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Introduction (1)

Hypersonic flows often involve flow fields havimgntinuum and rarefied

regions
mean free path locall Ald

« Knudsen number:gy, = freep y | Ajdd
scale Q | dl

The mean free path is the distanée = | e © e

travelled by a particle between.< « _» ° <
successive collisions ¢ e o USRS

e e @ @ ¢
® e

* |n a rarefied flow, the effect of intermoleculalcsions is not sufficient to
drive the fluid local towarnd local thermal equililom

/- - -
e over time scale of interest

all particle degrees of
freedom are in equilibrium
with each other

o

—
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Introduction (2)

 The Botzmann Equation (BTE) describes the behavibargas by mean of a
distribution functionf (x,V,t) representing the probability of particles with
positionx and velocityV at timet

a((;fztf) +V-v(nf) = AQ)]

+00 +00 100
p= [[[nmfdcds pu= [[[nmcfdcde per = Jf[ snm (2+ &) fdede

Maxwellian Boltzmann Egs.
Navier-Stokes E(Qs.

2
__
fm = @rRTY 2 T ( 2RT)

O« Kn 0,001 0,01 0,1 10 Kn— 00

« For Kn— 0, f=f_| and, employing the Chapman-Enskog expansion, the
Navier-Stokes Equations (NS) can be obtained asoydiamic limit of the

BTE
d(pu;) d(puu;)| - dp 0°u; ) d [du;
[ o T Tax, | TPl g TR T A |5y
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Motivation

Partially rarefied flow: continuum flow with locallkarefied regions

NS based computational fluid dynamics methods caualate gas flows with
Kn number below a certain limit

« BTE based methods are more expensive and becomasilvie at low Kn
numbers f (X, Y, Z,U,V, V\f,t)—»more degrees of freedom

« Hybrid techniques reduces the use of Kinetic / DSApproach where they are

strictly necessary, leaving the simulation in test of the domain to a
continuum solver

Moreover a general implementation able
to cope with complex 3D geometries of
aerospace interest is not common in the
literature
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Mathematical Models
Continuum Regime Rarefied Regime

Boltzmann Equation  « Statistical
Direct Simulation Monte Carlo* Scattering Error and

(DSMC) expensive at
Navier-StokeS/ [1] intermediate Kn
Equations  Well established for
\ highly rarefied flows

Kinetic Boltzmann Equation® D_eterl_rr}inistic
Discrete Velocity Method ¢ Simplified model

(DVM) « Less CPU time
21 13 gxpensye at
[2], [3] intermediate Kn
Relaxation term: F_M(F)
T

[1] Bird G.A., 1994. Molecular Gas Dynamics and Bieect Simulation of Gas Flow€Oxford University Press.
[2] Bhatnagar P.L., Gross E.P and Krook M., 1954. addl for Collisional Processes in Gadelsys. Rev., 94:511-525
[3] Shakhov E. M., 1968. Generalization of the Krddketic Relaxation Equatiori-luid Dynamics, 3:p95-96
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Coupling Techniques

Coupling by Fluxe$l], [2]| Coupling at equation level State Based Couplirig]

by mean of a weight
® ® o = Bo(lzjlrtwgary >
function|3]: e
¢ Averalgg ‘
- Wik N
a —F I Foe— - ) o

DSMC: state based mandatory for lower scattering error

DVM: various techniques have been used and there is nmnaon choice

[1] Le Tallec P. and Mallinger F., 1997. Coupling Bohann and Navier-Stokes Equation by Half Fluxes.

Journal of Computational Physics, 136:51-67.

[2] Steijl R. and Barakos G., 2010. Coupled Navigak8s-Molecular dynamics simulations using a multi-
-physics flow simulation framework. Internationalinal for Numerical Methods in Fluids, 62:1081-610

[3] Degond P., Shi Jin and Mieussens L., 2005. A simtr@ainsition model between kinetic and hydrodynamic
equationsJournal of Computational Physics, 209:665—-694

[4] Schwartzentruber T.E. and Boyd I.D., 2006. A hglparticle-continuum method applied to shock

waves Journal of Computational Physics, 215:402—-416.
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The M@C Kinetic Solver
 Built on the Multi-Physics Code (¥/C) presented iffil]

] _ Distribution function across a normal shgck
» Discrete Velocity Method (DVM) for for a monoatomic gas

kinetic model equations

» Adiscretised velocity spad@,-N,-N,)
has to be defined at each point in the N
physical space | N,

* N, N,-N, values per cell has to be updated each time step

* N, N,-N, numerical fluxes per cell to be evaluated

[1] Steijl R. and Barakos, G., 2012. Computatiorlald~dynamics of Partially Rarefied Flows with Cdeg Kinetic
Boltzmann/Navier-Stokes MethodSCCOMAS 2012, 10-14 September, Vienna, Austria 2012
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Shakhov Kinetic M odd

» Kinetic models describes approximately the molacabllisions by
means of a relaxation process such that momertts aipgertain order

are respected

 The Shakhov Mod€lL] considers only translational non-equilibirum,
then is limited to monoatomic gases

%_IZ 4 ng; _ FST_F Maxwellian 7, (T) = S exp (-#)

] qf /. 12 5 . . . o E

£ = Fy(T) {1 T BT (CT — 5)} Collision Time 7 = p
00 +00 400

P = f Fdc PU; = f CiFdC %pT + pu?p — f 2 Fde
— 0 — o —00

[1] Shakhov E., 1968. Generalization of the Krookdtin Relaxation Equatiofekhanika Zhidkosti i Gaza,

3(5):142-145.
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Rykov Kinetic Moddl (1)

 The Rykov Mode[1] considers also rotational non-equilibirum

« Considering the rotational degrees of freedom fully e2ccthe model can be
reduced

8Fo X CaFO _ FT—F
T
< e
8F1 _|_c8F1 _ Fri—Fy
T

the rotational degrees of freedom contribution is ineich the distribution

functions definition e

FO_deg F= ngng

00 +00 5 +00 +00
—00 —00 — — 0

[1] Rykov, V., 1975. A Model Kinetic Equation for@as with Rotational Degrees of Freedéiuid Dynamics,
10(6):pp. 959-966.

6th European Conference on Computational Fluid byos (ECFD VI) — 20-25 July, Barcelona, Spain i D



g CFD Lab - School of Engineering - University of Liver  pool

& LIVERPOOL
Rykov Kinetic Moddl (2)

Fy' = 2B+ (1- %) S
F'=4F+(1- %) F

Collision number

tor 12 - o .!i
z,= = Fi=TPu(T) [1+ 8555 (% - 3) +40 - 057
r T )
Fu(T) = s exp (=)

» Avariable collision number can be considered and ¥peession obtained from
molecular dynamics ifiL] is employed in the current work

2o = [ (B 4o ()™ s (B~ 1000)] [0 (1 %)

[1] Valentini, P., Zhang, C. and Schwartzentrulber2012. Molecular Dynamics Simulation of RotaabRelaxation
in Nitrogen: Implications forcRotational Collisionushber ModelsPhysics of Fluids, 24:106101:1-23.
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Rykov Kinetic Model Results (1)

7 Fle 1 e+ Compared with the polyatomic ES
H "/ Model[1] with respect to the DSMC
frdf results reported if2] for normal
; shocks
R tods [ =z The Rykov Model achieves a slightly
LR ~—*  better agreement with the DSMC
() M=2.8 results than the polyatomic ES model
| [ /g« Agreement that can be further
/i Sy [ |mp.rc.>ved employing a variable
i collision number
04} Y 04t _,-' J e
Ny o A e * The ES Model at the moment does
sz ——rvewew i/ "0 notinclude variation of the collision
(a) M= 10 (b) M; 10 number

[1] Andries, P., LeTallec, P., Perlat, J.-P., aedilfame, B., 2000. The Gaussian-BGK Model of Bo#tmmEquation
with Small Prandtl NumbeEuropean Journal of Mechanics - B/Fluids, 19:813-830.
[2] Alsmeyer, H., 1976. Density Profiles in ArgoncaNitrogen Shock Waves Measured by the Absormifan

Electron BeamJournal of Fluid Mechanics, 74(3):497-513.
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Rykov Kinetic M odel Results (2)

X=20mMm z,

————— Tr T
----- Tt- DSMC - = == Ti-DSMC
covmnes Tr - DSMC s T - DSMC
[a] Tr - Exp. 51

RO
E :
00 200 o 400 50 o 200 O %0
T(K) T(K)
(a) Rykov model with variable Z, (b) ES model (a) Rykov model with variable Z, (b) ES model
10
’ « Experiment presented |f] for a rarefied flow

i H e around a flat plate
- \ B e The ES model slightly under-predicts the

0.24
012

Wy, i i rotational temperature near the wall, leading also
A YN to a higher temperature gradient at the wall

0 5 0 15 20
x/h

* Both models predict a higher translational tempgeain the thermal layer

For a monoatomic gas the Rykov and the polyatomic&8els reduce to the Shakhov model and the monaates
model and irj2] a comparison shown that the Shakhov model prediots mccurate solutions than the ES model.

[1] Tsuboi, N. and Matsumoto, Y., 2005. Experiméatad Numerical Study of Hypersonic Rarefied GasnFbver
Flat PlatesAIAA Journal, 43(6):1243—-1255.
[2] Chen, S., Xu, K., 2013. A Comparison and Urafion of Ellipsoidal Statistical and Shakhov Modelg#” C D

6th European Conference on Computational Fluid byos (ECFD VI) — 20-25 July, Barcelona, Spain




K4 UNIVERSITY OF

& LIVERPOOL

CFD Lab - School of Engineering - University of Liver  pool

Waverider Test Case (1)

A waverider is a shape designed from a known hyméestypically conical,

flow field Z
A

Conical

Shock Wave
X

Waverider

 The waverider is designed such that the shockaslad along the outer leading
edge

-

|
=S aaaahNNNN
owummowvim
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Waverider Test Case (2)

Rarefied

Continuum

0,5 milion kinetic cells
o 12x12x12 velocity space
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Gas-Kinetic Schemes (1)

« First examples ifil] and[2], in contrast to the commonly used ROE or AUSM
fluxes, GKS reconstructs a local kinetic problemmusad the cell interfaces to
calculate the numerical fluxes in the Finite Volumethod

* The fluxes include both Euler and viscous contrdms but expensive
o Arecent sucessfull scheme is the Unified Gas-Kinetioghte (UGKS)
« The UGKS is able to predict continuum and slighthefeaad flows

« Asimilar approach has been used in the present wadkfioe a_Gas-Kinetic
scheme for near-continuum flows

* This, in the context of this project, will allow antersion of the domain where
the continuum solver can be employed, reducing tmeaih where the memory
expensive discrete velocity method is needed

[1] Pullin DI. 1980. Direct simulation methods faymapressible inviscid ideal gas flowournal of Computational
Physics. 34:231.
[2] Mandal JC, Deshpande SM. 1994. Kinetic flux vecpiitting for Euler equation€omputers & Fluids. 23:447.
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Gas-Kinetic Schemes (2)

-..--IIIIIITIIIIIIII--II
I:i-:I./2

Integrating the kinetic model equation in a contrdivoe

i-1;j; k ]k

f?b-}-l

F1 j"lel—F?-lJrl F1 n__pn
Fiitt=rr+ L (leaFliz1j2 = [eaFliv1/2) dt + % ( ulLTnJrl P Pul; L)
t‘fl

and taking the moments — (1, ¢y, )T (monoatomic)/\il = (1, ¢;, c*+&2, )T (diatomic)

) t" 1l 4oo . tn 1 +o0 A B |n_F|n
t'll

—00 t’ﬂ,

—C0

the update of the macroscopic variables can be aatamhere the following
compatibility conditions can be used

(0, 0, O)T (monoatomic)
i i
—00 T \ T d -

(0, 0, 0, s)* (diatomic)
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Gas-Kinetic Schemes (3)

 General solution of the kinetic model

t
F(xiJrl/Q:tacm‘m) = % f Feq(tlacm‘m:afiJrl/Z — Cg|m(t —1')) exp (_%) dt'+
t”'

+exp (_é) Fo(tnv C|7na Liy1/2 — Cm|m(t - tn))

e UGKS limit for a well-resolved flowWl] ™. Sqﬂ}ﬁbﬁaﬁo?sng’icgn by the

Chapman-Enskog expansion

B OFey | OFe OF s,
F—Feq_T(at Cax)+t(‘9t

for which a higher order model extension, th"étt‘xrﬁeslithe collision time, is
available

5 Obtained substituting the

T "
T = i C.-E. €Xxpansion with* in
1+7(D2Fog /DFoq) [* P
+7( eq/DFeq) the kinetic model equation

[1] Xu K. and Josyula E., 2006. Continuum FormulationNon-equilibrium Shock Structure Calculation.

Communications in Computational Physics, 1(3):425-450.
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Shakhov Gas-Kinetic Scheme
- tntl 400
Wit =wi+ - [ [ @ (lexFliz1/2 = [€aFiv1/2) dedt
tn —oo

_ s (oF} F*S HFS
F=F T(@t +Ce T | T 15

The Maxwellian and Shakhov correction derivatives haaenbdefined
analytically

OF° _ S 1 0Fy | 109
Ocx F (FM O +CI>8Q)

DS — 8 4 (c’2 _ é)

15 p1' T 2
From the compatibility conditions we have the time dative of the macro-
variables +oo | <
G = | YaGde

The time derivatives for the heat flux can be obtaimetbking the relative
moment of the model equation

The macroscopic variables spatial derivatives can tenstructed by means

of a discretisation approach
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S GKSPreliminary Results (1)

Mach 2.05 Shock Mach 5 Cylinder

1~
0-8} 250?—
sk 200}

50}

0.4F > |

I 100 |f 3
0.2t N 4 — AUSM’

i K f\ — S-GKS
N N SN

L e I W N [N TN T W T |
-350 -300 -250 -200 -150 -100
x/\

» The Gas-Kinetic Scheme is able to resolve the shocktsimi...

e ... and presents less anomalies than a commonly employe®/AUS

[1] Alsmeyer, H., 1976. Density Profiles in ArgoncaNitrogen Shock Waves Measured by the Absorption

of an Electron Beandournal of Fluid Mechanics, 74(3):497-513.
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S-GKSPreliminary Results (2)

Mach 3.8 Shock Mach 9 Shock
1 o
0.8;
0.6_-
0.4F
T -DSMC T -DSMC
p - Exp [1] p - Exp [1]
| T -S-GKS T -S-GKS
0.2 i o - S-GKS p - S-GKS
I T -S-GKS t* T - S-GKS *
I p-S-GKS t* p - S-GKS
0 A 1 1 a1 L 1 L

10 10

 However, due to the continuum formulation, it présle steeper shock

A better shock thickness prediction can be obtaineddicing 7"

[1] Alsmeyer, H., 1976. Density Profiles in ArgoncaNitrogen Shock Waves Measured by the Absorption

of an Electron Beandournal of Fluid Mechanics, 74(3):497-513.
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S GKSPreiminary Performance Analysis

Computational Time

GKS | GKS<*| DVM
2D | 0.02| 0.06 | 0.17
3D | 0.65| 1.37 | 4.0

seconds

per
iteration

Mach 3.8 normal shock test case (~3000 cells)

All test have been done in the same conditions
on a 4 core Intel® Xeon®

e The S-GKS is around
70% faster than the DVM

The memory cost reduction is
significant, in fact:

* N, N,-N, values to store per
physical cell per time step
needed for the DMV and the
full UGKS

* 5 values to store per physical
cell per time step needed for
the S-GKS
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Rykov Gas-Kinetic Scheme

« Similar approach to the monoatomic case but now 2 fanstneed to be

reconstructed
g+l A
W;H—l — W:L + ﬁ Zm f l];’0 ([C:I:|'m,FO”i—1/2 - [C:Jt"mF(J]|i+1/2) dt+
tn
¢t

taz Y | 1 ([ealmFi)lio1y2 = [ealmFi]lic1y2) dt + 5 (SPH + ST)

tn

A

l]:]O — (11 Cyg, 627 O)T
_ eq OF;? OF§? OF§?
Fo = Iy —T(at teg ) Tt

OF5Y 1 OF] 1 1\ OF}
0 — Z oa T\ 7 Z) Da

OF% 1 OFf 1\ OF]
9r 1 +(1— %) 52

A

v, = (0, 0, 1, DT

_ eq aFeq aFeq (9qu
=1 _T< g T ) Tt

oo Zr O O

« The Maxwellian and correction derivatives have beemaefianalytically
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FutureWork

* Implementation and development of the diatomic esiten of the
Gas-Kinetic Scheme

» Assessment of the Gas-Kinetic Scheme in the cownfeAribrid
simulations

» Coupling Technigue to exchange information betwiberKinetic
Model and the Gas-Kinetic Scheme

« Complex test case of aerospace interest. Wavarider

(Tt-Tr)/T_.

0.5
—

0.4
0.3
0.3
0.2

0.1
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