/,@ . (212)
Keeping only those terms which are relevant for the structure functions F;f at order al,, the
matrices Z and -y take the form
Zns 0 0 Znsy
7 — 0 Zaq Zag Zay (2.13)
0 Zgq Zgg Zoy
0 0 0 1
and
’YI'IS O 0 kl’lS
N = 0 Ygq Yag Kq (2.14)
0 Yea Ve kg
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with the perturbative expansions (where k:g 0 — 0)
o0 o
Z alJrl 'yp(p , kp, = Z Gom @ kr()l) . (2.15)

=0 =0



In order to make practical use of Eq. (2.12) a regularization procedure and a renormalization
scheme need to be selected. We choose dimensional regularization [28] and the modified [29] minimal
subtraction [30] scheme, MS — the standard choice for modern multi-loop calculations in QCD.
For this choice the running couplings in D = 4 — 2¢ dimensions evolve according to

daj
dln p?

= —eca; + Bi(a;) ,  j=em,s, (2.16)

where (e and fs denote the usual four-dimensional beta functions of QED and QCD, respectively.
Bem does actually not enter the present calculation; for G5 we employ the standard notation

Bs = —Poal —Pral — Brat— ... (2.17)
with By = 11 — 2/3 N¢, where N stands for the number of effectively massless quark flavours.

Inserting Eqs. (2.13)—(2.17) into Eq. (2.12) and solving for the photon-quark and photon-gluon
renormalization factors Z,,, Z4, and Z,, we obtain, up to the desired order Ao 02,
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The photon-parton anomalous dimensions ks, kq and kg can thus be read off order-by-order from
the ¢! terms of the corresponding renormalization factors, while the higher poles in 1/¢ in Egs.

(2.18)—(2.20) can serve as checks for the calculation. The coefficient functions in Eq. (2.8), on the
other hand, have an expansion in positive powers of ¢, viz

Cip = 0i2(1—06pg) _1_2 ( +€a()—|—€2b(l) )

Ciy = Z Gem @it () +eal) + A0+ ) (2.21)
=1

where i = 2, L and p = ns, q, g. Also here only the lowest-order terms in aey, have been retained as
discussed below Eq. (2.8), thus, like the anomalous dimensions 7,y in Eq. (2.15), the coefficient
functions C; , in Eq. (2.21) are just the standard QCD quantities entering lepton-hadron DIS.
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Due to the partly non-perturbative physical photon state |I',p), Eqs. (2.4) and (2.8) are not
accessible to a perturbative computation. However, as the OPE represents an operator relation,
the anomalous dimensions (2.15) and the coefficient functions (2.21) do not depend on this state.
Hence, again closely following the procedure [10, 11, 12] for lepton-nucleon DIS, the calculation can
be performed using a partonic photon state |y, p). Instead of Eq. (2.4) we thus consider

T (p,q) = ’i/d4zeiqz (v, I T(Ju(2)10(0)) |7, p) - (2.22)

At leading-twist accuracy the decomposition of 7,77 into T3, and T, , analogous to Eq. (2.2) is
provided by

2

q
TL,’Y(m7 Q2) = - (p ) q)2 p“py TM’Z/’Y(pv q)
3—-2 ¢ 1
TQ,’Y(J:) Q2) = - <2 — % (p . q)2 p“py + 2 _ 9 9“”) Tuﬂgf(pv q) . (223)

The N'*" moments are obtained from Egs. (2.23) by applying the projection operator Py [31],

2
E{\; <%7asuaem7€> = PnTi~(z,Q% as, Gem, €) (2.24)

)

[q{ul . quN} aN

N! OpH 8puN1 Ty, Q% 85, Gem €)

p=0
where ¢l#1 ... g#N} ig the harmonic, i.e., the symmetric and traceless part of the tensor ¢#! - - - g"V.

This operator does not act on the coefficient functions C; , and the renormalization constants
Zop in Eq. (2.10), which are functions only of N, ag, o and €. It does act, however, on the bare
matrix elements AN, (defined analogously to Eq. (2.6)) and eliminates all diagrams containing
loops, as the nullification of p transform these diagrams to massless tadpole diagrams which are
put to zero in dimensional regularization. This removes the operator matrix elements A]w\i ps P =18,
q, g, which only start at the one-loop level. Hence only the matrix elements A%tree of the photon
operators (2.5) remain. These matrix elements are given by

A%tree(e) = (1 —¢) - consty , (2.25)

where the factor (1 — €) arises from the number of photon polarizations in D = 4 — 2¢ dimensions.
We thus arrive at

TN Q2 _ CN Q2 ZN 1 14]\/’7 tree 2.96
1,7y ?7asvaem>6 - Z i,Q Faasaaemae ay asvaemag 0% (6) ( . )

a=ns,q,g,y

with ¢ = 2, L. This relation, after expanding in powers of aen, as and €, provides a system of
coupled equations which can be solved for the photon-parton anomalous dimensions and the photon

coefficient functions. In particular, by computing TZ-N to the order aepy a2, we can derive the desired

7’Y
coefficients k:I(IQS)N, kc(f)N, and C%)N in Egs. (2.15) and (2.21). The quantities k:{(f)N, on the other

hand, cannot be determined in this manner since the gluonic coefficient function C;; in Eq. (2.21),
unlike its quark counterparts, starts at order as only. This problem is overcome by considering, in
addition to Eq. (2.22), another unphysical Green function 797 where the virtual-photon probe is
replaced by an external scalar field ¢ coupling directly only to gluons, see below.



The expansion of Eq. (2.26) to order a,,, a2 can be written as

(I+1)e
+1( # (l)N N, t
Z (em @, S ( Q2> T AR (2.27)
The factor Se = exp [e{In(4m — v }], where v denotes the Euler-Mascheroni constant, is an artefact
of dimensional regularization kept out of the coefficient functions and anomalous dimensions in the

(@

MS scheme. The expansion coefficients 1,
singlet (s) pieces,

can be decomposed into flavour non-singlet (ns) and

TY = 6 TO™ + (26, T0" (2.28)
= 0T 4 ()6 (T + TH7)
which collect the contributions proportional to the respective combinations of quark charges,
dus = 3N ((e') = (1)), 0 =0y = 3Ni(e?) = 3L, €2 . (2.29)

The pure-singlet (ps) contribution defined in the second line of Eq. (2.28) starts only at order a2.

Consequently the anomalous dimensions k:l(qls) and kél) in Eq. (2.15) are identical for I < 1 except
for their obvious charge factors. The same applies, for [ < 2, to the non-singlet and singlet photon

coefficient functions in

FORORY 2y (1)
ciy = ¢y ey (2.30)

The corresponding decomposition for the hadronic quantities reads

()

70 = O 4 A0 C(l) PONSRO)

= s -

ps i,q 2 ns %,ps (231)
where the pure-singlet contributions are non-vanishing for [ > 1 (2) in the first (second) relation.

The explicit expressions for the first two singlet expansion coefficients in Eq. (2.28) in terms of
the anomalous dimensions and coefficient functions are given by

5 T(O)’s _ C(l)ﬂs

S Ly — TLy
s _ 1,0, (s
6Ty = —kP +ey (2.32)
and
1
BT = L (MO 4 e+ KOl
Ls _ 1 0)..(0 1 1 0,01 @5 10,0

5Ty = 62{ kY ()}+6{2k()+k() } e+ kP ay) (2.33)

The corresponding non-singlet relations are obvious as discussed below Eq. (2.29), hence they are
not written out for brevity. The contributions at the order a,,, ag read

2),ns 1 1 1 1 2 1
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Finally we derive the corresponding expressions for the unphysical flavour-singlet Green function
T%7(p, q) mentioned below Eq. (2.26). After application of the projection operator Py in Eq. (2.24)
the moments of 7Y can be written as

2 2 1
Té\;y <%7057aem76> = Z Cé;\ja <%7057aem76> Zé\; <a57aem7 E) A%tree(ﬁ) . (2.36)

a=q,8,Y

The coefficient functions Cy ,, have an expansion analogous to Eq. (2.21), but with Cy , = O(1) and
Cyq = O(as). It is understood in Eq. (2.36) that the external gluon operator G, G*” employed
for the coupling to the scalar field ¢ has been renormalized according to [32]

1
1 — B(as)/(eas)
where the dots indicate mixing with unphysical operators which give vanishing contributions under
the conditions of the present calculation. Expanding Eq. (2.36) analogously to Eq. (2.27), the
coefficients qul)w [=1,2 read

GM Gy = Zeo (GMGW)™ + ..., Zep = (2.37)

M _ 1[0 0 Lil a 0) (1) @ 1.0, 1)
Tsy = 6_2{§kc(1)7£gq)}+;{§ké)+ké)c¢,q +c¢>,v+kc(1)a¢>,q (2.38)
and
7@ — L [L0,0) (40 A0 _L1g 0,0
oy T 316 d Veq (qu +7gg) —650 a Teq
LIl o0, Lo.o0 , Loo, oo, oo 1,0
2 {BOAD) + SO + 307 + DO + 0 - Ln)
L {1 0 o.@  Loyo Laoo Lo o, 100 0
- B {gké‘)+ké)c¢,q+§ké )c¢,g+§ké)c¢,q+§ké )Véq)a¢,g+§ké)7<gq)a¢,q - (2:39)

In Eq. (2.39) we have not written out the €’ term fixing the unphysical coefficient function c((fzf.
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3 Moments: calculation and results

The calculation of the moments (2.26) and (2.36) of the Green functions 777 and 7% can be
performed quite analogously to that of 778 and 7?8 in refs. [11, 12] (where these quantities are
denoted as 78787 and T8%8%), to which the reader is referred for a more detailed discussion. Indeed,
the Feynman diagrams contributing to 777 (T%Y) derive from a subset of those for 778 (T98):
at three loops 117 (57) out of 366 (7162) diagrams contribute, respectively, using the counting of
refs. [11, 12]. Despite this reduction we are not able to compute higher moments than obtained for
the hadronic case in ref. [12], as some of the most storage-consuming diagrams remain.

The moments N = 2, ..., 8 have been calculated from scratch. The diagrams are generated
using a special version of QGRAF [33]. The actual computation is done using optimized FORM
[34] programs using the MINCER package [35] for the scalar three-loop integrals. The moments
N =24 of T7 and N = 2 of T% have been computed in an arbitrary covariant gauge, i.e.,
keeping the gauge parameter ¢ in the gluon propagator, i [—g"” + (1 —&)g*q" /(¢* +1i€)]/(¢* + i€) as
a free parameter. The explicit cancellation of the gauge dependence in the anomalous dimensions
and coefficient functions provides an important check of the results. The direct calculation of the
moments N =10 and N =12 is rather time-consuming and requires running FORM on a computer
with 64-bit architecture instead on a standard PC [12]. Therefore we have for these moments (and
as a further check also for the lower moments) made use of the diagram database of ref. [12] by
replacing the colour factors of 778 and T %8 by those for our cases and then re-assembling the
integrated results of all diagrams, thus sidestepping the involved parts of the computation.

From the results of these calculations the O(a,,a2) photon-parton anomalous dimensions and

photon coefficient functions at N = 2, ..., 12 can be obtained by means of Eqgs. (2.27), (2.28),
(2.32)-(2.35) and (2.38)-(2.39). Here we present the results in numerical form; the full analytic
expressions can be found in Appendix A. The non-singlet (p = ns) and singlet (p = s) photon-quark
anomalous dimensions read

(0p aem) " kY= = —1.333333333 — a, 7.308641975

+ a2 (—3.368998628 fos Nt — 86.97527479 + 1.470507545 N )
(0p aem) " kY=' = —0.7333333333 — a5 8.343259259

+ a2 (—0.4223537997 fos N — 102.8310333 + 1.477370645 Ny )
(0p aem) " kY0 = —0.5238095238 — a5 8.525587590

+ a2 (—0.1483655726 f,s Ny — 109.2777760 + 1.656530217 N )
(Op Gem) k)= = —0.4111111111 — a5 8.343215919

+ a2 (—0.06961022336 fps Nf — 111.1669036 + 1.695497529 Ny )
(Op aem) " hp =1 = —0.3393939394 — a, 8.045400445

+ a2 (—0.03823222708 fp,s Ny — 111.0346700 + 1.670607074 Ny )
(Op aem) "k =17 = —0.2893772894 — a 7.720564967 (3.1)

+ a2 (—0.02324832852 f,s Ny — 109.9430144 + 1.619078961 Nt )

where the factors d,s and ds have been defined in Eq. (2.29), and

_ )0, p = ns
fpsz{l, pP=s. (32)



The corresponding results for the photon-gluon anomalous dimensions are given by

and

(65 em) k:ész
Os Gem ) kN=14
55 aem)i1 kév:6
Os Gem ) kN=8

)
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Os Qem

(55 aem)i1 ké\[:w

For the scale choice u? = @Q? the photon coefficient functions for F» and Fr at N =2, ...,

N=
((5P aem) 102p'y ?

N=
((5P aem) 102p'y !

N=6
(Op Gem) ™ 102py

N=
(Op Gem) ™ 1057 i

1 p,N=10
(0p Gem) ™ QP«,

1 p,N=12
(0p Gem) ™ QP«,

(p Gem) ™ 105«11\[ ?
(Op Gem) ™ lcgfyv !
(0p Gem) ™ 1055 6
(6p Gem) ™ 1011;)«],\7 i

- N=10
(510 aem) ! C[I/):'y

N=12
(5paem) ! E’y

—13.N=10 __
kg

as 1.975308642  + a2 (31.41971923 + 5.157750343 Ny )
2(23.94271102 + 1.108863649 Ny )
as 0.4439549365 + aZ (15.65166504 + 0.6959529917 Ny )
as 0.2669916389 + aZ (10.96606146 + 0.4981961912 Ny )
(8 )
)

as 0.8743703704 + a;

as 0.1780490673 + aZ (8.160308004 + 0.3790604508 N¢

2
S
2
S
2
S
as 0.1271644566 + ag (6.348294844 + 0.3002739601 N¢

—1 —ag5.54162471

+ a2 (—5.818386905 fps Nt — 83.61538634 + 12.00984563 N )

— 1477777778 — ag 12.20420558

+ a2 (—12.34431320 fps Ny — 270.6890263 + 22.99272397 Ny )

—1.410317460 — as 16.88045086

+ a2 (—10.77343760 fys N — 461.1411168 + 31.41856945 N; )

— 1.288174603 — ag 19.73136088

+ ag (—8.964615998 fp,s N — 617.8190552 + 37.24672336 Ny )

—1.172255892 — ag 21.44335073

+ a2 (—7.480750665 fps Ni — 741.1418081 + 41.20962391 Ny )

—1.071686118 — ag 22.46033065

+ a2 (—6.308511998 fps N — 837.9184018 + 43.90927770 Ny )

1.333333333 — ag 12.54891027
+ a? (8.693227731 Jps Ne — 339.8638216 + 26.87433155 Ny )

0.5333333333 — as 6.551703704

+ a2 (—0.8773595064 f,s Nt — 208.9707023 + 16.63839609 N} )

0.2857142857 — as 3.966771047
+ ag (—1.452744800 fps Nf — 138.7560249 + 10.96941052 Ny )

0.1777777778 — as 2.670167875
+ a2 (—1.281927733 fos Ny — 99.25459329 + 7.787570553 N )

0.1212121212 — as 1.927770988
+ a2 (—1.056290000 fps Ny — 74.93923167 + 5.838900780 N )

0.08791208791 — as 1.461875421

+ a? (—0.8667773331 Jps Nt — 58.86856783 + 4.557749952 Nt ) .

(3.4)

(3.5)

The additional terms for u? # Q% do not contain independent information, see the next section.



4 Parton distributions and evolution equations

In this section we outline the parton formulation of the photon structure (introduced in ref. [5])
at the next-to-next-to-leading order (NNLO) of perturbative QCD. The number distributions
of quarks and gluons in the fractional photon momentum z are denoted by q](a:,ufc,u%) and
9 (x, u%, ©2), where the subscript j indicates the quark flavour. p 7 represents the mass-factorization
scale which, unlike in Sect. 2, is not generally identified with the coupling-constant renormalization
scale denoted by u, from now on. The photon’s quark and antiquark distributions are equal due
to charge conjugation invariance.

First we focus on the flavour-singlet distributions for which we use the notation

o » 27:§(7+—7)_2§3W (4.1)
q = g7 ) = 4; v 4q;) = q; > .
j=1 J=1

where 37 is the singlet quark density and V¢, as before, stands for the number of effectively massless
quark flavours. As in some other equations below, the dependence on x and the scales has been
suppressed in Eq. (4.1). At lowest order in the electromagnetic coupling aepn these distributions
are subject to the evolution equations

dq”

where ® represents the Mellin convolution in the momentum variable,

ot = [ Law(2) ., (43)

and the splitting-function matrices are given by

P Pyq P
v ay — aq  ag
2 <P> P (qu ng) | m

The NNLO expansions of the photon-parton and parton-parton splitting functions read

Pw(liyaemaamLR) = Aem Pgo)(x) + AemGs Pgl)(x)

+ aema? (PP (@) — oLaP (@) + ...
P(v.05Lp) = 0 PO@) +a? (PO (@) - foLrP () (45)
+ag (P(Z) (z) — 260 LrPY (z) — {51LR - 5(211%}13(0) (CU)) RIEEREE

The notation for the coupling constants and (p has been defined in Egs. (2.9) and (2.17) above,
and we abbreviate the scale logarithms by

2 2
Ly = an—2 . Lp = 1n”—£ . (4.6)
,U'f :ur

The expansion coefficients in Eq. (4.5) are related to the (even-integer V) anomalous dimensions
in Eq. (2.15) by

1
KON = _/0 dz NP0 () /dMEN P @) - (4.7)
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The z-space splitting functions, in turn, are uniquely fixed by the inverse Mellin transform if the
anomalous dimensions are known for all even moments V.

The evolution equations for the non-singlet combinations of the photon’s quark densities, viz

Gasij = 4 — 4} 1<i#j < N; (4.8)

and linear combinations thereof, are obtained from Egs. (4.2) and (4.5) by replacing P and P”
by their scalar non-singlet counterparts P and PZZ The hadronic quantities Pfs’v have been
discussed, e.g., in refs. [13, 15]; the splitting functions PZ;’ are related to the non-singlet anomalous
dimensions in Eq. (2.15) by

3(61 —egj)é /da:mN 1PZ(JZW( ) . (4.9)

Due to ¢;' = ¢; there are no combinations evolving with the splitting functions P,; and PY. here,
unlike for the nucleon structure. Hence the calculation of e.m. DIS in Sect. 2 and Sect. 3, if extended
to all moments, is sufficient to fix all NNLO splitting functions relevant to the photon structure.
Note also that differences of quark densities of equal charge, like d7 — s7, evolve like hadronic
non-singlet distributions, i.e., without an inhomogeneous term in Eq. (4.2).

The anomalous dimensions k:l()l)N, p = ns, q, g, for the next-to-leading order (NLO, [ < 1)
1

evolution have first been written down in ref. [3], their z-space counterparts PI%) (x) in ref. [6].

Both results are correct except for the constant-N (6(1 — z)) term erroneously included in kzg)N

(ng) (7)), an error which has been corrected in refs. [7, 8]. The a,,a? contributions Pﬁ) (x) to

the photon-parton splitting functions are not completely fixed at present, as the moments N > 14
remain uncalculated. Following the lines of refs. [13, 14, 15], we will employ our six moments (3.1)

and (3.3) to derive approximate results for Pﬁ) (x) in Sect. 5 below.

In terms of the parton distributions (4.1) and (4.8), the O(a
functions 7' = § F," and F,' = 1 F,’ are given by

‘E’Y(%QQ) = Ci?«j($7aemua5uLMaLR) + [Ci,ns($7a57LM7LR) ®qe¥11(uifvuz)] (x)
+(€%) (O3, (@, aems as, s, Lr) + [Ci (w05, Lo, L) ® @ (i, 2)| () - (4.10)

The first line in Eq. (4.10) represents the non-singlet contribution involving the combination

G = 2}:((b ) g} (4.11)

of quark densities. The z-space coefficient functions C;(z) and C;p(x) are the inverse Mellin
transforms of the €’ terms in Eq. (2.21), and in the second line of Eq. (4.10) we have employed the
matrix notation C; = (Cjq, Ci,) for the hadronic singlet coefficient functions. Up to order agy,a?
the expansion of the photonic coefficient functions takes the form

s Cin (T, @em, as, Lyg, Lr) = CZ-(’IW)(:L‘,LM) + asG(Q)(x,LM) + GZC-(’?;)(l‘,LM,LR)
3
STl e +Z“m ). (4.12)
=1

!Our notation for the anomalous dimensions kr(,l)N differs from that for KI()Z)’" in ref. [3] (where the analogue of

L) electromagnetic structure

Eq. (2.10) is written in terms of d/dIn i instead of d/dInu?) by a factor -1/2. Our splitting functions PIEQ (z) are
larger by a factor 2'*! than their counterparts Icy) (z) in refs. [6, 7, 8], where the expansion parameters are normalized
as a;/2m, j = em, s, instead of Eq. (2.9).
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The first-order contributions c(lv) have been obtained in ref. [3] by exploiting their simple relation

i7
to the NLO gluon coefficient functions cl(-}g) [29]. Also the second-order coefficients ? can readily

Z7’Y
be inferred from their gluonic counterparts cl(-?g) first calculated in ref. [9]; explicit expressions will

be presented in Sect. 5 below. The terms up to order aemas contribute to Fy” and F,’ in the NNLO

approximation. The a,,a? parts of Eq. (4.12) only enter for dFy »/dInQ? to this accuracy, hence

em—'s

the scale-independent quantities cgiz, 1= 1,2, are not required.

(t,m)

The coefficients ¢; | (x) of the scale logarithms in the second line of Eq. (4.12) can be derived

by identifying the results of the following two calculations of (d/d InQ?)' F; for | = 1,2, 3 at
p? = ufc = @Q?: (a) with the scales identified in the beginning, using Eq. (2.16) for D =4 and j = s
together with Eq. (4.2), and (b) with the scales set equal only at the end, after differentiating the
logarithms in Eq. (4.12). For the singlet contributions one finds

02(71’;1)5 _ CZ(O) ® PEYO)

@s _ cZgo) ®Pg1) I c2(1) ®Pg0)

Ciy

22s _ 1 (0 0 0

@Gs _ (0 2 (1) 1 (2) 0 (2):s
Cin = ¢ ®Pg)—|—ci ®Pg)—|—cz- ®Pg)—ﬁocm

0(3,2),S _ %{C(O) ® ((P(O) o 601) ® P»(yl) 4 P(l) ® P’(y(])) + C,El) ® (P(O) _ 2601) ® PSYO)}

1,7y 7
532 = écgm ® PO g (PO —25)1) @ PO) | (4.13)

where cgo) (z) = (CZ(»S]) (x), CZ(?; (z)) = (6(1 —x), 0) is the parton model result for lepton-hadron DIS,

and 1 represents the 2x2 unit matrix multiplied by 6(1 — ). The corresponding non-singlet results
are obtained from Egs. (4.13) by simply replacing all quantities on the right-hand-sides by their
scalar non-singlet analogues. Finally the coefficients CZ-(EY) for py # pr in Eq. (4.12) are obtained
from these results by expanding as(,u?c) in terms of ag(u?),

C (2, Las, Lr) = O (@, Lar,0) — BoLr O (w, Lar) . (4.14)

The relations for the hadronic coefficient functions C;(z) corresponding to Egs. (4.12)—(4.14) are
given in Eqs. (2.16)—(2.18) of ref. [14].

The decomposition (‘factorization’) of the r.h.s. of Eq. (4.10) into coefficient functions and
parton densities is not unique beyond the leading order (LO), where the structure functions F,”,
i = 1,2, are simply given by qe'{hLO + (e?) £ L0 Working, as always, at lowest order in a@em,
the general factorization scheme transformation (corresponding to a finite renormalization of the

operators in Eq. (2.6)) of the singlet parton distributions (4.1) can be written as
@ =2+Zxq . (4.15)

Here Z7, like q7, is a two-component vector and Z a 2x2 matrix. It is sufficient to discuss the
scheme transformations with all scales identified, hence we put p? = ,ufp = ? in the following. By
virtue of Eq. (4.2), the evolution equations for the transformed distributions g7 then read

dq’ VA VA L
49 _ Zo Pl 2 L zeoP) oz "z
dngz ~ e TZOPTH (ﬁs da, T4° ) ©7'o(q )
= P +Pxq , (4.16)
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where s = Bqcp has been defined in Eq. (2.17). The transformed coefficient functions read
Ciy = Cin—Ci0Z ' 02, Ci=CioZ". (4.17)

The second term proportional to g7 in Eq. (4.16) and the second relation in Eq. (4.17) are the
standard expressions for scheme transformations of hadronic parton densities.

O] O]
0,87 iy
singular for z — 1, the leading terms read A;In%~ 1(1 — z) with 4; > 0. Unlike the gluon case,
however, the behaviour of C; , enters the structure functions (4.10) directly, not via a regularizing
convolution with a parton density. Hence, in the MS scheme, these singularities have to be com-
pensated by the quark distributions which thus have to be rather different from the leading-order
quantities at NLO and NNLO. Consequently the perturbative stability of the expansion in ag is
more manifest in factorization schemes in which the photonic coefficient functions are removed
as far as possible. The minimal modification of the MS scheme that removes (at u = Q?) this
function for the most important structure function F,’ is the DIS, scheme introduced in ref. [8]
(for a further discussion see also ref. [36]), where F,’ is written as

Like their gluonic counterparts c; ,, the photonic MS coefficient functions ¢; are negative and

Fy = Cons @ g2 + (e2) Cy @ ¢7PB (4.18)

with the standard MS hadronic coefficient functions Cs s and Cs. Eq. (4.18) is obtained for the
transformation

1 2 1 S
ZvDIS, _ ( Cé%Jras (Céi Cgc)l(g)cg’?f )+ ) ZPBy = 1 | (4.19)
0 M

Inserting Eq. (4.19) into Eq. (4.16) yields the NNLO singlet photon-parton splitting functions in
the DIS,, scheme in terms of the MS splitting functions and coefficient functions,?

B = Rk -k () 0+ (R 4 ) o (7 - 4 ot

P = P —a, PO c(l) a2 {PR @)+ PO @ () -0 d))} . (4.20)
The corresponding non-singlet relation is obtained from the first line of Eq. (4.20) by substituting
the non-singlet counterparts of all quantities. Finally, due to Eq. (4.17), the photonic coefficient
functions for F" in the DIS,, scheme coincide with those of —F;" in the MS scheme.

The structure functions F,”(z, Q%) evolve approximately like non-singlet quantities at large =,
since the photon’s gluon density is much smaller than the quark distributions in this region and the
pure-singlet contributions to both the splitting functions and the coefficient functions are strongly
suppressed at large = (large N), see, e.g., Egs. (3.1) and (3.4) for the photonic quantities. This non-
singlet evolution can conveniently be recast in a form in which any dependence of the factorization
scheme and the scale iy is explicitly eliminated, viz

d

g Pl Q) = T (w0, L) + [Kilas, L) © F (@) (2) (4.21)

The perturbative expansions of the ‘physical’ evolution kernels Z,” and K;, (i = 1,2) for u2 = Q?
can be obtained by inserting Z7 = C;, and Z = Cj ;s into the non-singlet analogue of Eq. (4.16),

*Note that a minus sign is missing on the r.h.s. of the second line of Eq. (3.1) in the journal version of ref. [8].
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yielding

aaly = PQ + P+ ® BY - P @)™} + ol { PR + el © PY

em “1 ns ns ns7y

+ i @ B = P 03" = G = (PR~ focim) @} + o (422

and

Ki = aSPrEg) + as {Prgsl) - BO cg,lrzs} + a’g {ngg) - ﬂO (265,235 - cz(,lrzs ® Cz(,ln)s) - Blcz(',ln)s} o
(4.23)

The kernels Z,” and K; for pu? # Q? can be reconstructed from these relations by inserting the
expansion of as(Q?) as a power series in ag(u2). Eq. (4.22) has been taken over from ref. [19]3; the
hadronic contribution (4.23) has been discussed up to order a2 in ref. [39].

The LO splitting functions Pé(s)ﬂ)y and PIES), and the combinations of splitting functions and
coefficient functions enclosed in curved brackets in Eq. (4.22) and (4.23) represent factorization

scheme invariants. Hence, together with the hadronic coefficient functions cg}gs, the quantities

Pésl), cz(»l)’nS and PIES% have to be included for the NLO approximation of the photon’s structure

ot
functions F,? | i = 1,2. Correspondingly, the NNLO evolution additionally requires, besides 2

2,187 i,n8?
(2),ns

i,y

first (second) part of Eq. (4.5) and a,,a*~! (a¥) in the photonic (hadronic) coefficient functions,

respectively, contribute to the N¥LO approximation together with the coefficients )<, in Eq. (2.17).

and Pg). In general, the terms up to the orders a ak (aéf“) in the

the functions Prg), c em@s

We now turn to the NNLO solution of the evolution equation (4.2). Here we confine ourselves
to the (sufficiently general) case of a constant ratio exp L = ufc /u2. In this case the ‘ U-matrix’
technique, developed for the NLO hadronic evolution in ref. [40] and generalized to higher orders
in refs. [41, 42], can be applied. In what follows we use the abbreviations

as = as(#gze_LRM%) ) ay = as(uf,oze‘LRu?«,o) (4.24)

and suppress all references to x or the Mellin variable N. It is understood that in x-space all
products of quantities depending on x have to be read as Mellin convolutions (4.3).

The general solution of Eq. (4.2) can be decomposed as

a"(17) = Gnom (BF) + Qo (1F) (4.25)
with the boundary conditions

The homogeneous solution can be written as

R,
Qg _
Bon3) = Ula) () U a0) 400 (a.27)
with ]
Ry = —PO U() =14aU,+d’Uy+... . (4.28)

3We have taken the opportunity to correct the two misprints (one sign and one superscript in the a2 coefficient)
in Eq. (14) of ref. [19]. These misprints have also been noticed in ref. [37].
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The expansion coefficients U}, are complicated functions of the splitting-function matrices pU=k)
in Eq. (4.5) and the coefficients < of the S-function (2.17) of QCD. A recursive explicit repre-
sentation (see ref. [42] for a derivation) is given by

e Rie_ e_Rie,

1r ~ -
U, = —E{e,Rke, + e+Rke+} + (4.29)

r_—ry—k ry—r_—k =

Here r1 denote the eigenvalues of Ry in Eq. (4.28) and ey the corresponding projectors, viz

R(] = r_e_+ ryeéy (4.30)
with
1 0 0)) 2 0) (0
ry = —[Pég) + PO+ \/ (P - ) +4P§g)Pg<q)]
200
1
T [Ro—r=1] . (4.31)
The matrices Ry, in Eq. (4.29) read R, = R; and
. S Lom - B
Ry = Rk+z R, U, , Ry> = EP —Z %Rk;—l , (4.32)
=1

= (k
where P( ) represents the coefficients of a**! in the second part of Eq. (4.5).

The coefficients U and Uy in Eq. (4.28) are required at NNLO. The quantities Ug~o, on the
other hand, receive contributions from beyond-NNLO splitting functions, hence these terms can be
left out. It is understood that then also U '(a,) is expanded, and that all terms beyond second
order in the coupling constant are removed in Eq. (4.27). In this manner the spurious poles in
Eq. (4.29) at N-values where r_ — 4 £ k vanishes are completely cancelled in the solution (4.27).

Y

The inhomogeneous solution g with the boundary condition (4.26) is given by

inhom
0 Bpon(0) = ~Ua) i [ daa U7 @) R (a) (433
)
with i
1 1 5k B
R'(as) = Y afR] = ﬁ—PgO) +> af (ﬂ_PW -> ﬁ_RZ—l> : (4.34)
k=0 0 k=1 0 j=1 "0

where p% stands for the coefficients of a,,a’ in the first part of Eq. (4.5). Using Eqs. (4.28) and
(4.34), the expansion of Eq. (4.33) leads to

17 2y -1 2 ag\ 1R 1 7
Gem qinhom(uf) = Qg (1 + as Ul + Qg U2) 1- (I_ (1 — RO) RO
0

As

C 1 +al) {1 - )R} Ry (R] - U\RY) (4.35)

0
as -1-Ry L
~ o, 1-(-) (1+Ro) " (R} ~U\R] ~[Us~U?IR]) + ... .
where we have again only written out those terms which can be consistently [43] included at NNLO.

The non-singlet solutions can be obtained from Eqs. (4.27) and (4.35) be replacing all quantities
by their scalar non-singlet analogues. In particular Eq. (4.29) is replaced by Uy ns = _%Rk,ns-
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5 NNLO quantities in x-space

We now proceed to the explicit z-space results for the photonic coefficient functions and the photon-
parton splitting functions required for the NNLO evolution. As far as our results are exact, we
shall write them in terms of the harmonic polylogarithms Hy,, m, (z), m; = 0,+£1, introduced
in ref. [44] to which the reader is referred for a detailed discussion. The lowest-weight (w = 1)
functions H,,(z) are given by

Hy(z) = Inz Hiy(z) = FIn(l1F2) . (5.1)

The higher-weight (w > 2) functions are recursively defined as

1
—'lnwm, if my,....m, =0,...,0
w!
Hiy,om (%) = @ (5.2)
/O 0% s (2) Hry o (2) , else
with ] ]
= = = . 5.3
folx) = — . ful2) =T (5.3)
In analogy to the notation for harmonic sums [45], a useful short-hand notation is
Hy, ... 0,+1,0,...,0,+1,.(%) = Hi(mi1), +(n+1),...(2) - (5.4)
N—— N——

m n

For w < 3 the harmonic polylogarithms can be expressed in terms of standard polylogarithms [46];
a complete list can be found in appendix A of ref. [10]. A FORTRAN program for the functions up
to weight four has recently been presented [47].

For the convenience of the reader we recall, in this notation, the MS splitting functions and
coefficient functions obtained previously [3, 6, 7, 8]. Henceforth suppressing the argument ‘z’ of
the harmonic polylogarithms, the first and second-order splitting functions in Eq. (4.5) read

5 PO(2) = 4pgg(z) ,  pogla) = 2* + (1 —2)?, (5.5)
and
5t P(x) = Cp {56 — 1162 + 802 — 4 (1 — 4x) Hy — 8 (1 — 2z) Hop — 16 H;  (5.6)
+ 16pqg($)( —C+Ho+Hi+Hoo+ Hio+ Hiq+ HQ)}

1
5 P(x) = CF{3—6—64—1—323:—1—?:52—(24+40x)H0—16(1+x)H0,0} . (5.7)
Xz

where p = ns, q. The corresponding first-order coefficient functions in Egs. (4.12) and (2.30) are

07 (@) = 0l (@) = 12— dpgg() (4 + Ho + H))

o7 @) = ot (@) = 162(1 - x) . (5.8)

All these results can be directly read off (by replacing C4 — 0 and 1/2 Ny — 1) from their hadronic

counterparts cglg(m) [29, 40], chg’l)(x) and Pg(gl)(a:) [48], in the latter case additionally keeping in
(1)

mind that the off-diagonal quantity Pg}, () does not contain a 6(1 — x) contribution [7, §].
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The same holds for the NNLO photonic coefficient functions not written down before. These
functions can thus be inferred from the results of refs. [9, 10], yielding

6.1 (@) = o, (@) =

16 1294 478 72 13 9. 6
Cp l— 222 20 21— 2 )
F{15x 5 "5 F YT ( grTt tpr )@

16 59 339 20 12
+64(1+ x)(g——(—+———x+81x)H0—28(1——x+—x2)H1
xr

2 8 7T
16 14 32
+15< +9O+4Ox+36x)H1,0—6<1—§x+24x2+€1‘3>ﬂo,0
40 36 79,
—52(1—1—31:+1—31:)(H170+H1,1)—32<1—§$+§x)Hg

5
+ 3227 <C2 [Hfl + Hy + Hl} +2H 1 10— H 100~ ZHO,O,O —Hipop

1 1
- 5H2,0 - 5H2,1 - H3) - 32pqg(—33)(§2 H_ 1+2H ;19— Hfl,O,O)
5 1 1 3 5
+32pgg () ( (e Ho — <Ho0 + zCG Hi — —Hi00— Hi10— zHi2— -Hi11
8 2 4 2 4
3 2
— SHyo— Hyy — Hy ) +64 (1+22) H a0 (5.9)

61 N (@) = o ) () =

64 256 608 672 22 32 12 64 13 39
TR e o —

2
TR oW H
152 15 5 5 3 +4+2x 95") 0

4 12
—16(1—1—31‘—4$ )Hl +(135 (——53:+6:L‘3)H 10—78(33—1—%3:3) H0,0—323:H2} .

(5.10)
Analogous to Egs. (3.2)—(3.7) of ref. [13] and Egs. (3.3)—(3.6) of ref. [14] for the hadronic second-

order coefficient functions [9], we also provide compact approximate representations of these results
in terms of logarithms,

Ly = Inx , Ly = In(l—-2). (5.11)
With deviations up to a few permille, Egs. (5.9) and (5.10) can be parametrized by (p = ns, s)
1
St (@) = 3 {(26.67 = 317.5(1 — 2))L} = 72.00 L} — (12872~ — 908.6) L1 + 1598 L1 Lo

— 13.86L3 — 27.74 L3 — 67.33 Lo — 1576 — 2727 x + 3823 2% — 0.59 5(1—93)} ,

5—1 (2) Plz) =

ok {(—187.2 +193.72)(1 — 2)L} + 737.0 (1 — 2)Ly + 452.2 L Lg

Wl =

— 84.872LF — 64.25 (1 — 2)Lo — 66.44(1 — ) } . (5.12)
In the MS scheme the small §(1—x) contribution in the first relation (of course absent in the exact

expression, but useful for obtaining high-accuracy moments and convolutions) is not relevant in
xz-space at the present accuracy in the electromagnetic coupling.
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The O(a,,a?) NNLO photon-parton splitting functions Pzgv)( ), p = ns, ps,g — which are not
related to their hadronic analogues by any simple substitutions — are not completely fixed by our
results in Sect. 3. Therefore we resort, for the time being, to approximations analogous to those
derived in refs. [13, 14, 15] for the hadronic parton-parton splitting functions. In the MS scheme
adopted for our calculations, the leading-Nf term of the NNLO photon-quark splitting function,
for example, can be cast in the form

1502 12
5 P2 (2) = 6, P2 () ZA L™ + famooth () + Z B, L . (5.13)
m=1
Here Ly and Ly are the end-point logarithms defined in Eq. (5.11), and fsmootn is finite for 0 < z < 1.
This regular function constitutes the mathematically complicated part of Eq. (5.13). See Egs. (21)—
(25) of ref. [44] for a systematic procedure (not applied in Egs. (5.9) and (5.10) above) to extract
the end-point terms of the harmonic polylogarithms entering the exact expression.

At NLO the leading large-z soft-gluon contribution, In*(1—2), to PISQ cancels in the physical
kernel (4.22). Anticipating the same cancellation at NNLO, the coefficient A4 in Eq. (5.13) can be
inferred from the known splitting functions and coefficient functions. Besides this term we keep
two of the remaining three large-z logarithms and two of the small-z logarithms in Eq. (5.13), and
choose a two-parameter ansatz (a low-order polynomial in x) for fynooth. These parameters and
the coefficients of the selected logarithms are then determined from the six coefficients of a?N on
the right-hand-sides of Egs. (3.1). Varying all these choices we obtain about 50 approximations.
The two representatives spanning the error band for most of the z-range, marked by ‘A’ and ‘B’

below, are finally selected as our estimates for P(s; 1 and its residual uncertainty.

Analogous procedures are applied for the (Nf ) pure-singlet photon-quark splitting function and
the Nf0 term of the NNLO photon-gluon splitting function. The non-singlet and gluon Nf1 pieces
are smaller in absolute size and uncertainty than the Nfo terms, hence for them it suffices to select
just one central representative. The resulting approximations are displayed graphically in Fig. 1
and Fig. 2. For the non-singlet case, the selected parametrizations (shown as solid lines) read

0P \(x) = 128/27 L+ 3.8636 L} + 97.512 L} — 1319.749 2
+511.199 2 + 84.808 Lo — 22.878 L + 5n;P§§; NED

0ol PE) p(x) = 128/27 L} — 5.4658 L} — 295.331 Ly — 1803.989 &
+740.532 — 259.036 L3 +27.110 L§} + 0, P2 ,(x) (5.14)
with
0 B2 o(w) = Np {-0.2049 L} + 34.854 Ly + 157.995 = — 73.672

— 33.059 Lo+ 2.887 L} . (5.15)
The corresponding approximations chosen for the pure-singlet splitting functions are given by
671 P2 \(@) = Ne{(1-2)(~110.167 2% 4 876.629 = + 23.605 2
+ 668.725 2 Lo + 387.125 L2 + 121.403 LO}

07 PE p(x) = Ne{(1—w)(~34.853 2 + 305.244 + 50.950 2 ")

+101.246 2. Lo + 220.083 Lo — 5.0738 Lé} . (5.16)
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Finally the NNLO photon-gluon splitting function and its present uncertainty are parametrized by

07 PP\ (w) = (1—2)(769.616 Ly + 1329.961 2 — 391.569 7)
+317.267 L3 + 60.519 L + 15.018 27 'Ly + &, ' P, (x)

07 PPn(e) = (1—w)(—105.632 L — 415.549 22 — 429.907)
— 357.604 Lo — 146.286 L} + 64.666 = 'Ly + 0, Py(z)  (5.17)
with
— 2 _
5P (@) = Ny {(1 — ) (43.748 Ly +61.028 2% — 70.910 — 33.914 = 1)

— 105172 Lo+ 1.3972 L3} . (5.18)

In all cases the averages 1/2 [A + B] represent our central results.

Denoting the coefficients of al on the right-hand-side of Eq. (4.20) by A]()l)lsw the additional
NLO (I = 1) contributions to the DIS, splitting functions are given by [8]

05 AL (2) = 40k {7 =102+ (1 - 162 +322%) Ho + (6 — 122 + 1622) (Hs — (o)
+ (5 — 362 + 320%) Hy + (2 — 42+ 82%) Hoo + 4pgg()(H10 + 2H1 1) |

O AR (x) = 8/3Ck {207 =20+ 22+ 162 - (3+ 152 — 42%) Hy
— (34407 = 32— 42?) Hy + 6(1 + 2)(C2 — Ho — Ha) } (5.19)

with p = ns, s. The corresponding NNLO terms can be parametrized as

O AR () = 9.482 L + (33.37 + 2585 (1 — 2) ) L} + 122.6 L3 + (5598 + 7949 (1 — z)) Ly
— 9825 LoLy — 2.963 Lg 4+ 7.407 L} — (176.0 — 2616 ) L2 — 828.6 Ly — 1851 + 30120 =
— 7595 2% — 0.65 6(1—2x)
+ N { —(1.044 +32.57 (1 — ) ) L3 + 26.75 L3 — (0.266 — 615.1 (1 — x) ) Ly + 4.557 Lo Ly

—0.529 L + (12.23 — 38.59 x) L + 41.91 Lo + 75.74 + 733.72 — 1003 2* 4 0.05 5(1—93)}
+ Nt fos {(2.083 L3 —68.96 L)(1 — x)® — 86.40 (1 — ) LoLy + 1.778 L§ + 3.278 L3 (5.20)
+ (41.86 +105.6 2)(1 — 2)L2 +1.241 (1 — 2)?Lo — (15.80 27! 4 94.39 — 8.281 2)(1 — 13)3}

and

STIARE (x) = —(25.77 L3 +766.7 Ly)(1 — ) — 1337 Lo Ly — 4.741 L + 4.741 L
+ (83.11 — 464.9x) L3 4 443.1 Ly — (60.36 2~ — 1772 — 650.32)(1 — )
+ Ne{ = (0.737 L} = 216 L1)(1 — @) +310.6 Lo Ly — (40.99 — 36.66 ) L3

— 113.7Lo + (15.80 27! — 331.3 — 48.882:)(1 — x)} : (5.21)

where fps has been defined in Eq. (3.2). Egs. (5.20) and (5.21) deviate by a few permille or less
from the (somewhat lengthy) exact expressions deferred to Appendix B.
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Figure 1: Approximations of the N{ parts Péfgl(az) of the NNLO photon-quark (p = q) and photon-
gluon (p = g) splitting functions, as obtained from the six moments calculated in Sect. 3. The

selected representatives (5.14) and (5.17) are shown by the full curves.
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Figure 2: As Fig. 1, but for the N} contributions Péi?Q(a?), with p = ns, ps (left) and p = g (right).
The full curves represent the parametrizations in Egs. (5.15), (5.16) and (5.18).

20



6 Numerical results in x-space

In this section we finally present the numerical impact of the NNLO corrections on the evolution
of the photon’s parton distributions and on the structure function F,’. Concerning the evolution
kernels we confine ourselves to the respective inhomogeneous contributions P? and Z,) to Egs. (4.2)
and (4.21). The higher-order homogeneous (hadronic) non-singlet and singlet kernels have been
discussed in detail in refs. [13, 39] and refs. [14], respectively; see also ref. [49] for a recent brief
summary using the updated NNLO singlet splitting functions [15]. Also our subsequent illustrations
of the solution of the evolution equations are restricted to the photon-specific inhomogeneous piece
(4.35) and its contribution to Fy,'. For brevity the results are shown only with all scales identified,
ie., at 1, = py for the parton evolution and at p, (= ) = Q for F,'. The experimentally elusive
longitudinal structure function F;" will not be addressed here.

In Figs. 3 and 4 the singlet photon-quark splitting functions F,, are displayed in the MS and the
DIS,, factorization schemes. The NLO and NNLO curves are shown for o = 0.2 which corresponds
to a scale between about 20 GeV? and 50 GeV?, depending on the precise value of as(M32). After
removing the charge factors dps and ds defined in Eq. (2.29) only the NNLO terms depend on the
number of flavours; the curves presented refer to Ny = 4. In the MS scheme (Fig. 3) the NNLO
corrections are small except for small and very large values of x, amounting to less than 2% for
0.1 < z < 0.95. Larger corrections for x — 1 are obvious since the NNLO splitting function
P® ~ In*(1—z) is more singular in this limit than its NLO analogue, P ~ In?(1—z). Likewise
large NNLO effects are expected for small x due to the first non-vanishing pure-singlet term ~ 1/z.

The higher-order corrections to Py, are somewhat larger in the DIS, scheme (Fig. 4) due to
the absorption of the large coefficient function Cy,, (which, in particular, reverses the sign of the
leading large-z contribution). Here the NNLO corrections, under the conditions specified above,
reach +6% at x ~ 0.6 and exceed —6% for x > 0.9. In the right parts of both figures the relative
NNLO effects are also displayed (dotted curves) for the non-singlet splitting functions Py, thus
the pure-singlet effect can be directly read off from these figures. Also this effect is larger in the
DIS, scheme where it exceeds 1% at = < 0.3, instead of only at = < 0.15 in the MS scheme.

The corresponding results for the photon-gluon splitting functions zF,, are shown in Fig. 5.
The relative NNLO corrections (not shown separately for these quantities) are larger than in the
photon-quark cases. However, the absolute size of P, is much smaller than that of Py, except at
small z. In the MS scheme P, remains negative at x > 0.2 at NNLO. In the DIS,, scheme, on the
other hand, Py, is positive at large x, but seems to turn negative at NNLO for z < 0.05.

Fig. 6 depicts, again for s = 0.2 and Nf = 4, the inhomogeneous contribution I, to the physical
non-singlet evolution kernel (4.21). Here the NNLO corrections are particularly small, about 1%
or less for 0.05 < z < 0.95. As in Figs. 3 — 5, the present uncertainties arising from the residual
error band for the O(a,,a?) photon-parton splitting functions are estimated by the NNLOA and
NNLOg curves which derive from the upper and lower approximations, respectively, in Egs. (5.14),
(5.16) and (5.17) together with Egs. (5.15) and (5.18). These uncertainties are virtually negligible
at x > 0.25 and remain perfectly tolerable for x > 0.05, where they amount to less than +1% for
Py, and I, with respect to the central results 5 (NNLOA +NNLOg) not shown in the figures. This
accuracy rapidly deteriorates towards small values of x.

In Fig. 7 and Fig. 8 we present the inhomogeneous solutions a_! x homs | = %, g, for the

singlet-quark and gluon distributions. The NLO approximation derived already in ref. [8] is ob-
tained from the NNLO expression (4.35) by removing the third line, the U; term in the second line
and the Uq contribution to the first line; for the LO result also the rest of the second line and the
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Figure 3: The perturbative expansion (4.5) of the photon-quark splitting function Py, (x,as) in
the MS scheme for as = 0.2 and Ny = 4. The relative NNLO corrections in the right part are
also shown for the non-singlet splitting function P,s,. Here and in the following three figures the
subscripts ‘A’ and ‘B’ indicate the respective approximations in Egs. (5.14), (5.16) and (5.18).
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Figure 4: As Fig. 3, but for the photon-quark splitting functions (4.20) in the DIS,, scheme.
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U, term in the first line have to be ignored. Like the NLO illustrations in refs. [7, 8] the results
are shown at ,ufp = 50 GeV? for ,u%o =1 GeV? and Ny = 3. For the strong coupling constants we
use the realistic values ozs(mio) = 4may = 0.45 at LO and 0.42 at NNLO and NNLO, and solve
Eqgs. (2.16) directly at D = 4 with the appropriate number of terms in Eq. (2.17), i.e., including the
coefficients (<, [38] for the N™LO evolution. Here and in Fig. 9 the (barely visible) differences
of the NNLO4 and NNLOg curves include the present uncertainties [39] of the hadronic NNLO
splitting functions. The pattern of the NNLO corrections for the solutions roughly follows that of
the corresponding splitting functions in Figs. 3 — 6. At this order urj} = 50 GeV? is about the lowest

scale where the inhomogeneous MS gluon density is positive over the full z-range.

Finally the structure functions F,’ | (z,Q*=50 GeV?) resulting from these parton densities

(and their non-singlet analogues) are shown in Fig. 9 for the MS and the DIS,, schemes. In both cases
we have taken care to avoid spurious higher-order contributions which would arise from a simple
convolution of Eq. (4.35) with the corresponding expansion of the hadronic coefficient functions,
see Fig. 3 of ref. [50] for a NLO illustration. Note that the boundary conditions for F27

inhom
are different in the two schemes: in the MS scheme this quantity is given by the corresponding

photonic coefficient function (4.12) at Q% = ,u%o, where it vanishes in the DIS, scheme according
to Eq. (4.18). Thus, besides a ‘physical’ input describing the F,’ at Q% = ﬂ%’o, a large additional
‘technical’ contribution to q'Y(u%O) in Eq. (4.26) is required in the MS case. As mentioned above
Eq. (4.21), the complete structure functions evolve approximately like non-singlet quantities at
large x. In fact, under the conditions of Fig. 9, the complete DIS,, result for ngnhom and this
non-singlet approximation differ by more than about 1% only at x < 0.2, 0.25 and 0.3 at LO, NLO
and NNLO, respectively.
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Figure 7: The inhomogeneous LO, NLO and NNLO contributions to the photon’s singlet-quark
and gluon distributions in the MS scheme at ,ufp = 50 GeV?, as obtained from Eq. (4.35) for Ny = 3

and p7, =1 GeV? with ag(u¢) = 0.45 at LO and 0.42 at NLO and NNLO.
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Figure 8: As Fig. 7, but for the inhomogeneous solutions in the DIS, factorization scheme (4.20).
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Figure 9: The perturbative expansion of the structure function F;f
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7 Conclusion

We have calculated the next-to-next-to-leading order QCD corrections to electron-photon DIS
and to the evolution of the photon’s quark and gluon distributions. Our exact results for the
corresponding photon-parton splitting functions are presently confined to the first six even-integer
moments. Thus the practical applicability of the NNLO evolution is, for the time being, restricted to
not too small values of the Bjorken variable x. This restriction seems to be more serious here than in
lepton-hadron DIS, as the photon-parton splitting functions enter the evolution equations directly,
not via smoothening convolutions with non-perturbative initial distributions. Consequently the
effect of these functions is accurately known over a considerably smaller range of « than that of their
hadronic counterparts; a residual uncertainty of about +1% or less is found for the total photon-
quark splitting functions at NNLO only at x 2 0.05. However, only the perturbative component of
the photon’s parton densities is affected by this uncertainty, and while this component dominates
at large x, it represents only a small correction to the hadronic (homogeneous) contribution at
small z. We thus expect that our results are sufficient for extending NLO analyses like those of
refs. [51—54] to NNLO for the full z-range covered by the measurements at LEP.

Our present calculations are limited to effectively massless quarks, hence they do not apply to
the charm and bottom contributions to the structure functions at small and intermediate scales.
These contributions have been computed at NLO in refs. [55, 56]; corrected figures for F;fcharm
have been presented in ref. [57]. The NLO effects are found to be fairly small for this quantity,
indicating that the NNLO corrections may be rather negligible [57]. While a full massive NNLO cal-
culation does not seem feasible at present, these corrections could be estimated using the threshold
resummation as done for the lepton-nucleon case in ref. [58].

By confining ourselves to the lowest order in the electromagnetic coupling we have assumed, as
usual also in QCD analyses of lepton-hadron DIS, that the QED radiative corrections are treated
elsewhere. The corresponding formalism has been set up in ref. [59] for measurements of the
photon structure via the process ete™ — ete™ + X. The non-factorizable corrections due to
photon exchange between to two electron lines have been shown to be negligible in ref. [60], using
a pseudoscalar as a simple model for the final state X. The dominant corrections arising from
photon emissions of the ‘tagged’ electron line have been investigated for realistic measurements of
the photon structure in refs. [61]. Neither of these studies has addressed the QED corrections to the
subprocess v*v— X. We expect these corrections to be rather large, especially at the high scales
which, hopefully, will become accessible to precise measurements in evy collisions at the future linear
collider. Such contributions can be included in our present formalism by extending the analysis to
higher order of electromagnetism. This extension is left to a future publication.

FORTRAN subroutines of our NNLO coefficient functions and of the approximations of the
NNLO splitting functions can be found at http://www.nikhef .nl/~avogt.

Acknowledgments

We thank T. Gehrmann for providing the FORTRAN routine [47] for the harmonic polylogarithms.
The work of S.M. has been supported by the German Federal Ministry for Research (BMBF)
under grant BMBF-05HT9VKA and by the German Research Society (DFG) under contract
No. FOR 264/2-1. The work of J.V. is part of the research program of the Dutch Foundation for
Fundamental Research of Matter (FOM). The work of A.V. has been supported by the European
Community TMR network ‘QCD and Particle Structure’ under contract No. FMRX-CT98-0194.

26



Appendix A

Here we present the analytic expressions for the anomalous dimensions and coefficient functions up
to order a,,, a2 at the even-integer values N = 2, The notation is as in Sect. 3; in addition
C4 and CF are the standard QCD colour factors C’A =N, =3and Cp = (N2 —-1)/(2N,) = 4/3,
and (; stands for Riemann’s (-function. The photon- quark anomalous dimensions are given by
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Appendix B

The exact expression for the O(agy,a2) contribution (5.20) to the transformation (4.20) of the
photon-quark splitting function to the DIS, scheme is given by
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where the function pqe(x) has been defined in Eq. (5.5). The corresponding result for the NNLO
transformation of the photon-gluon splitting function, parametrized in Eq. (5.21), reads
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Here we have used the abbreviation

4 4
Pgy(z) = 3_x+1_33—§1‘2

For the numerical evaluation of the harmonic polylogarithms up to weight four entering Eqgs. (B.1)
and (B.2) we have employed the program of ref. [47].
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